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PHUONG PHAP GIAI MQT SO DANG TOAN VE HAM AN, HAM HQP
LUYEN THI TOT NGHIEP THPT QUOC GIA

I: KIEN THUC VE SU"PONG BIEN NGHICH BIEN, CU'C TRI CUA HAM SO,
NGHIEM CUA PHUONG TRINH.

1.1. Céc kién thirc vé sw ddng bién nghich bién ciia ham sé:
Ki hiéu K 1a mot khoang, mdt doan hodc mdt nira khoang.
1.1.1. Dinh nghia:
Ham s y = f(x) dong bién (tang) trén K & Vx X, e K,x < X, thi f(x) < f(x,).
Ham s6 y = f(x) nghich bién (giam) trén K & Vx, X, e K,x, < X, thi f (%) > f(X,).
Ham s6 dong bién ( hay nghich bién) trén tip K goi chung 1a don diéu trén tap K.
1.1.2. Piéu kién cin dé ham s6 don diéu: Cho ham s6 f co dao ham trén K.
-Néu f dongbiéntrénK thi f'(x)> 0 véimoixeK .
-Néu f ddngbién trén K thi f '(x)< 0 véimoixeK .
1.1.3. Piéu kién dii dé ham so don di¢u: cho ham s6 f c6 dao ham trén K.
-Néu f '(X)Z 0 v6imoi xeKva f (X) = 0 chi tai mot sd hitu han diém thuoc K
thi f dong bién trén K.
-Néu f '(X)S 0 v6imoi xeKva f (X) = 0 chi tai mot s6 hiru han diém thudc K thi
f nghich bién trén K.
-Néu f '(x)= Ovéimoi xe Kthi f 1aham hang trén K.
1.1.4. Quy tic xét tinh don diéu ctia ham s6
a) Tim tap xac dinh
b) Tinh dao ham f'(x) Tim céc diém x (i= 1, 2,.., N) ma tai d6 dao ham bang 0 hogc
khong xac dinh.
¢) Sap xép cac diém X, theo thir tur ting dan va 1ap bang bién thién.
d) Néu két luan vé cac khoang ddng bién, nghich bién ctia ham sb.
1.2. Céc kién thirc vé cuc tri ciia ham so:
1.2.1. Pinh nghia
Chohamsé y = f (x) lién tyc trén khoang (a ; b) va diém X, e(a; b).
- Néu ton tai s h>0 saocho f(x)<f(x)),Vxe(x,—h; X, +h), X=X, thitanéi ham sb
f dat cuc dai tai X, .
- Néu ton tai s h>0 saocho f(x)>f(x,),Vxe(x, —h; X, +h), X=X, thi tanéi ham s6
f dat cuc tiéu tai X, -
1.2.2. Pjnh li 1. Cho ham s6 y = f(X)lién tuc trén khoang K =(x, —h; x, +h) (h >0)

va c6 dao ham trén K hogc trén K\ {,}.
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Néu f/(x)<0,Vxe(x,—h;x,) va f'(x)>0,V(Xy; X% +h) thi X, 1a diém cyc tiéu cia ham
5.

1.2.3. Dinh Ii 2. Cho ham sb y = f(x) c¢6 dao ham cép hai trén khoang K = (xo- h ; Xo+ h) (h >
0).

-Néu f'(%,)=0,f"(x)>0 thi x, ladiém cuc tiéu ctia ham b f .
-Néu f'(x,)=0, f"(x))<0 thi X, la diém cyc dai cia ham s f .

1.2.4. Quy tic tim cue tri

Quy tiic 1

- Tim tap xac dinh.

- Tinh f'(x). Tim céc diém tai d6 f'(x) bang 0 hoic f'(x) khong xéac dinh.
- Lap bang bién thién.

- TUr bang bién thién suy ra cac diém cuc tri.

Quy tic 2

- Tim tép xac dinh.

- Tinh f'(x).Tim cac nghiém X, ctia phuong trinh f'(x)=0 .

- Tinh f "(x;) suy ra tinh chat cyc tri clia cac diém X .

(Chu ¥: néu f "(Xi) =0 thi ta phai dung quy tic 1 dé xét cuc tri tai X ).

1.3. Céc kién thirc bién luan s6 nghiém ciia phwong trinh:

Tinh chat 1: Néu ham s6 f(z) lién tuc [a;b]va don diéu trén khoang (a;b) thi phuong trinh
f(z) = 0 c6 nhiéu nhat mot nghiém trong doan [a;b].

Mé rong: Néu ham s f(x) lién tuc trén doan[a;b] va co dao ham d6i diu n lan trén
khoang (a;b) thi phuong trinh f(z) = 0 ¢6 nhiéu nhat » 4+ 1 mot nghiém trong doan [a;b].
Tinh chat 2: Néu ham s f(x) lién tuc trén doan [a;b]va don diéu trén khoang (a;b) thi
phuong trinh f(u) = f(v) < u = v V&i Yu,v € [a;b].

Tinh chat 3: Néu ham s f lién tuc trén doan [a;b] va don diéu ting trén (a;b) thi
f(z) > f(y) & x>y (Néu f don diéu giam thi f(z) > f(y) & = <y ) Véi Vz,y € (a;b).
Tinh chat 4:

+ Cho ham s6 y = f(z) lién tuc trén doan [a;b]. Bt phuong trinh f(z) < m nghiém ding

Vi moi € [a;b] khi va chi khi max f(z) < m.

