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MOT SO DANG TOAN VE SO PHUC ON THI TOT NGHIEP THPT QG

1. Mét sé phirc 1a mét biéu thic c6 dang a + bi, trong d6 a, b 1a cac sé thuc va sb i thoa
man i? = -1. Ky hiéu s6 phtrc d6 1a z va viét z = a + bi .
i duoc goi la don vi a0
a duoc goi 1a phan thuc. Ky hiéu Re(z) = a
b duoc goi la phan 4o cua s6 phirc z = a + bi , ky hiéu Im(z) = b
Tap hop cac sb phuc ky hiéu 1a C.
*) M6t 6 lueu -
- Mdi s6 thyc a duong déu dugce xem nhu 1a sé phtc véi phan a0 b = 0.
- Sé phirc z = a + bi ¢6 a = 0 duogc goi 12 s6 thuan ao hay 1a sé ao.
- S6 0 vira 14 s6 thuc vira 13 s6 ao.
2. Hai sé phirc bang nhau.
Choz=a+bivaz’=a’+b’i
, a=a'
7Z=7 <& {b _p'
3. Biéu dién hinh hoc cia sé phirc.
M®i s6 phirc dugc biéu didn boi mot diém M(a;b) trén mat phang toa do Oxy.
Nguoc lai, mi diém M(a;b) biéu didn mot sé phic 1a z = a + bi .
4. Phép cong va phép trir cac so phic.
Cho hai s6 phic z = a + bi va z’ = a’ + b’i. Ta dinh nghia:
z+z'=(a+a)+(b+b’i
{z—z‘=(a—a')+(b—b')i
5. Phép nhan sé phiic.
Cho hai s6 phic z = a + bi va z’ = a’ + b’i. Ta dinh nghia:
zz'=aa'-bb'+(ab'-a'b)i
6. So phirc lién hop.
Cho sé phuc z = a + bi. S6 phirc z = a — bi goi 1a s6 phic lién hop véi sb phic trén,
Vay z = a+hi=a-bi
chay: 19 127 >zvaz goi la hai s6 phtc lién hop vai nhau.
29z.z =a*+b?

*) Tinh chat caa s6 phirc lién hop:

(1): z=1
(2): z+z'=z+2"
(3): z.2'=2.2"

(4):z.2=a’+b* (z=a+ bi)
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7. Médun ciia sé phic.
Cho sb phirc z = a + bi . Ta ky hiéu |z| 1a mddun cua sé phu z, d6 1a sé thuc khong
am duoc xac dinh nhu sau:

- Néu M(a;b) biéu dién s6 phc z = a + bi, thi |z| = [OM|=Va? +b?

-Néu z = a + bi, thi |z| = Vz.z=+/a? +b?
8. Phép chia sé phirc khac 0.
Chosé phuc z=a + bi #0 (tic laa’+b*>0)
Ta dinh nghia sé nghich dao z™* cua sé phuc z # 0 14 s6
-1 1 1 -

PO

Thuong Z cua phép chia sé phirc z’ cho s phite z # 0 duoc xac dinh nhu sau:
z
z' 1 Z 'z

—=z77"=
z 2f

Véi céac phép tinh cong, trir, nhan chia sé phirc noi trén nd cling c6 day du tinh chat
giao hoan, phan phéi, két hop nhu cac phép cong, trir, nhan, chia sé thuc thong thuong.

9. Phwong trinh bac hai véi hé so thuc.
* Cho phuong trinh bac hai : ax* +bx+¢=0, cO A=b*—4ac.

. . AL b+
+ Néu A> 0, PT c6 2 nghi¢m thuc phan biét x,, = bzaﬁ
+ Néu A =0, PT ¢4 nghiém kép x; = X, = ;—b
a
, _ _|_'
+ Néu A< 0, PT ¢6 2 nghi¢m phtc x,, :% MY
* Cho phuong trinh bac hai : ax’ +bx+c=0.
Khibchincob =b/2; A'=b?—ac.
+Néu A'> 0, PT ¢6 2 nghiém thuc phan biét x,, :#
+Néu A'=0, PT cd nghiém kép x; = x, = il
a
, _ '_|_' !
+ Néu A'<0, PT c6 2 nghi¢m phtc x,, =%
10. Mot sb két qua can nhé
)i’=1=i"=1 2) it=i= itz
3)if=-1=i"*?=-1 4) P=-i= i3 =
5) (1 —i)* = - 2i 6) (1+i)°=2i
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DANG I. TINH TOAN CAC YEU TO CUA SO PHUC
I. PHUONG PHAP: St dung dinh nghia, cic phép toan dé tinh toan cac yéu té cd lién

quan.
Il. CAC Vi DU
Vi du 1. (Mi dé 101 - QG —2017) Cho hai s6 phirc z, =5-7i va z, =2+3i. Tim s6 phirc
1=27,+1,.
A z=T7T-4 B. z=2+5i C.z2=-2+5i D. z=3-10i

Hudéng dan giai
Taco z=z,+2z,=(5-7i)+(2+3i)=7—4i
Dap an: A
Vi du 2. (Ma dé 102 - QG - 2017) Cho s6 phicc z=1—i+i°. Tim phan thuc a va phan ao
b cua z.

A. a=0,b=1 B.a=-2b=1 C.a=1b=0 D.a=1b=-2
Hudéng dan giai
Tacod z=1-i+i*=1-i—-i=1-2i=>a=1b=-2.
Dap 4n: D
Vi du 3. (Ma dé 104 - QG —2017) Tim s phiic z thoa man z+2—3i =3-2i
A. z=1-5i B. z=1+i C. z=5-5i D. z=1-i

Huéng dan giai
Tacd z+2-3i=3-21<2=3-21-2+3i=1+i

Dap an: B
Vi du 4. (M4 @é 104 - QG —2017) Cho s6 phtrc z=2+i. Tinh |z].
A |7|=3 B. |z|=5 C. |z]=2 D. |z|=\/§

Huéng dan giai

Taco |7|=v22+22 =5

bap an: D ) )

Vi du 5. (QG-2019) So phuc lién hop cia so phuc 3-4i la

A. -3-4i. B. -3+4i. C. 3+4i. D. —-4+3i.
Huéng din giai

Dép an: C

111. BAI TAP , o

Cau 1. (Ma dé 101 - QG - 2017) S phtic nao duéi day la sé thuan 40?

A 7=-2+3i. B. z=3i. C.z=-2. D. z=+/3+i.
Céu 2. (Mi dé 102 - QG — 2017) Cho hai s6 phuc z, =4-3i va z, =7+3i. Tim s phuc
1=2-1,

A. z=11. B. z=3+6i C. z=-1-10i D. z=-3-6i

Céu 3. (Ma dé 103 - QG — 2017) Cho hai s6 phuac z,=1-3i va z,=-2-5i. Timphan ao b
cua sb phicc z=2,-z,.