+ Cho ham s6 y = f(z) lién tuc trén doan [a;b]. Bat phuong trinh f(z) <m c6 nghiém
z € [a;b] khi va chi khi r[nlb? flz) <m.
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I1: CAC DANG TOAN
I. XET SU PONG BIEN, NGHICH BIEN CUA HAM HQP, HAM AN
1. Dang 1.
Cho hamy = f (x) hoidc ham y = f '(X) xét su bién thién caa ham g(x) = f (u(x)).
Phuong phap:
- Tinh dao ham g'(x) = f '(u(x)).u'(x)
- Xét dau g'(x) dyavao diucua f'(u(x)) va u'(x) theo quy tic nhan dau. Luwu y khi
xét dau f'(u(x)) dwa vao dau caa f'(x) nhu sau: Néu f'(x) khong d6i diu trén D thi
f '(u(x)) khong d6i dau khi u(x)eD.
Vi du 1. ( Cau 35 Ma dé 102- THPTQG niam 2019). Cho ham s6 f(X), bang xét ddu

cia f'(x) nhu sau:

x —o =3 -1 1 +x
f(x) - 0 + 0 — 0 n

Ham s6 f(5—2x) nghich bién trén khoang nao dudi day?
A. (23). B. (0;2). C. (35). D.
(5; +oo)_

Taco y=15-2x) > y'=-21'6G-2x)
Ham s6 nghich bién khi y'=-2f'(5-2x)<0 < f'(5-2x)>0.

. . Xx=>1
Dua vao bang xét dau ta thay khi f'(x)>0<
-3<x<-1
R 5-2x2>1 3<x<4
Nén f'6-2x)>20< =
-3<5-2x<-1 X<2

Vay ham s6 ¥ = f (5—2x) nghich bién trén cac khoang (3;4) va (—;2). Chon B
Vi du 2. ( Cau 33 Ma dé 103- THPTQG nam 2019). Cho ham s6 f (x), bang xét dau

cua f'(x)nhu sau:

f'(x) - 0 + 0 - 0 +

Ham s6 y = f (3—2x) dong bién trén khoang nao dudi day?
A. (3;4). B. (2;3). C. (—0;-3). D.
(0;2).

Loi giai
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Taco: y="f(3-2x)= y'=(3—2x)' f'(3—2x) =-2f'(3-2x).
Ham s6 y = f (3—2x) dong bién khi y'=-2f'(3-2x)>0 < f'(3-2x)<0

3-2x<-3 X>3
= = )
-1<3-2x<1 1<x<?2

Ham s6 y = f (3—2x) ddng bién trén khoang (3;+0) nén dong bién trén khoang
(3,4).

Pap an A

Vidu 3. (KSCL ldn I nam 2019-2020 THPT Tran Pha). Cho ham sé y = f (x) c6

bang bién thién nhu sau. Céc khoang dong bién cia ham so y = f (2x—1)?

A. (—0:2) B. (—0;0) va (2;4+0)  C. (—0;—1)va (0;+0) D.
(0;2)
1 — —1 3 +xd
f'(x) } 0 - 0 -
flx)
Loi giai.

Taco y=f(2x-1)=y'=2f'(2x-1).

Khido y'=2f'(2x-1)>0< -1<2x-1<3<0<x<2. Pap an D.

Vidu 3. Cho ham s y = f (X) c6 dao ham trén R va c6 d6 thi ham f'(x) nhu hinh

V& dudi day. Ham s6 g(x)= f (x* —x) déng bién trén khoang nao?

o / x
o \\ |I|I.- G
|I.-" \\‘ ,."'l
! \x .-".l
/ ‘\\ /
||I R
I
AL B. (12). c. |1t D
2 2
(—o03-1)
Loi giai
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Taco: g(x)=f (X’ —x)=g'(x)=(2x-1) f'(x* -x).

1
— X=—
x=2 2
2x-1=0 ) 2 x=0 i ]
"X)=0< S| X =x=0<|x=1 (Tatim cac diem téi han
g( ) fr(XZ_X):O ( 14 )
X2 —x=2 Xx=-1
| X=2

Turdothi f'(x) tasuyra f'(x)>0<x>2

X>2 \ .
Do d6 : f’(xz—x)>0<:>x2—x>2c{ 1(Tacdnxdcd‘,inh mét loai ddu cia

X <
f'(xz—x))
Bang xét dau g'(x):
1
x — 1 0 2 1 2 o
2x-1 - -1 - 0+ + +
fxt=x) + 0 U 0 0+
gfr} — 0 + 0 - i} - 0 - 0 L

Tir bang xét du ta c6 ham sé g (x)dong bién trén khoang (—1; %) Chon dap 4n C.
Luu y: Dau caa g'(X) & bang trén c6 dugc nho nhan dau cua hai biéu thic (2X—1) va
f '(x2 - x).

Vi du 4. (KSCL ldn I nam 2019-2020 THPT Péng Pdu, THPT Yén Lac) Cho ham sb
y=f X c6bang xét ddu ciia dao ham nhu sau:

T |Aoo -9 3 8 400

f'(x)

+ 0 - 0 - 0+

S6 gia tri nguyén cua tham sé6 m dé hamsé y=f x*>+4x+m nghich bién trén
-L1 la
A.2 B.3 C.1 D.0
Loi giai
Taco: y=f (x2 +4x+m):> y'=2(x+2)f '(x2 +4x+ m)sO, vxe(-11)

< f'(x*+4x+m)<0,vx e (-L1) (vi 2(x+2)>0, vxe(-11))
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& -2<h(x) =X +4x+m<8,¥x e (-11) (*)

Trong khoang —1;1 ham s h(x) ddng bién nén m—3=h(-1) <h(x) <h(l) =m+5

suy ra co 3 gia tri nguyén cua m. Pap an B

-2<m-3 m=>1
m+5<8 m<3

Vay (%) @{
Vi du 5. Cho ham s6 y = f (x)lién tuc trén R va bang xét dau cia ham s y = f'(x)
nhu hinh bén. Hoi ham s6 g(x)= f (]x|+1) nghich bién trén khoang nao trong cac

khoang sau?

X —a0 -1 ] 4 +a0
1(x) - 0 + 0 — 0 n
A. (0;2) B. (-3,0) C. (14) D. (-11)
Léi giai
f(x+1), x>0
Ta co: =f 1)=
aco: 9(x)=f(x+1) {f(_x+1),x<o

Nhan xét: Ham g(x) = f (|x|+1) la ham chin, c6 do thi déi xiing nhau qua truc tung.

+) Taco BBT caahamsé y = f(x)

r | —w -1 1 4 + @
Flz) - 0 + 0 -0 +

NN

+) B1: Chuyén tir ham s6 y = f (x) sang ham s6 y = f (x+1) (tinh tién dé thij sang
trai 1 dv)

T — o 2 0 3 + oo

fl(z+1) - 0 + 0 -0 +

+ oo 0 + e
flx+1) \ / /

+) B2: Chuyeén tirham s6 y = f (x+1) sang ham s6 y = f (|x|+1) bang cach giit

nguyén phan x>0 , phan x <0 duoc liy ddi xing véi phan x>0 qua Oy. ( lay doi
xing qua Oy)
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z | e -3 0 3 oo
fe+1) — 0o + 0 - 0 +
+ oo 0 + oo
fle+1) \ / \ /
Pap an B

Nhan xét: Dang chuyén tir ham f(x) sang ham f (|x|+1) rat d& mac sai 1am d¢ la:
Chuyén tir f(x) sang f(|x|) (l4y ddi xtmg truéc), rdi tinh tién sang trai 1 don vi ( tinh
tién sau).

Vi du 5. (Bé Chinh Thic 2018 - M& 101) Cho hai ham s6 y=f (X), y=g(x). Hai
ham s6 y=f'(x) va y=g'(x) c6 dd thi nhu hinh v& bén, trong d6 dudng cong dam

hon 1a d6 thi ciaham sé y=g'(x).

Ham s6 h(x)=f (x+4)-g (Zx—gj dong bién trén khoang nao dudi day?

o) ) e o

(6;§j.
4
Loi giai

Taco: h'(x)= f’(x+4)—29’(2x—gj20 khi f’(x+4)22g’(2x—gj.

Tur do thi ta thiy g'(x)<5,Vx <29'(x)<10, ¥ . Do d6 dé f'(x+4)> Zg'(Zx—gj
f'(x+4)>10

ta can tim x sao cho: 3
g'(Zx—EJSS
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Nén ta ké duong thang y =10 cit d6 thi ham sé y = f'(x) tai A(a;10), ae(8;10).

Khi do ta co
f(x+4)>10,khi3<x+4<a f(x+4)>10,khi-1<x<4 2
= & —<X<4.
ol 2x=3 <5 knio<2x—2 <11 gl 2x=3 | <5 kniS<x< 2 T 3
2 2 2 4 4

Pap an B.

Nhan xét: Bai nay c6 thé ding phuong phap loai trir dé tim dap an nhu sau

-Taco: h'=f'—2g" din dén sosanh f' voi 2 lan gidtri g'. Lai thdy cac sb trén dd
thi c6 cac gia tril0=5.2,8=4.2, nhu vay dé h nghich bién thi mién gia tri cua f' nho
hon 8, mién gia tri cia g' 16n hon 4. Tir suy luan d6, dia vao cac diém trén truc hoanh
ta thiy h'(6) = f'(10) —2g'(10,5) <8 2.4 =0

Do d6 h sé& nghich bién trong nhiing khoang xung quanh gia tri 6, d6 1a cac phuong an
A,C, D. Lai thay dap 4n B cho ta f'>10, g'<5. Do dé phuong an B dugc chon.
2.Dang 2.

Cho ham y = f(x)hoic y = f'(x) xét sy bién thién cua ham g(x) = f (u(x)) +h(x).
Phwong phap:

- Tinh g'(x) =u'(x).f '(u(x))+h'(x)

- Lap bang xét diu g'(x) bang céach cong dau cua hai biéu thic u'(x).f '(u(x)) va

h'(x) .

Vi du 1. (Bé tham khao THPTQG 2019) Cho ham s6 f (x) c6 bang xét dau cua dao

ham nhu sau:

f'(x) - 0 + 0 + 0 - 0 +

Ham s y=3f (x+2)—x*+3x dong bién trén khoang nao dudi day?
A. (L+e0). B. (—o0;-1). C. (-10). D.
(0;2).
Loi giai
Taco y'=3f'(x+2)-3x" +3=3[ f(x+2)+{1-X) |
Xet f'(x+2)=0<=x+2e{,2,3,4} <= xe{-1,0,1,2}
Xét1-x* =0 x=1,x=-1

val-x*>0<-1<x<1

L 1<x+2<3 -1<x<l1
Laico: f'(x+2)>0<

X+2>4 X>2

Bang xét dau
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x —aon -1 0 1 2 +o0
fi(x+2) - 0 + 0 + 0 — 0 I
1- %7 — 0 + | + 0 — . —
v - 0 + | + 0 — | Chura xd

Tir bang xét du suy ra trén khoang (—1;,0) ham s6 dong bién. Chon dép 4n C.

Luuy:

- B¢ xéc dinh dau ciia y' trong bang trén ta phai cong dau cua f '(x+2) va (1-x*) voi
nguyén tac ciing dau thi cong dugc. Néu khac dau nhau thi khong xéac dinh dugc dau
cua y'.

- D6 d6 ta co thé giai f'(x+2)>0 va 1—x* >0 rdi lay giao hai tap nghiém ta dugc két
qua ham s6 chdc chan dong bién trén (-1;1) . Nén chon dap 4n 1a tap (-10) = (-11).

- Néu dé bai cho d6 thi ham y = f'(x), xét su bién thién ciia ham g(x) = f (x) —h(x)
dan dén xét dau cia g'(x) = f '(x) —h'(x) dua vao sy twong giao db thi.