A b=-2 B.b=2 , C.b=3 . D.b=-3
Ciau 4. (Ma de 103 - QG - 2017) Cho s6 phirc z=2-3i. Tim phan thuc a cta z.
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A a=2 B.a=3 C.a=-3 D.a=-2
Cau 5. (QG — 2018) Sé phtc —3+7i ¢6 phan 4o bang
A. 3. B. 7. C. -3. D.7.
Cau 6. (QG — 2018) Sé phtic ¢6 phan thuc bang 3 va phan 4o bing 4 1a
A. 3+4i. B. 4-3i. C. 3-4i. D. 4+3i.
Cau 7. (QG —2018) S phirc 5+6i c6 phan thuc bang
A. -5, B.5. C.-6. D. 6.
Cau 8. (QG — 2018) Sé phtc 6 phan thuc bang 1 va phan 4o bang 3 1a
A. —1-3i. B.1-3i. C. -1+3i. D. 1+3i.
Cau 9. (QG-2019) S phurc lién hop cua sé phic 5-3i 1a
A. 5+3i. B. -3+5i. C. 5-3i. D. 5+3i.
Cau 10. (QG-2019) Sé phuc lién hop cua s6 phicc 3-2i 1a
A. 3+2i. B. 3+2i. C. 3-2i. D. -2+3i.
Cau 11. (QG-2019) S phuc lién hop cua sb phac 1-2i 1a
A. -1-2i. B.1+2i. C. -2+i. D. -1+2i

Cau 12. Cho s phtic z=-6-3i. Tim phan thyc va phan 4o caa sb phuc 1.
A. Phan thuc bang -6 va phan ao bang —3i
B. Phan thyuc bang -6 va phan 4o bang 3
C. Phan thyc bang 6 va phan 4o bang 3
D. Phan thuc bang 6 va phan ao bang 3i
Cau 13. Cho 2 s6 phirc z va z’. Céc phat biéu nao sau day sai ?

A z+7'=72+7' B. z.7=|z|2 C.71=1 D.

N-lN
N
N

Cau 14. Cho s6 phiic z = 3- 4i. Phan thyc va phan o s phuc z 1a

A. Phan thuc bang 3 va phan 4o bang - 4i;

B. Phan thuc bang 3 va phan ao bang 4;

C. Phan thyuc bang 3 va phan a0 bang  4i;

D. Phan thuc bang 3 va phan ao bang -4.
Cau 15. Tim phan thyc va phan ao cta sé phic z = i

A. 0va 2020 B.Oval C.1lva0 D.2020va0
Cau 16. Tim phan thuc, phan 4o cua z=(4-1)+(2+3i)—(5+i)

A. phan thyuc 12 1, phan ao 1a 1 B. phan thyc 12 11, phan ao 1a 1

C. phan thyc 13 1, phan 40 12 3 D. phan thyc 1a 11, phan 40 13 3
Cau 17. Cho sé phic z =%+i;: . Trong céac két luan sau két luan nao dung?

- +

A. ;c6 phan thuc va phan a0 #0.

B. ;14 s6 thuan ao.

C. M6 dun cua ; bang 1

D. .¢6 phan thyc va phan o déu bang 0.
Cau 18. Tinh z+z va 2z biét z=2+3i

A.4val3 B.4vab C.4vao0 D.13va5
Cau 19. Cho sé phicc z=2+3i. Tim s6 phtuc w = 2iz-z.

A w=-8+Ti B. w=-8+i C. w=4+7i D. w=-8-T7i

Cau 20. Cho s6 phuc z, =1+3i va 7, =3-4i . Mbdun sb phic z,+7, 1a

2020
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AT B. V15 : C. 4: D. 8.

Cau 21. Sé phirc nghich dio cua sb phirc z = 1 - 3i 1a:
A 7t 1+£| 7t = l+£| 71 =1+ 3 D.7=-1+
- 4 B. 2 C. '

J3i

CAu 22. M6 dun ctia s6 phirc z=5+2i—(i+1)° la

AT , B.3 . C5 q D.
Céu 23. Cho so phuc z = a + bi (véi a, b 1a cac so6 thuc). Xét cac phéat biéu sau
(1) 22— Z 21a so thuc (2) 22+ Z 2laso6 ao
()z7Z la ) thuc (4) |z| - z labang 0
SO cau phat biéu dung la

A.0 B.1 ‘ C.2 D.3
Cau 24. Giatri caa A = (1 + i) bang

A. 1024 B. 2% C.-1024 D. 1024 —
1024i
Cau 25. Cho so phtc z thoa mén: z(1+2i) =7 +4i . Tim mo6 dun s6 phicw=z+2i.

A5 B. 17 C. V2 D. 4
CAau 26. Cho sb phtic z biét 7-2-i +%. Phén a0 cuia sé phuc 22 13

+1
A2 B.-2i. c. 2. D. -3
2 2 2 2
, _ (1-iNB) |

Céu 27. Cho so phuc z thoa man: z = i Tim moédun cua Z +1Z .

A. 82 B. 42 C. 8 D.4
CAu 28. Phan thyc cua sb phic , théa man (1+i)° (2—i)z=8+i+(1+2i)z la

A.-6 B.-3 C.2 D.-1

DANG II. PHUONG TRINH TREN TAP SO PHUC i
I. PHUONG PHAP : Str dung cic phuong phdp giai phuong trinh mau muc nhu phuong

trinh bac nhat, phuong trinh bac hai....vai an 1a s6 phuc z.

1. CAC Vi DU
Vi du 1. (Ma dé 101 - QG — 2017) Phuong trinh nao duéi ddy nhan hai s6 phtc 1++/2i va
1—+/2i la nghiém ?
A. 722 +22+3=0 B. z22-2z2-3=0 C. z*-2z+3=0 D. z2+2z-3=0
Huéng din giai
Cach 1: Ta c6 (1+ﬁi)+(1_ﬁi):2; (1+ﬁi)+(1_ﬁi):2. Suy ra 1++/2i va 1-2i la
nghiém cua phuong trinh z° -2z +3=0.
Dap an: C
Céch 2: Thir dap an bang MTBT
Vidu 2. (Mi dé 102 - QG — 2017) Ki hiéu Z;,Z, la hai nghiém phirc ciia phuong trinh

3z°—z+1=0.Tinh P=‘Zl‘+‘22‘

2 14
A.P=ﬁ. B.P:£ C.p-2. . J_.
3 3 3 3

www.thuvienhoclieu.com Trang 5



www.thuvienhoclieu.com

Huéng dan giai
1211

6

Phuong trinh 3z° —z+1=0¢0 hai nghiém ¢, =

Khi d6 P:|zl|+|zz|:2—\f
bép an: B
Vi du 3. Tim s6 phuc sau:

a)(1+2)(2+3i))=1+i
b) 2+iz —1+3i
T

—i 2+i
Giali
a)Taco(1+2)(2+3i)=1+i
1+i
2+3i

sSl+z=

b) Ta cé

2+_| . —1+_3| 7o (—1+3|)_(1—|)
1-i 2+i (2+i)°
3+4i 25

=z

Vi du 4. Giai cac phuong trinh sau trén truong sb phic:
a)z' +2z°-3=0
b) z* — 423 +77% - 162 + 12 =0 (1)

Giai
2: :il
a)Tac6z*+222-3=0 |’ o
72=-3 7=+i/3
Vay phuong trinh c6 4 nghiem| =~
a uong trinh Co 4 ngnic
ay p g ghie Z=ii\/§

b) Do tong tat ca cac hé sé ciia phuong trinh (1) bang 0 nén (1) c6 nghiém z = 1.
(1) = (z2-1)(*-32°+42-12)=0
< zZ-1)Z-3)Z+4)=0

z=1

z=1
z=3
<|z2=3 = .
2,420 z2=2i
- +4= )
z=-2i
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Vay phuong trinh da cho c6 4 nghiém:

z=2i;z= —2i;z=1;z=3

I11. BAI TAP

Cau 1. (Ma d2 103 - QG — 2017) Ki hiéu Z,,Z, 12 hai nghiém phtc ciia phuong trinh
1 1

2 ~z+6=0.Tinh P=—+—
Zl 22

A p-L B.p—t C.p=_1. D. P=6.
6 12 6

Cau 2. (QG-2019)Goi Z;,Z, la hai nghiém phtrc phuong trinh z2 —6z+10=0. Gid tri

2’ + 7% bang

A. 16. B. 56. C. 20. D. 26.

Cau 3. (QG-2019)Goi z,z, la hai nghiém phuc cua phuong trinh 2> -6z+14=0. Gia tri
cua z2 + 22 bang

A. 36. B. s. C. 28. D. 18.

Céu 4. (QG-2019)Goi 2, -, la hai nghiém phuc cia phuong trinh 22 -4z +5=0. Gai tri cua
2’ +1} bing

A. 6. B. 8. C. 16. D. 2.

Cau 5. (QG-2019)Goi Z;,Z, la hai nghiém phirc ciia phuwong trinh z2 —4z+7 =0. Gia tri cua

2 2 1.3
Z, +1, bang

A. 10. B. 8. C. 16. D. 2.
CAu 6. Tim md dun cua sé phuc z thoa 3iz +(3—i)L+i)=2.

22 32 33 23

A lz|=—= B. |z|]=—"+ C.l7=== D. |z|]=—=
3 2 2 3
Cau 7. Cho s6 phirc z thoa man (1 + 2i)z — 5 —5i = 0. Tim s6 phiic w = 7+10
Z
A.6+2i B.2 +6i C.-2+6i D. 6+

2i
Cau 8. Giai phuong trinh (2+3i)z=2-1.
A 3 1 3. 1 3 1 3
A z=——++—Ii =————1I. I=—+— =——-—

10 10 10 10 10 10 10 10
Cau 9. Giai phuong trinh (2-i)z-4=0.
A z--1.3 B. .=-8_%; C.z=>43i D.,-L_3;

5 5 5 10 10 13 13
Cau 10. Giai phuong trinh 2+i, - 71+31
1-i 2+1

A. Z=—1+§i. B. zg_ﬂi_ szg i D :i_i'_

5 5 5 5 25 25 13 13

h 22—1=

Céau 11. Tim nghiém cua phuong trin k
Z+i
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A. z:l+§i. B. z:l+ﬂi. C. z=1+1i. D. z:—1+1i
5 5 5 5 2 2 2 2

Cau 12. Tim nghiém cta phuong trinh z*+2z+5=0.

A 7,=-1+2i; z,=-1-2i. B. z=-1-2i; z,=-1-2i.

C. ,=1+2i; z,=-1+2i. D. z,=-1-2i; z,=-1+2i.

Cau 13. Tim cac sb thuc b,c dé phuong trinh (vi an z): z2 +bz+c=0 nhan z=1+i lam mot
nghiém.

A b=-2c=-2. B. b=-2,c=3. C.b=-1c=2 D.b=-2,c=2.

Cau 14. Goi z; va 7, lan luot 1a nghiém cia phuong trinh: z° +2z+10=0. Tinh gi4 tri cua
biéu thic A=|z[ +|z,f

A. 15 B. 17 C. 20 D. 10

Cau 15. Goi A, B 1a hai diém biéu dién cho cac s6 phuc la nghiém cua phwong trinh
2> +2z+3=0. Tinh do dai doan thang AB.

A. 22 B. 32 c.2\3 D. V3

A : L N . 6
Céu 16. Cho so phuc z co phan thyc duong thoa mén z? -6z+13=0. Tinh Z+m‘.

A. 13 B. V17 C.1 D. 743

DANG I1. TIM SO PHUC THOA MAN DIEU KIEN ‘
I. PHUONG PHAP: D¢ giai bai toan tim so phirc théa man diéu kién cho trudce, ta thuc
hién theo cac budc sau:

B1: bat Z:a-l—bi(a,beR)

B2: Thay vao dk duoc hé phuong trinh hai an a,b.
B3: Giai tim a,b
cha y:
= Timsé phuc z=a+hi(a,beR) that ra la tim phan thuc a va phan &o b cia no.
a=0

" 7=a+bi=0 ,
oo

= 7 =a+hji; z,=a,+bj . Khi do: 21222©{211st
= z=a+bi(abeR). Khido , 1asb 4o (thuin o) khi a=0 , ; 1as5 thuc khi b=0.

Vi du 1. (M dé 101 - QG — 2017) C6 bao nhiéu sé phc z thoa man |z-3i[=5 va _Z y 1A
Z —

sb thuan 4o ?
A0 B. V6 s6 C.1 D. 2
Huéng din giai
bit z=a+hi(a,beR). bidukien z£4.
Taco |z-3i|=5«<]a+(b-3)i|=5
=a’+(b-3) =25
a’+b’-6b-16=0(1)
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L ai g6 z a+bi a(a-4)+b’ 4b i

a = T = - .

T 24 (a-4)+bi (a-4) +b* (a-4) +b?
a(a—4)+b2

Vi —2_ 1356 thuan 4o nén =0<a’+b*-4a=0(2).

7-4 (a—4)" +b’
Tu (1) + (2) suy ra 4a—6b =16 = a=4+gb. Thay vao (1), ta dugc:

3V b=0
(a+§bj +b*-6b-16=0< 24

- 13
V6i b=0=>a=4=>z=4(logi).
Vi b:—ﬁ:a:E:z:E—&i(théamim)-
13 13 13 13

bép an: C . ’
Vi du 2. (Ma de 101 - QG - 2017) Cho so phac z=a+bi (a,beR) thoa méin
z+1+3i-|z]i=0. Tinh S=a+3b

A.szg B.S=-5 C.S=5 D.s:_%

, Hudéng dan giai
Theo gia thiét, ta co:

2+1+3i-|z]i =0 & 2=-1+(|z| - 3)i @|z|=,/1+(|z|_3)2

<:>|z|2=1+(|z|—3)2<:>|z|=g

:>z=—1—gi:>a=—1;b=—%:>s:a+3b=—5

Dép an: B
Vi du 3. (Ma dé 103 - QG — 2017) Tim tat ca cac sb thuc X, y sao cho X° —1+Yi=-1+2i
A.x:—\/i,y:Z B.x:\/f,y:Z C. x=0,y=2 D.x:«ﬁ,y:—Z

Huéng din giai
2 - _ —
Taco x2—1+yi=—1+2i | S
y=2 y=2
Dap én: C

Vi du 4. (Mi dé 103 - QG —2017) C6 bao nhiéu sb phtic z théa méan |z +3i| = 13 va = S
Z+

la s6 thuan 4o ?