Vi du 2. Cho ham s6 y = f (x) c6 dao ham lién tuc trén R. Do thi ham s y = f(x)

nhu hinh bén dudi.

| B

Ham s6 g(x)=2f (x)—x* dong bién trén khoang nao trong cac khoang sau day?
A. (—0;-2). B. (-2;2). C.(2;4). D.
(2;+00).
Lo giai
Taco g'(x)=2f'(x)-2x=g'(x)=0< f'(x)=x.
S6 nghiém ciia phuong trinh g'(x)=0 chinh 1a s giao diém cia d6 thi ham sé

y=f'(x) vaduong thang d:y=x (nhu hinh v& bén dusi).
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X=-2
Dua vao dd thi, suyra g'(x)=0<| x=2 .
x=4
Lap bang bién thién
X —0 -2 2 4 +0
g'(x) — 0 + 0 = 0 =

g(x) \ / \ —

= ham sé g(x) dong bién trén (=2;2) va (4;+x). So sanh 4 dap an Chen B

Luu y: Ta xac dinh duoc ddu cia g'(x)=2(f'(x)—x) theo nguyen tac: trong khoang
(a;b) ddthi hamsd f'(x) nim phia trén duong thang y=x thi g'(x)>0 .
Vi du 3. (Chuyén Phan Bgi Chau Ngh¢ 4n nam 2018-2019) Cho ham s f (x) c6 bang

xét dau ctia dao ham nhu sau :

2
75]
I
+
8

X —0 1

7(x) - 0 + 0 + 0 - 0 -

Hamsé y=2f (1- x)+\/m— x nghich bién trén khoang nao dudi day ?
A. (—0;1). B. (—0;-2). C. (-2,0). D.
(-3,-2).

Lo giai

X X—X"+1

Taco: y'=-2f"(1-x)+

—1=-2f'(1-x)+
x* +1 x* +1
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1-x>4 X< —

Nén ta tim khoang dé : —2f '(1-x) <0< f'(1-x)20< {
So sanh cac dap an, chon C.

3. Dang 3.
Cho ham y = f (u(x)) hodc ham y = f '(u(x)) xét sy bién thién cua ham y = f(x).

Phuwong phap: Gia sir taco: f'(u(x))>0<> xeD . Tacan giai BPT f'(x)>0.
-bat t=u(x) = x=Vv(t)

-Giai BPT: f't)>0< f'(u(x))>0=xeD<ox=v(t)eD<teD'.

-Vay f'(x) >0 xeD’

Vidul. Chohamsb y= f(X) co dao hamtrén R.Ham s y = f '(3x—1) c6 dd thi

nhu hinh vé:
\ L

N
-2 {}/12\

Ham s6 y= f(x) ddng bién trén khoang nao dudi day?

A. (2;6). B. (—o0;-7). C. (—0;-6). D.

Loi giai
Ta can giai BPT dang f'(x)>0.
X< —2
Tacd f'Bx-1)>0<
l<x<?2
f)afltt:3x—1:>x:E
3
t+1
) X<—2 T<_2 t<-7
Do ds: f't)>0<= f'3x-1)>0< &
l<x<2 1<E<2 2<t<5

X<—7
Vay f'(x) >0 < . Chon dap an B.
2<x<5h

1<1-x<3 {—ZSXSO
= .
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Nhén xét: Dang 1 cho ham y = f(x) tim su don diéu cua ham y = f (u(x)) c6 budc
tinh dao ham cua ham y = f (u(x)) nhwng Dang 3 cho ham y = f (u(x)) khong co
budc tinh dao ham cua ham y = f(x).

Vidu 2. Chohamsb y= f(x) co dao ham trén R . Ham sé y = f '(2—x) bang xét

dau nhu sau:

1
+
8

X —an -1

f(2-x) - 0 + 0 —

Ham s6 y= f(x) nghich bién trén khoang nao dudi day?
A. (—0;0). B. (—o0;1). C. (2,4x). D.
0;2).
Loi giai

X <
Tacéf'(2—x)<0<:{ Patt=2-x<=x=2-t
X>2

) x<-1 2—-t<-1 t>3
Khido f't) <0< f'(2-x)<0<= = =
X>2 2—-1>2 t<0

X>3
Vay f'(x) <0 @{ .Chon dap an A
x<0

Vidu3. Chohamsb y= f(x) c6liéntuctrén R.Hamsb y= f (3—4x) db thi nhu
sau :

Ham s6 y= f(x) nghich bién trén khoang nao dudi day?
A. (-71). B. (—o0;-1). C. (7;+x). D.
(-16).
Loi gidi
Tuddthitasuyra f'(3—4x)<0<-1<x<1.

bat t:3—4x<:>x:% .

Khido f't)<0<= f'B-4X) <0 -1<x<le-1<3-4dt<le -1t <7
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Vay T'(t) <0< -1<t<7hay: f'(X <0 < -1 < x<7 .Chon dap an D.

Vi du 4. Cho ham s6 y= f(x) co f’(—2x+gj=3x2—12x+9. Ham s6 y= f(x)

nghich bién trén khoang nao sau déy.

Loi giai
Ta can giai bat phuong trinh f'(x) <O0.

Tu f’(—2x+%j=3x2—12x+9 = f'(—2x+£j<0c>3x2—12x+9 S1<x<3.

bat t=—2x+g:>X:7_TZt.Khid(')tacé f’(t)<0<:>1<7_2t<3<:>—g<t<g.

o , 53
Vay ham so y = f(X) nghich bién trén khoéng(—?zj .Chen C.
BAI TAP TUONG TU
Bai 1. Chohamso y = f (x) c6 dao ham lién tuc trén R . D6 thi ham sb
y = f'(3x+5) nhu hinh v&. Him s6 y = f (x) nghich trén khoang nao?

4

A. (—0;8). B. (—%;MOJ. C. (%;erj. D.
(—oo;10).

Bai 2. Cho ham s6 y = f (X) c6 d6 thi ham s6 y = f'(2—x) nhu hinh v& bén. Hoi ham
s6 y = f(x) dong bién trén khoang nao sau day?

Fs ¥
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A. (-2;4). B. (-13). C. (-2,0). D.
(0;1).
Bai 3. Cho ham s6 y = f (x) c6 dao ham trén R. D4 thi ham s6 y = f’(x) nhu hinh

vé bén dudi.

3
Ham sé g(x)= f (x)—%er2 — X+ 2 ddng bién trén khoang nao trong cac khoang

sau?

A. (-10). B. (0;2). C. (12). D.
(0;1).

Bai 4. (Dé tham khdo BGD nim 2017-2018) Cho ham s6 y = f (x). Ham s6 y = f'(x)

¢6 d6 thi nhu hinh bén. Haim s6 y = f (2 —X) dong bién trén khoang:

A. (13). B. (2;+). C. (-2,1). D.
(—0;2).

Bai 5. (S0 GD&DT Nam Dinh nam 2018-2019) Cho ham s6 f (x) lién tuc trén R va
c6 dao ham f'(x) thoa man f'(x)=(1-x)(x+2)g(x)+2018 vsi g(x)<0,VxeR,
Ham s y = f (1—x)+2018x+ 2019 nghich bién trén khoang nao?

A. (L+00). B. (0;3). C. (—0;3). D.
(45+0).

Bai 6. (Chuyén Lé Quy Pén- Pién Bién nam 2018-2019) Cho ham sé y = f (x) 6 bang

xét dau dao ham nhu sau:

+C

| ]

x | —oo -1
V' - 0 - 0 +
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Ham sé y = f (x2 —2) nghich bién trén khoang nao duéi day?
y

A (-2;-1). B. (2;+x). C. (0;2). D.
(-10).
Bai 7. Cho hamsé f'(x) c6 bang xét dau nhu sau:

X —0 -2 1 3 +30

f(x) - 0 + 0 + 0 -

Ham s y = f (x* +2x) nghich bién trén khoang nao dudi day?
A. (-21). B. (—4,-3). C. (0;1). D.
(-2-1).

Bai 8. ( S Ha Ngi nam 2018-2019) Cho ham s6 bac ba y = f(x), ham s6 y = f'(x)

¢ d6 thi nhu hinh v&.

O 1

Ham sb g(x) = f(—x—x2) nghich bién trén khoang nao duéi day?
A (-2;-1). B. (1;2). C. (-1;0). D.

2
Bai 9. Choham s f (x).Biéthamsé f '(x) c6 do thi nhu hinh vé bén. Ham sé

y = f(3—x?)+2018 dong bién trong khoang nao dudi day?

¥
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A.(-L0). B. (2;3) C. (-2-1). D.
(0;1).
Bai 10. Cho ham s f (x) lién tuc trén R, ham s y = f'(x) c6 dd thi nhu hinh vé.
Xétham s6 h(x)=2f (3x+1)—9x* —6x+4. Hay chon khing dinh dtng:

L 34

——pmz o
i
[T

A. Ham s h(x) nghich biéntrén R.  B. Ham s h(x) nghich bién trén (—1;%).

C. Ham s6 h(x) dong bién trén (—1;%). D. Ham s6 h(x) dong bién trén R.

Bai 11. (Dé Chinh Thirc 2018 - M& 102) Cho hai ham s6 y = f (x) va y=g(x). Hai
hamso y = f'(x) va y=g'(x) c6 d6 thi nhu hinh v& bén, trong d6 duong cong dam
hon 12 d6 thi ham s6 y =g'(x). Ham s6 h(x)= f (x+7)—g(2x+gj ddng bién trén

khoang nao dudi day?

VA
y=rf(x)

(e
)

Bai 12. ( Chuyén Hiing Virong Phii Tho nam 2018-2019) Cho ham s6 f(x) c6 bang xét
d4u dao ham nhu sau:

www.thuvienhoclieu.com Trang 16



www.thuvienhoclieu.com

X —o 1 2 3 4 o0

f'(x) - 0 + 0 + 0 - 0 +

Ham s y=fQGx+1)—x*+3x dong bién trén khoang nio sau day?

() o(21) o[t) o
(4

Bai 13. Ham sb y=f (2x+1)+§x3—8x+2019 nghich bién trén khoang nao duéi

day?
A. (L+0) B. (—o0;2) c. (—1;%) D.
(-=%7)

Bai 14. (Chuyén VP lan 02 nam 2018-2019) Cho ham s6 y = f(x) c6 do thi f'(x)

nhu hinh vé

-
. NG .
Hamso y=f (1- x)+3— x nghich bién trén khoang nao trong cac khoang dudi day?

A. (-2, 0). B. (-3;1). C. (3+). D.
(1 3).

Bai 15. (Chuyén Quéc Hoc Hué ndm 2018-2019) Cho ham sé f(x) c6 dao ham trén
R Ia f'(x)=(x-1)(x+3). C6 bao nhiéu gia tri nguyén cta tham s6 m thudc doan
[-10;20] dé ham sé y = f (x*+3x—m) ddng bién trén khoang (0;2)?

A. 18 B. 17 C. 16 D.
20

Bai 16. Cho ham sé £ (x) c6 db thi cia ham s6 y = f'(x—2)+2 nhu hinh vé.
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A

¥

e et

1

) X,
0 1 \:.:/ 3 4
e

Hoi ham s& y = £ (x) nghich bién trén khoang nao dudi day?