A. Vo sb B. 2 C. 0 D.1
Huéng din giai

bit z=a+bi(abeR), ta co:

|z+3i|=\/l_3c>|a+(b+3)i|=\/1_3c>a2+(b+3)2=13<:>a2+b2+6b—4=0(1).

Z _ a+hi _a(a+2)+szr 2 .

z+2 (a+2)+bi (a+2)+b® (a+2) +b®

Lai co
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C s a(a+2)+b’
Vi 2 Iéséthuénéonén%:Oca(aﬂ)mz:O<3a2+b2+2a:0(2).
z+2 (a+2) +b?
Tur (1)+(2) suy ra 2a—6b=—4=a=3b—2. Thay vao (1), ta duoc:
b=0
(30-2)"+b*+6b-4=0= L 3
5

Véi b=0=a=-2=>7=-2 loai).

Voi b:§:>x:—l:>z:——+§i(th07amdn)-
5 5 55
bép an: D
Vi du 5. (Ma dé 104 - QG — 2017) Cho s6 phirc z thoa mén |z|=5 va |z+3/=|z+3-10i|.
Tim sé phirc w=2z-4+3i.
A. w=-3+8i B. w=1+3i C. w=-1+T7i D. z=—4+8i
Hudéng dan giai
bit z=a+hi(a,beR), ta co:
|z+3|=5<:>|(a+3)+bi|=5<:>(a+3)2+b2=25
Lai c0 |z+3 =|z+3-10i| < |(a+3)+bi| =|(a+3)+(b—10)i
< (a+3)’ +b?=(a+3)" +(b-10)° = b? =(b-2)’
<b=5=a=0=z=5Ii=>w=-4+8i.

bap an: D
I11. BAlI TAP
Cau 1. (Mi d& 102 - QG — 2017) Cho s6 phirc z=a-+bi (a,beR) thoa man z+2+i=|z.
Tinh S=4a+b.

A S=4 B.S=2 C.S=-2 D.S=-4
Cau 2. (QG — 2018) C6 bao nhiéu s6 phuc . thoa mén |z|(z-3-i)+2i=(4-i)z ?
AL B.3. C.2. D. 4.

Cau 3. (QG - 2018) C6 bao nhiéu s6 phuc ; thoa mén |z|(z—6-i)+2i=(7-i)z ?

A 2. B.3. C.1. D. 4.
Cau 4. (QG — 2018) C6 bao nhiéu sé phirc . théa mén |z|(z-5-i)+2i=(6-i)z ?
Al B.3. C. 4. D. 2.

Cau 5. (Mi dé 103 - QG - 2017) Cho s6 phic z théa man |2+3=5 va [z -2i|=[z-2-2i.
Tim s6 phuc |z|.

A |1=17. B. |z|=A17. C. |z|=+10. D. |z]=10.
Cau 6. (QG — 2018) Tim hai s6 thuc X va y thoa man (2x—3yi)+(1-3i)=x+6i véi i Ia
don vi ao.

A x=-1;,y=-3. B.x=-1;y=-1. C.x=1;y=-1. D. x=1;

y=-3.
Cau 7. (QG — 2018) C6 bao nhiéu s6 phuc . thoa mén |z|(z—4-i)+2i=(5-i)z?
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A 2. B. 3. C. L. D. 4.

Cau 8. (QG - 2018) Tim hai sb thuc X va y thoa mén (3x+2yi)+(2+i)=2x-3i véi i Ia
don vi ao.

A x=-2y=-2. B.x=-2,y=-1. C.x=2y=-2. D. x=2y=-1
Cau 9. (QG —2018) Tim hai sb thuc x va y thoa man (3x+ yi) + (4—2i) =5x+2i V&i i 1a don
Vi 40.

A x=-2,y=4. B. x=2,y=4. C. x=-2,y=0. D. x=2;y=0.
Cau 10. (QG - 2018) Tim hai s6 X va y thoa man (2x—3yi)+(3—i)=5x—4i vai i la don
V1 40.
A x=-1; y=-1. B. x=-1;,y=1. C.x=1;y=-1. D.x=1;y=1

Cau 11. (QG-2019)Cho sé phic ; théa man 3(z+i)—(2-i)z=3+10i . M6 dun cua bang

A 3. B. 5. c. 5. D. /3.

Cau 12. (QG-2019)Cho s phiic z thoa man 3(z —i)—(2+3i)z =7-16i . Mddun ciia z bing

A. 5. B. 5. C. 3. D. 3.
Cau 13. (QG-2019)Cho sb phuc ; thoa (2+i)z-4(z—i) =-8+19i . Mddun cia ;bing
A. 13. B. 5. C. /3. D. .

Cau 14. (QG-2019)Cho sé phirc , thea (2—i)z+3+16i = 2(z+i) . Mddun cua . bing
A 5. B. 13. c. V13, D. 5.

Cau 15. Tim sb phuc z, biét ||+ =3+4i

A. z=%+4i B.z=3 C. z:—%+4i D. z=-3+4i
Cau 16. Sé phuc z thoa man: (L+i)z+(2-i)z =13+2i 13

A.3+2i; B. 3-2i; C.-3+2i; D. -3 -2i.
Cau 17. Cho s6 phiic z théa man diéu kién 2z + 3(1 —i) Z =1 —9i. Tim modun cua z.

A lzl= 3 B.|z|=3 C.lz|= V13 D. |z] = 13
Cau 18. Tim phan thyc va phan ao cua sb phirc z thoa man (1 —i)z— (2—-i)Z =2 + i

A.4va-3 B.-4va3 C.4va3 D.-4va-3

Cau 19. S6 s6 phirc z thoa man dang thuc: || +%(z—2)=1+%(z +2)i

A1 B.2 C.3 D.4

Cau 20. S6 sb phic z thoa man (z+1)° +|z—1 —10i =z +3.

A1 B.2 C.3 D.4

Cau 21. Tim mé dun sé phac z thoa mén 22_+I.Z _ ijzzi‘ _27.