35
A. (-1;1). B. (—o0;2). C.|=;=]|.
(1) (~=:2) 33)
(2;+oo).
Pap an
L 2C 3D 4C > 6C 7D 8
A D
9 10 11 12 1 14 15 16
A C B C 3 A A A
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Il. CUC TRI CUA HAM SO

1. Dang 1.
Cho hamy = f(x) hoac ham y = f'(x) tim cuc tri cia ham g(x) = f (u(x)).

Phwong phap:
Tinh dao ham g'(x) = f '(u(x)).u'(x)
Tim s6 nghiém don hoic boi 1¢ cia phuong trinh g'(x) =0 < f'(u(x)).u'(x) =0 .
Néu can c6 thé xét dau g'(x).
Vi du 1. Cho ham s6 y=f(x) c6 dao ham f'(x)=x*-2x, VxeR. Ham sé
y="f(x —8x) c6 bao nhiéu diém cuc tri?
A. 6. B. 3. C.5. D. 2.
Loi gidi
Taco: f'(x)=x"-2x=x(x—-2) va

Y =218 (x°-80)=2(x- (" -81)( 852

Xx—4=0

=y=0<|xX-8x=0 <

x X X
I
o O M~

4+32

x*—8x-2=0 X =
x=4-32
Bang xét diu y' nhu sau:
X ‘ —% 432 0 4 8 4+3.2 400
¥ ‘ - 0 + 0 - 0 + 0 - 0 +

Vay hamsé y = f (x2 —8x) ¢6 5 diém cuc tri. Chen C.

Luu y: Vi duy trén dé bai yéu cau tim sb diém cuyc tri nén ta c6 thé khong can lap bang
xét dau y'. Nhung néu yéu cau tim sb cuc dai hay cuc tiéu thi ta phai lap bang xét dau (
hay BBT).

Vidu 2. Cho ham sé y = f (x) c6 dao ham trén R va c6 bang xét dau f’(x) nhu sau

bt
i
&3
i

N &

f'(x) {j 1} t i}

Hoi ham s y = f (X —2x) ¢6 bao nhiéu diém cyc tiéu?
A. 4. B. 2. C.3. D.1.
Loi giai

pit g(x)=f(x*—2x). Taco g'(x)=(2x-2) f'(x* —2x).

www.thuvienhoclieu.com Trang 19



www.thuvienhoclieu.com
Taco: f'(X*-2X)>0= 2<x*—2x<3<-1<x<3

Bang xét diu g'(x)

X —0 -1 1 3 +an
2v—2 _ | — 0 n I+
S(x* =2x) - 0 + | + 0 +
g'(x) + 0 _ 0 T 0 ~

Vay ham sé c6 dung diém cuc tiéu 1a x=1. Chen D.
Vi du 3. (Pé THPTQG niam 2019- ma 120). Cho ham s f (x), bang bién thién cua
ham f'(X) nhu sau:

x — -1 0 1 +m
Lor 2 +ax
£ \ / /
-3 \ -1
S6 diém cuyc tri caa ham s f (4x% +4x) 1a
A 7. B. 3. C. 5. D. 9.

Loi giai
8x+4=0

Taco y=f(AX°+4X) = y'=(8x+4).Tf ' (4’ +4X) = y'=0 <
y=f( )=y =( )-F( )=y L,(4X2+4X):0

1
X=—=
2
4x* +4x=a, € -1) (@)

(o0

S| 4x +4x=a,e(-1 ) (2)

4’ +4x=a,€(0;1)  (3)
(L

4x* +4x =2, € (L+) (4)

Taco: 4x* +4x=(2x+1)°-1>-1

Do d6 (1) vo nghiém, cac phuong trinh (2), (3), (4) mdi phuong trinh cho hai nghiém
. Cac nghiém nay khac nhau va khac —% . Tom lai y'=0 c0 7 nghiém phan biét. Nén
ham s6 ¢6 7 cuc tri. Pap an A.

Vi du 4. Cho ham s y=1f x c6 dao ham f' x = xX*—x x*—4x+3 ,VxeR.
Tinh tong tit ca céc gié tri nguyén cua tham sé m dé ham sé6 g x =f x*+m ¢6 3

diém cuc tri.

A. 0. B. 6. C. 3. D.
2.

Loi giai
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Xx=0

x=0
Tach f'x =x x—1° x—3;f'x =0&|x=1 (x=0,x=3 la nghiém don; x=1
X=3
la nghiém boi chan).
Lai co
x=0

g'x =2x.f'x¥*+m -g'x =0&

IEN
f'x*+m =0

x>4+m=0
x>4+m=1
x>4+m=3

=

x=0

X*=-m 1
X*=1-m 2
x*=3-m 3

Do 2 c¢6 nghiém ludn 1a nghiém boi chan; cac phuong trinh 1, 3 khong ¢ nghiém

chungva —m<3—m.

Hamsé g x c6 3 diémcuctri < g' x =0 c6 ba nghiém bi lé

—-m<0
& < 0<m<3.
3-m>0

VimeZ=me 0;1;2 .Vay tong cac gia tri nguyén caa tham sé m bang 3. Chon C.

Vidu 4. Chohamsé y= f (x) c6 dao ham f'(x) trén khoang (—o0;+00). D6 thi cua

ham s6 y = f (x)nhu hinh v& \;

1

P4 thi ciia ham sb y = f (x))2 ¢6 bao nhiéu diém cuc dai, cyc tiéu?

A. 2 cuc dai, 3 cuc tiéu.
C. 1 cuc dai, 2 cuc tiéu.

Léi giai

B. 3 cuc dai, 2 cuc tiéu.
D. 1 cuc dai, 1 cuc tiéu.

Tir d6 thi ham s6 ta thiy ham s6 dat cuc dat tai x =1, dat cuc tiéu tai x; X, tir do co

BBT
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1 o0 r 1 Ta o0
flx) - 0 + 0 = 0 +
TOO ’,,-*”x a0
/ S Sy
f(x)=0
Taco: y=(f(x)) =y =2f(x).f'(x)=0 <
=10 =y =211 (=0 7
x=0 X=X
Quan sat d6 thi va BBT ta co f(x)=0=|x=1va f'(x)=0<|x=1 Vi
X=3 X=X,

x, €(0;1) va x, e(1;3).
Taco: f(x)>0e xe(-0;0)U(3+0) va f'(x)>0< xe(x;1)u(X,;+0)

Tir d6 ta 14p duoc bang bién thién ciia ham sé y = ( (x))2 :

X —0 0 X, 1 X, 3 +o0
J(x) - 0 - | - 0 - |1 - 0 «
f'(x) - 0 - |  + 0 - ] + 0 +

v - 0+ 0 - 0 + 0 - 0 +

Suy ra ham sé c6 2 diém cuc dai, 3 diém cuc tiéu. Chon dap an A.
Vidu5. (Ngo Sy Lién- Bdac Giang nam 2018-2019) Cho ham s6 f (x)lién tuc trén R

va ¢6 d6 thi ham f’(x) nhu hinh vé&

Ham sb y = f (|x|—2)+2019 ¢6 bao nhiéu diém cyc tri.

A.5 B. 6 C.7 D.9
Loi giai

B1. Tur d6 thi ham s y = f(x) dich sang phai 2 don vi duoc d6 thi ham sé

y=f(x—2).Suyrahamsd y= f(x—2) c6 3 cuc tri duong.
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B2. Himsby = f (|x| - 2)+ 2019 12 ham s6 chin nén d6 thi nhan truc tung lam truc ddi
xung.
Tir d6 thi ham y = f (x—2), giit phan bén phai truc tung, phan bén trai truc tung co
duoc bang cach lay d6i xang phan bén phai qua truc tung.

Do ham s6 f (x—2)cé 3 diém cuc tri nam bén phai truc tung nén ham sé

y = f(|x|-2)+2019 ¢6 2.3+1=7 diém cyc tri. Chen C.

Nhan xet:

Ham s6 £ (]x|) c6 sé cuc trj bang hai 1an sé diém cyc tri dwong ciia ham s f (x) cong
1.

Ham s6 | (x)| ¢6 sé cuc tri bang sé cuc tri cua ham f (x) va sb giao diém cua do thi

ham y = f (x) v6i Ox ( khong tinh giao diém 1a cac diém cuyc tri).

Vi du 6. Cho ham s6 y = f(X) co bang bién thién nhu sau :

X —a0 -2 4 4o
70 n 0 - 0 n
.-'_'f et .-?
J(x) ~ "
__..-"f \l -._______,.-

Hamsé y=f (|x —3|) ¢6 bao nhiéu diém cuec tri?

A 2 B.3 C. 4 D.5

Loi giai

f(x=3),x>3

c6 truc d6i xtmg 1a duong thang
f(3—x),x<3

Nhan xét: ham s6 y = f (|x—3)) :{

X=3.
B1. Chuyén tir BBT ham s6 y = f(x) sang y = f (x—3) bang cach dich sang phai 3

don vi.

400

f'(x-3) + 0 - 0 +

f(x-3) / \ /

B2. Liy ddi xtng qua duong thang x =3
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x —a

=3 -

S(x-3] ™~

Ham s6 da cho c6 3 diém cuc tri. Chen B.

Luuy:

- Dang bai nay d& mac sai 1am & buéc thir 2, d6 1a 1ay ddi xang qua Oy dan dén 5 cuc

tri.

- S6 diém cyc tri ham y = f (|X—a|) bang hai lan sb diém cyc tri 1én hon a cta ham sé

y = f(x—a) va cong thém 1.

- D6 thi ham y = f (|x—a]) c6 truc dbi ximg 14 dudng thing X =a.

Vidu 7. Cho ham s y = f (x) lién tuc trén R va c6 do thi nhu hinh v&. Héi ham s6

y="f ( f (X)) c6 bao nhiéu diém cuyc tri?

b

|

A.6.

N

B.7. C.8.

Loi giai

Tur d6 thi ham s6 y = f (x) nhén thay

X=a

+) f'(x)=0=x=2 véi 0<x,<a<2<b<3.

Xx=b

+) f'(x)>0<a<x<2 hodc x>b.

+) f'(x)<0< x<a hoic 2<x<b.

*Taco: y="f(f(x))=y=f(f(x).f'(x).

Khidé: y' =0

f'(f(x))=0

f'(x)=0

* Phuong trinh f'(f (x))=0<| f(X)=2 v6i 0<%, <a<2<b<3.

f(x)=a

f(x)=b

D. 9.
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Mbi duong thang y=b, y=2, y=adéu cat do thi ham sb da cho tai 2 diém phan biét
lan lwot tinh tir trai qua phai co hoanh do 12 X, V& X,; X,Va X.; X, Va X, nén:

X, <Xy <Xy <Xy <3< X, <X < X

f(x)="f(x)=b

f(x)="F(x)=2

f(x)="F(x)=2a
* Ciing tir d6 thi ham sé da cho suy ra:

Do dé: f'(f(x))>0«<a<f(x)<2hoic f(x)>b.

Taco BBT:
X — X, X, x, a 2 b X, X; X +o5
f(x) - - — - 0 + 0 -0 + + n n
S(f)) + 0 - 0 + 0 - - - -0 + 0 + 0 +
(f(f)) - 0+ 0 - 0 +0 -0 + 0 -0 +0 -0 -+

Vay ham s6 c¢6 9 diém cuyc tri. Chen D.

2. Dang 2.
Cho hamy = f(x) hoac ham y= f'(x) tim cuc tri caa ham g(x) = f (u(x)) +h(x).

Phuwong phap: - Tinh g'(x) =u'(x).f '(u(x))+h'(x)
-Tim sb nghiém cta phuong trinh  g'(x) =0
- C6 thé lap bang xét dau g'(x).
Vi du 1. Cho ham s6 y=f(x) co dao ham f'(x)=x"—-2x, VxeR. Ham sé
y=f [1—§J+4x c6 may diém cuc tri?
A. 0. B. 1. C.2 D. 3.
Loi gidi

Xét ham sé g(x)= f (1—gj+4x.