Al B. V2 C.? D. 22

Cau 22. Biét . la s phirc thoa didu kién z°+i|z|=0. Tim sb phuc . c6 phan 4o am

A z=—1—ii B. z:—i—ii C. z=i—ii D. z:l—ii
V2 2 2 = 2 2 V2
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DANG IV. BIEU DIEN HINH HQC CUA SO PHUC
I. PHUONG PHAP: Gia sa z = X + Vi (X, y € R). Khi d6 s6 phtc z biéu dién trén mat
phang phtc bai diém M(x;y).
Str dung dit kién cua dé bai dé tim mdi lién hé gitta x va y tir d6 suy ra tap hop diém M.
MGt s quy tich thirong gap:
Véi z = x+yi (X, y 12 c&c s thuc) khi d6 néu:
* x=a : Quy tich z a duong thang x = a (song song véi Oy).
* y=b: Quy tich z 1a duong thang y = b (song song vé&i OXx).
* (x-a)? +(y-b)’= R? Quy tich z 1a duong tron tdm I(a.b) ban kinh R.
* (x-a)? +(y-b)2* R Quy tich 1 hinh tron tam I(a.b) ban kinh R ( k& ca bién).
* (x-a)? +(y-b)®> R? Quy tich z 1a cac diém nim ngoai dudng tron tam I(a.b) ban kinh R.
Il. CAC Vi DU
Vidy 1. (M daé 101- QG - 2017) Cho s6 phirc z=1-2i. Piém nao duéi day 1a diém biéu
dién cua so phuc W=1z trén mat phang toa do ?
A. Q12 B. N(2;1) C. ML-2) D. P(-2;2)
Hudéng dan giai
Tacé W=iz=i(1-2i)=2+i. Suy ra diém biéu di&n cia s6 phiac W 12 N(2;1).
bap 4an: B . ) 7 7 N 7
Vidu 2. (Ma de 102 - QG —2017) S6 phac nao sau day co6 diém biéu dien trén mat phang
toa d6 1a diém M nhu hinh bén ? S ﬂ
A 7,=2+ B. z,=1+2i :
C. 7,=-2+I D. z,=1-2i
Hudéng dan giai

bép an: C
Vi du 3. (M4 d& 102 - QG — 2017) C6 bao nhiéu sé phac , thoa man |z+2—i|=2v2 va
(z-1) 1a sb thuan 4o.

A. 0 B. 4 C.3 D. ?
Huéng din giai

Pit z=x+Yi(x yeR),

Theo gia thiét, tacd |z+2-il=2v2 = |(x+2)+(y-1)i| =22
c>(x+2)2+(y—l)2—8(C)

Mat khéc, (z— ( ~1)+ ) ~1)" —y2+2(x-1)yi.
Theo gia thiét (z 1)° 1a sé thuan 40 nén

(x—l)z—y2=0c> yZ:(x—l)zc{y o y ( )
y=—x+1 x+y-1=0(A)

Puong tron (C) ¢6 tam |(-2;1), ban kinh R=22.
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Tacod d(1,d)=2v2=R,suyrad tiép xic (C).
Taco d(1,d)=+2<R,suyra A cat (C) tai hai diém phan biét.
Tap hop cac diém biéu dién cho sb phirc chinh 1a cac giao diém cua (C) voi hai dudng thing
dva A. Sé giao diém 1a 3.
bép an: C
Vi du 4. (Ma dé 104 - QG — 2017) Cho s6 phuc 7, =1-2i, z, =-3+i. Tim diém biéu dién
cua s6 phic Z =12, +2, trén mat phang toa do.
A. N(4-3) B. M(2;-5) C. P(-2-1) D. Q(-L7)
Hudéng dan giai
Tacd 2=2+2,=—-2-1.
Vay diém biéu dién caa sb phuc ; 13 P(—2;-1).
bap an: C
Vidu 5. (M dé 104 - QG — 2017) Ki hiéu Z,,Z, 1a hai nghiém phtic ctia phuong trinh
22 +4=0.Goi M, N lan luot 1a cac diém biéu dién cua 2,2, trén mit phang toa do. Tinh
T =0OM +ON véi O 14 gdc toa dd.
A T=2/2. B.T=2 C.T=8. D. T=4.
Hudéng dan giai
z,=2i
=20
Suyra M (0;2), N(O;—2):>OM =ON=2=T=0M +0ON =4.
Dap 4n: D
Vi du 6. (Ma dé 104 - QG — 2017) Goi S la tap hop tat ca céc gié tri thuc cua tham sé m dé
ton tai duy nhat sb phic z thoa mén z.z =1 Va|z -3 +i[=m. Tim s6 phan tir cia S.
Al B. 4 C.1 D. 3.
Huéng dan giai

Taco zz+4=0<:{

Z,

biéu kién: m>0.

Pat z=x+Yyi(x,yeR),

Theo gia thiét z.z =lo| =1 X +y?=1(C,).

(C,) 1a duong tron tam O(0;0), ban kinh R, =1,

Mat khac ‘z—\/§+i‘:m<:>(x—x/§)+(y+1):m<:>(x—x/§)2+(y+1)2:mz(Cz)

(Cz) la duong tron tam | (,\/§; _1), ban kinh R, =m.

Pé tdn tai duy nhat s6 phuc z thi (C,) va (C,) tiép xdc ngoai hoic trong.
TH1: (C,) va (C,) tiép xtc ngoai khi va chi khi R +R, =0l <1+m=2«< m=1(tholamadn)

. L o | R,+0l =R, < 1+2=m < m=3(tholiamadn)
TH2 (C,) va (C,) tiép xuc trong khi va chi khi
Ol +R, =R, & m+2=1< m=-1(loalii)

Vay S={13}.
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bép an: A
Vi du 7. (QG — 2018) Xét cac s6 phirc . théa man (Z+i)(z+2) 1a sb thuan ao. Trén mat
phang toa d, tap hop tat ca cac diém biéu dién sé phac ; 1a mot duong tron c6 ban kinh

bang

5 3

Al B. 2. c.f. D.£.
4 ) 2 2
Huwdéng dan giai
Pit z=x+Yyi(x,yeR),
Taco (7+i)(z+2)=(x—yi+i)(x+yi+2)=(x2+2x+y2—y)+(x—2y+2)i
2
Vi (Z+i)(z+2) 1a sb thuan ao nén x* +2x+ y2—y:0c>(x+1)2+(y—%j :%.
Trén mit phang toa do, tap hop tat ca cac diém biéu dién sé phac ; 1a mot duong tron cé
. 5

ban kinh bang g
bap an: C
I11. BAI TAP , ’ ‘
Cau 1. (QG - 2018) Xét cac so phuc ; théa mén (E+3i)(z—3) la so thuan ao. Trén mat

phang toa d, tap hop tat ca cac diém biéu dién cac sé phuc . 1a mot dudng tron ¢ ban kinh

bang
2

Cau 2. (QG - 2018) Xét cac s6 phic z thoa man (z+2i)(z-2) la s6 thuan ao. Trén mat

A.%. B. 3.2. C.3.

phang toa d¢, tap hop tat ca cac diém biéu dién cac sd phirc z 1a mot duong tron ¢ ban kinh
ban

A2 B. 242 C.4. D. V7.
Cau 3. (QG — 2018) Xét cac s6 phirc . thoa mén (Z-2i)(z+2) 1a s6 thuan ao. Trén mat
pljéng toa do, tap hop tat ca cac diém biéu dién cac s6 phirc . 1a mot duong tron ¢ béan kinh
bang

A. 2{2. B. V2. C. 1. D. 4.

Cau 4. (QG-2019)Cho hai sb phirc Z, =1-1 va 7, =1+2i. Trén mat phang toa do oxy, diém

biéu dién s phuc 32+, ¢ toa do 1a

A (4:-1). B. (-L4). C. (41). p. 14
Cau 5. (QG-2019)Xét cac sb phirc ;théa man |z|=+/2. Trén mat phing toa do oxy, tap
hop diém biéu dién cua cac sé phic w = j*iz la mot duong tron c¢é béan kinh bang

+zZ
A. /34, B. 26. C. 34. D. /26.

Cau 6. (QG-2019)Xét cac s6 phuc zthéa méan |z]=+/2. Trén mat phang toa do Oxy, tap
3+iz

. la mot duong tron ¢ béan kinh bang
+Z

hop diém biéu dién céc sé phuc w=
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A. 23 B. 12 C. 20 D. 2.5

Cau 7. (QG-2019)Cho hai sb phiic z, =—2+i Va z, =1+i. Trén mat phang toa do Oxy diém
biéu dién s6 phtic 2z, +z, ¢0 toa do la

A. (3-3). B. (2,-3). C. (-33). D. (-3;2).

Cau 8. (QG-2019)Cho hai s6 phiic 7, —1+i VA 5, — 2. Trén mat phang oxy, diém biéu
dién s6 phc 4, 425, O toa do 13

A. (2;5). B. (35). C. (52). D. (53).

Cau 9. (QG-2019)Cho sé phirc , thoa man |z|=+/2. Trén mat phing toa d6 oxy, tap hop
2+iz

1+z

A. 10. B. 2. C.2. D. Vio.
Cau 10. (QG-2019)Cho hai s6 phuc 2, =2-1,2, =1+i. Trén mit phing toa do Oxy, diém

cac diém biéu dién cua s6 phic ., thoa man w = la mot duong tron ¢ béan kinh bang

biéu dién sb phuc 22+, c6 toa do 1
A. (5-1). B. (-15). C. (5,0). D. (0;5).
Cau 11. (QG-2019)Cho sb phirc ; thoa mén |z|= /2. Trén mat phing toa do oxy, tap hop

5+iz
1+z

A. 52. B. 213, c. 211, D. 4.
Cau 12. Gia st M(z) 1a diém trén mat phang toa d6 biéu dién sb phic z. Tap hop nhiing
diém M(2) thoa man diéu |2+2]=]i-7| 1a

cac diém biéu dién cia s6 phirc W thoa man w = la mot duong tron c¢d béan kinh bang

A. Buong thang 4x+2y+3=0 B. Puong thang 4x—2y+3=0

A. Buong thang x+2y—3=0 D. Puong thang x+9y-3=0

Cau 13. Tap hop cac diém trén mat phing toa do biéu dién céc sé phuc z thoa man diéu
ki¢n |Z+2i|:‘z+l—i‘ la

A. Buong thang x+y+3=0 B. Puong thang x—2y+3=0

A. Buong thang x+2y+3=0 D. Puong thang x—y-1=0

Cau 15. Tap hop cac diém trén mat phing toa do biéu dién cac sé phuc z thoa man diéu
kien [2-1+i[=2 Ia

A. Puong thing x—y—-2=0 B. buong tron (x+1)2 +(y+1)2 =4
C. Puong thang x+y—2=0 D. Puong tron tam 1(L-1) va ban kinh
R=2

Cau 16. Tap hop cac diém trén mat phing toa do biéu dién cac sé phuc z thoa man diéu
kién |z -4i|+|z+4i[=10 13
XZ 2 XZ 2

A. buong elip §+i/—6=1 B. Buong elip Eer?:l
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X2 V2 Y
C. buong elip ?er?:l D. Buong elip §+y7=1

Cau 17. Tap hop cac diém trén mat phang toa do biéu dién céc sé phuc z thoa man diéu
kien [2+2|>]z-2] Ia

A. T4p hop cac diém 1a nra mat phing & bén phai truc tung

B. Tap hop cac diém 1a nra mat phing & bén tréi truc tung

C. Tap hop cac diém 1a nira mat phang phia trén tryc hoanh

D. Tap hop cac diém 1a ntra mat phang phia dudi truc hoanh

Cau 18. Tap hop cac diém trén mat phang toa do biéu dién céc sé phuc z thoa man diéu
kign 1<|z+1-i[<2 13

A. Tap hop cac diém 1 hinh tron c6 tam | (L-1) , ban kinh 2

B. Tap hop cac diém 1 hinh vanh khan c6 tim tai A(-11) va cac ban kinh lon va nho lan
luot la 2; 1

C. Tap hop céc diém 12 hinh tron c6 tam 1(1;-1) , ban kinh 1

D. Tap hop céc diém l1a hinh vanh khan c¢6 tam tai |(1—1) va cac ban kinh lon va nho lan

luot la 2; 1

Z+2+3i

zZ—1

Cau 19. Tim tap hop cac diém biéu dién sb phic z sao cho u = la mot s6 thuan ao.

A. Buong tron tam 1(-1;-1) ban kinh R=\5

B. Duong tron tim | (~L-1) ban kinh R=+/5 trir di hai diém A(0;1); B(-2-3).

C. Buong tron tam 1(L1) ban kinh R=5

D. Puong tron tam 1(L1) ban kinh R =5 trir di hai diém A(0;1); B(-2;-3).

Cau 20. Tim tap hop cac diém biéu dién s phic z=x+yi thoa man didu kién |X+|y|=1 2
A. Ba canh cua tam giac

B. B4n canh caa hinh vuéng

C. B4n canh cua hinh chit nhat

D. Bdn canh cua hinh thoi

DANG V. CUC TRI CUA SO PHUC

I. PHUONG PHAP: Str dung céc kién thirc co ban nhu: Bt dang thuc lién hé giia trung
binh cong va trung binh nhan, bat dang thirc Bunhia- Copxki, bat dang thic hinh hoc va
mat sb bai todn cong cu sau:

BAI TOAN CONG CU 1: q

Cho duong tron (T) ¢6 dinh ¢6 tdm I ban kinh R va diém A co dinh. Biém M di
dong trén duong tron (T). Hay xac dinh vi tri diém M sao cho AM 16n nhat, nho
nhat.
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Hudéng dan giai:
TH1: A thugc dwong tron (T)
Ta c6: AM dat gia tri nho nhat bang 0 khi M triing véi A
AM dat gia trj 16n nhat bang 2R khi M 1a diém déi xung véi A qua |
TH2: A khong thugc dwong tron (T)
Goi B, C 1a giao diém cua dudng thiang qua A,I va dudng tron (T);

Gia sir AB < AC.
+) Néu A nam ngoai dudng tron (T) thi voi diém M bat ki trén (T), ta c6:
M AM > Al -IM = Al -IB=AB.
Pang thic xay ra khi M =B
I AM <Al +IM = Al +IC=AC.
B ¢ 1 Dangthic xay rakhi M =C

+) Néu A nam trong duong tron (T) thi véi diém M bat ki trén (T), ta co:
AM>IM-1A=1B-1A=AB. M
Ding thuc xay ra khi M =B
AM <Al +IM=AlI+IC=AC.

Dang thtc xay ra khi M =C 3 <+ ’
Vay khi M trang véi B thi AM dat gia tri nho nhat.
Vay khi M trung véi C thi AM dat gia tri 1on nhat.

BAI TOAN CONG CU 2:

Cho hai duong tron (T;) co6 tdm I, ban kinh Ry;
duong tron (T,) c6 tdm J, ban kinh R,. Tim vi tri
cua diém M trén (T,), diém N trén (T,) sao cho
MN dat gia tri 16n nhat, nho nhat.

9 Hudéng dan giai:
Goi d la duong thang di qua l, J;
d cat duong tron (T,) tai hai diém phan biét A, B (gia st JA > JB) ; d cat (T,) tai hai diém
phan bi¢t C, D (gia st ID > IC).
Véi diém M bat khi trén (T,) va diém N bat ki trén (T,).
Taco: MN<IM+IN<SIM+IJ+IN=R+R,+1J=AD,
pang thic xay ra khi M tring véi A va N trung véi D
MN >|IM = IN|>[lJ - IM =JN|=[lJ -R, +R,|=BC.

Ping thic xay ra khi M tring véi B va N N

triing véi C. M

Vay khi M trung vai A va N trang vai D thi

MN dat gid tri I6n nhat. - ; — i D
khi M triing véi B va N triing véi C thi U

MN dat gi4 tri nho nhat.

BAI TOAN CONG CU 3:
Cho hai duong tron (T) c6 tam I, ban kinh R; dudng thang A khong cé diém chung
v6i (T). Tim vi tri cua diém M trén (T), diém N trén A sao cho MN dat gi4 tri nho
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nhat.

’ Hudéng dan giai:
Goi H la hinh chicu vudng géc cua | trén d
Doan IH cat duong tron (T) tai J
Véi M thude duong thang A, N thude duong tron (T), ta co:
MN >IN—-IM >IH -1J =JH =const .
Pang thic xay rakhi M =H;N =1
Vay khi M trung véi H; N trung véi J thi MN dat gié tri nho

nhit.
Il. CAC Vi DU
Vi du 1. Trong cac s6 phuc ;thoa man |2—3+4i|=4. Tim gi4 tri 16n nhat, gi4 tri nho
nhat cua |z].
Hudéng dan giai
Cach 1

Goi z=x+Yi (X;yeR)= M(x;y) biéu dién cho sé phuc ;trong hé toa do Oxy

2-3+4i| =4 J(x=3)* +(y+4) =4 = (x=3)* +(y +4)> =16

Vay diém M biéu dién cho sé phuc z thude duong tron (T) ¢6 tdm 1(3;-4), ban kinh R = 4.
7| =W=OM ;01 =5> R nén O nam ngoai duong tron (T)

|z|16n nhat khi OM 16n nhét, nho nhit khi OM nho nhit.

(Bai toan quivvé‘ Bai toan cong cu 1- Truong hop 2) 7
buong thang Ol cat duwong tron (T) tai hai diém phén  biét
ALg;—ﬂj;B(Z—Y;—ﬁj:OA=LOB=9

5 5 5 5
Vi M di dong trén (T), ta c6: OA<OM <OB <1<OM <9=1<7|<9
= OM nh¢ nhat khi M tring véi A; OM 16n nhét khi M triing véi B
Vay |z| nho nhat bang 1 khi zzg—gi;|2| I6n nhat bang 9 khi ¢ =2—;—3—;i
Céch 2
Goi z=Xx+Yyi (X;yeR)
= M(x;y) biéu dién cho sé phuc z trong hé toa do Oxy
o =3—-4i = A(3;-4) biéu dién cho s6 phiic @
|2|=0M; |0|=0A=5 =|z-0|=AM;
Theo gia thiét |2-3+4i|=4 < |z1-0|=4< AM =4,
Ta c6: [OM —OA/< AM <> —4<OM —OA<4 & —4+0A<OM <4+0A=1<OM <9
=1<|7/<9;]z| =1 khi z=3_2i;]2|=9 khi = 2 _36;

5 5 5

5
Viy || nho nhét bing 1 khi 2 :g—%i :|2| 16n nhit bang 9 khi - :2_57_3_;i
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< Nhgn xét: Ngoai ra bai toan trén c6 thé Huéng dan giai bang phuong phap sir dung bat
dang thirc Bunhia-Copxki hoac phuong phap luong giac hoa.

Vi du 2. Trong cac s6 phtc ; thoa man didu kién z(z+2—4i) 1a mot sé ao, tim s6
phtrc ; sao chow=2z-1-i c¢6 modun 16n nhat.

Hudéng dan giai

Goi Z=x+Yi (X yeR)
= M(x;y) biéu dién cho sb phuc z trong hé toa do Oxy
Z(z+2-41) = (X=Yi)[(x+2) +(y—4)i] = X(x+2) + Y(y —4) +[x(y +4) - y(x+2)]i Z(z+2—4i) 1A
mot s6 4o
SX(X+2)+y(y-4) =0 X" +y* +2x-4y =0 (x+1)° +(y-2)° =5
= M biéu dién cho , thudc duong tron (T) c6 tam 1(—1; 2), ban kinh R:«E
@] =|z—1-i| = |(x=1) + (Y ~D)i| = (XD + (y=1)? = AM V&i A®LI)
IA=/5= Ae(T) (Bai todn duwoc qui vé Bai toan cong cu 1 - truong hop 1)
ViM la diém di dong trén (T) nén AM Ién nhat

<& AM la duong Kinh caa (T)

& M ddi xting véi A qua |

&1 1a trung diém cia AM
=>M(E33)=z=-3+3i=w=—4+2i

Vay |@[16n nhét bang 245 khi z=-3+3i.

Vi du 3. Trong cac s6 phirc ; ¢6 mddun bang 242 . Tim sé phutc ; sao cho biéu thirc
P=|z+1|+|z+i| dat gia tri 16n nhit.

Huéng dan giai
Goi z=Xx+Yyi (X;yeR)
=22 & +y* =22 &> x*+y* =8
P=|z+]4+|z+i|=\/(x+1)2+y2 +\/x2+(y+1)2
Ap dung bat dang thiic Bunhia-copxki cho hai bo s6
1;1va \/(x +1)% + yz;\/x2 +(y+1)?, ta co:
P? < 2[(x+1)2 +y X7+ (y +1)2] =4(9+Xx+Y)
Ap dung bt dang thic Bunhia-copxki cho hai bo s6 1:1 va X;y, ta co:

x+ys,}2(x2+y2):4
:>P2£52:>PS2\/1_3.Déngth{xcxéyrakhi X=y=2
Vay P dat gia tri 16n nhat bing 213 khi z=2+2i.

Vi du 4. Trong cac s phic ; c6 modun bing 2. Tim sb phicc ; sao cho biéu thuc
P=|z-1+|z-1+7i| dat gié tri I6n nhit.
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Huéng dan giai
Goi z=x+Yyi (X;yeR)
lz|=2 X +y* =2 x+y* =4
P=|z-1+[z—1+7i] = J(x=2)% + y? +/(x=1)? + (y +7)?
Xét J(x—]; y),V(l—x;—?—y):>J+V:(0;—7). Khi do:

P =|u|+[v|z[u +v]|=7. Pang thuc xay ra khi U,V cing huéng
=>XX-D(-7-y)=yl—-x)=x=1

X=1l=y= J_rx/§

V6i x=1y=+/3 thi U,V nguoc husng (khong thoa mén)

Vi x=1y=—3 thi u,v cung hudéng (thoa mén)

Vay zZ=1-i/3 thi P dat gia tri nho nhat bing 7.

Vi du 5. Trong céc s6 phuc z3, z, thoa man: |z, -1-i|=1;|z,—-6-6i| =6, tim s6 phirc
21,2, 580 cho |z, -2, | dat gié trj 16n nhét.

Hudéng dan giai
Goi z, =a+bhi; z,=c+d.i; (a,b,c,d 1a nhitng sé thuc); z, duoc biéu dién bsi diém M(a; b);
Z, duoc biéu dién boi diém N(c; d) trong mat phing toa d6 Oxy
|z,-1-i|=1|z-1-i[ =1< (a-1)? +(b—-1)?=1 suy ra M thudc duong tron tam 1(1; 1),
ban kinh R = 1.
|2,~6-6i|=6<|z,~6-6i| =36 <= (c—6)>+(d—6)? =36 suy ra M thudc duong tron tam
J(6; 6), ban kinh R' = 6.
|2,—2,|=/(c—2)? +(d —b)? =MN.,

(Bai todn diroC qui vé Bai toan cong cu 2) q ’ q
buong thang 1J c6 phuong trinh y = x. Buong thang 1J cat duong tron tdm | tai hai diém

y [&MJM [M.%ﬁ]

2 2 2 2
DPuong thiang 1J cit dudng tron tam J tai hai diém N1(6—3\/§;6—3\/5); N2(6+3J§;6+3J§).
M,N, SMN<M\N, &52-7<|z-2,|<5J2+7
max |z —z,|=5v2 +7khiM =M,,N =N, .

_2-\2 2-\2
2 2

Vay 7, Iz, :6+3ﬁ+(6+3\ﬁ) ithi \zl—z2 \datgié tri 16N nhét.

Vi du 6. Cho cac s6 phuc Z;;Z,thoa mén: |z|=1;7,{z, —(1-i)]-6+2i 1a mot s6 thuc.
Tim s6 phirc Z;;Z,5a0 cho P=|z, " —(zZ,+7z,) dat gia tri nho nhat.
Hudéng dan giai

Goi z,=a+bi; z,=c+di; (ab,c,deR)
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— M (a;b), N(c;d) lan luot biéu dién cho Z;;Z, trong hé toa do Oxy

|z|=1eVa® +b? =1o @’ +b% =1

= M thudc duong tron (T) c6 tdm O, ban kinh R=1

Z, =c—di;

w=17[z2-(1-i)]-6+2i=(c—di)[(c—1) + (d +1)i]+ 26
=c(c—D+d(d +1) +2+[c(d +) —d(c-1) —6]i

@ 126 thuc < c(d+1)-d(c-1)-6=0<>c+d—6=0

= N thudc duong thang A:x+y—6=0

Taco d(O;A)>1 nén A va (T) khong co diém chung

2,Z, =ac+bd + (bc —ad)i;

Z,z, =ac+bd +(-bc+ad)i = 2,7, +7,z, =2(ac +bd)

P=c’+d*-2(ac+bd)=(c-a)*+(b—d)*~1=MN’-1 (vi a?+b?=1)

(Bai todn duroc qui vé Bai toan cong cu 3)

Goi H 1a hinh chiéu vuéng goc cia O trén A:x+y—-6=0= H(3;3)

A

Poan OH cat duong tron (T) tai I[7 7}

Véi N thude duong thang A, M thude duong tron (T), ta co:
MN > ON-OM > OH-Ol =1IH = 3J2-1.
bang thuc xay rakhi M =1;N=H

- Pz(3ﬁ—1)2—1:18—6ﬁ.
g

Pang thic xay ra khi z; :—+ > 1,2, =3+3i

.

Vay P dat gié tri nho nhét bang 18-3v2 khi 2, —7+ > I;2,=3+3i.

~3+|z+3=10. Tim s6 phirc z c6

Vi du 7. Trong cac s6 phac ;
modun 16n nhat.
Huéng dan giai

Goi Z=x+Yi (xyeR)
= M(x;y) biéu dién cho s phtc z trong hé toa do Oxy
|z—3|+|z+3|:10<3\f(x—3)2 +y? +\/(X+3)2 +y? =10

& MF, + MF, =10 ’
(voi F(=3,0); F,(3,0)).

2 2

. . X
< M e(E) ¢6tam O, truc Ié6n bang 10; tiéu cu bang 6<> M € (E):£+y?:1

|z|=0OM;OM I6n nhét <> OM =a =5« M (5;0)v M(-5;0)
Vay |z| 16n nhit bang 5 khi z=5vz=-5
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I11. BAlI TAP

Cau 1. Trong céc sb phic z théa man diéu kién z.E+3(z—E):5+12i .Sb phtrc ndo c6 mo
dun 16n nhat?

A.1+2i ,B.l-2i C.2+4i ‘ D.1/2-i ’

Céu 2. Trong cac so6 phirc z thoa man diéu kién |z—2+i|=2 .S6 phirc ndo c6 m6 dun nho
nhat?

A2+ B.4-i C.1+({3-1)i D.(v3+2)+2i

Cau 3. Xét cac s6 phic z théa man |z+2—i|+|z—4-7i|=6y2. Goi m, M lan luot la gia tri
nhé nhat va gia tri 16n nhét cta [z—1+i| . Tinh P=m+M.

A P—JE+T. B, P:M-
C. P=5J2+2J73 . D. P:@ .

Cau 4. Xét s6 phic z théa man |z +3-2i|+|z—3+i|=35. Goi M, m lan luot la gia tri lon
nhat va gid tri nho nhat cua biéu thirc P =|z+2|+|z-1-3i.

A. M =17 ++5, m=32. B. M =26 +2.5, m=3J2.

C. M =426 +25, m=4/2. D. M =17 ++/5, m=+/2.
CAu 5. Xét s phirc z théa man |z +2-3i|+|z—6—i|=2417. Goi M, m lan luot 12 gid tri 16n
nhat va gi4 tri nho nhat cua bicu thuc P =|z+1-2i|-[z—2+i].

A. M =32, m=0. B. M =32, m=+2.

C. M =32, m=5\2-2f5. D. M =2, m=5\2-2.5.
Cau 6. Xét s6 phirc z théa man |z—2+2i|—|z+1-3i|=+/34. Tim gia tri nho nhat cua bién
thuc P =|z+1+il.

A P -2 B.P,=3 C.P, =413 D. P, =4

734

Cau 7. Trong cac so phuc z théa man diéu kién |z-1-2i|=2, tim s6 phitc z c6

modun nho nhat.

A. z=(1—%j—(2—%ji B. z:[l+%]+[2+%ji
cf3fed) o baed

Cau 8. Cho sb phirc z thoa man %il:i‘:ﬁ' Tim gia tri nho nhat va gia tri lon
nhét cua |z|.

a2 =5[], D42 5. e, =], ~T5+3

C. | =-J10+3; 7] =J10-3 D. 7] =-J10+3; 7] =J10+3
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