Ta co: g’(x):—% f’(1_gj+4:

2 2
:_1 1_5 -2 1_5 +4:—X—+g:0<:>x:i6.
2 2 2 8 2

Bang xét dau g'(x)

g'(x) | - 0 + 0 _

Dua vao bang bién thién ta thdy ham sb c¢6 2 diém cuc tri. Chen C.
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Vidu 2. Cho hamsé y = f (x) c6 dao ham (x)=(2-x)(x*~8)", vxeR. Ham
s y= f(x2—2)+%x4—4x2+2020 ¢6 bao nhiéu diém cyc trj ?

A 4. B. 2019. C.5. D.
2020.

Loi giai
Xétham sé g(x)= f (x2 —2)+%x4 —4x* +2020.
Ta co: g’(x)=2x.f’(x2—2)+2x3—8x.

Khi do g'(x) =0 2x.f'(x* ~2)+2x* ~8x =0 2x| /(X" ~2)+X* =4 |=0

x=0
< f'(x2—2)+x2—4:0 (*)
Giai phuong trinh (*) bat t=x"-2.

(*) = f'(t)+t-2=0(2-t)(t*-8

)2019

+(t-2)=0e (2-1)[(£°-8)" -1|-0

2-t=0 t=2 t=2
= N = :
(t?-8)""~1=0 [t*-8=1 [t=43
X*—2=2 x*=4
X==2
Suyra|x’-2=3 <|x*=5 < .
2 2 X:i\/g
X"—2=-3 X°=-1
= g'(x)=0 c6 5 nghiém (khdng cé nghiém boi chan).
Vay ham sb ¢6 5 cuyc tri. Chen C.
Vi du 3. (So Thai Binh 2017-2018) Cho ham s6 y = f(x)lién tuc trén R, ham so

2017 -2018x

y=f'(x) c6 dd thi nhu hinh vé&. Ham s y = f(x)+ 017

la:

c6 sb diém cuc tri
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A 4. B.3 . C.2. D. 1

Loi gisi
v —2018 s
=Y :f(X)'FW,khldOZ

, 2017 —2018x
Taco: y=fx)+—————
y=f(x) 2017

2018
=0 f'lx)=—=
Y f ( ) 2017
An Y ~ A o & . , 2018 , L N
Dua vao hinh v& ta nhan thiy phuong trinh f'(x)= o017 4 nghiém phan biét
Vay ham sb c6 4 diém cyc tri. Chon A.
Vi du 4. (Chuyén Lao Cai ndm 2017-2018) Cho ham s6 y = f (x) lién tuc trén R va
2

a3 thi ham sé y = f'(x) cho boi hinh v& bén. Dat g(x)= f(x)—x? vxeR. Hoi db

thi ham s6 y = g(x) c6 bao nhiéu diém cuc tri?

Léi giai

T @6 thi ham s6 y = f'(x) va dd thi ham s6 y = x ta thay:
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f'(x)—x>0 véi Vxe(—o0;1)U(2;400) va f'(x)—x<0 véi Vxe(1;2)

Ta c6 bang bién thién cua g(x)

g'(x)=f"(x)—x + 0 - 0 +

g(x) / \ /

Vay d6 thi ham s6 y = g(X) c6 hai diém cuc tri. Chen B.

Vi du 6. Hinh vé& dudi day 1a d6 thi chahamsé y=f x .

N |

~

|
-

C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé hamsé y=|f x-+1 +m| c6 5

diém cuc tri?

A. 0. B. 3. C.2. D. 1.
Lo giai

Nhan xét:

-Ham sd y =|f (x) — | c6 s6 diém cuc tri bang sé cuc tri ciia ham y = f(x) va sé giao

diém cua do thi ham y = f (x) véi duong thing y =« ( khong tinh giao diém la cac

diém cuec tri).

- S6 diém cyc tri cia ham y = f(x) bang sé diém cuc tri cua ham y = f (x+a)

Tir nhan xét trén ta c6: Ham sy = f (x+1) ¢6 3 cuc tri.

Vay ta can duong thang y =—m cét d6 thi ham sb y = f (x+1) tai 2 diém khac cyc tri.

- —-6<-m< -3 3<m<6
Tur do thi ta suy ra: =

-m>2 m<-2

Do meN" nén me{3,4,5} . Chon B.
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Vi du 7. (Ng6 Gia Tu ldn 1 nam 2019-2020) Cho ham s y = f (x) lién tuc trén R va

c6 bang bién thién nhu hinh v& bén. Ham s6 y =| f (x—2)+3] ¢ bao nhiéu diém cuc

tri.

X | -0 -2 2 +o0
y + 0 - 0 +

3 +o0
y \ /

-4
A. 4. B. 3. C.6. D.5.
Loi giai

Theo nhan xét bai trén ta co:

- S6 diém cuc tri ham f (x—2) bang s6 cyc tri cia ham f (x), nén ham f (x—2)c6 2
diém cuyc tri.

- Do thi ham s6 y = f (x—2) cét dudng thang y =-3 tai 3 diém phan biét (déu khong
phai la cuc tri)

Vay ham s y =|f (x—2)+3| c6 5 cuc tri. Chon D.

Luu y: Néu laham s y =|f (x—2)+4| thi ¢6 3 diém cyc tri vi c6 mot giao diém tring

véi diém cuc tri caa ham sb.

BAI TAP TUONG TU

Bai 1. (Ngb Gia Tu lan 1 nam 2018-
2019) Cho db thi ham s6 y = f(x)co
dang hinh vé& bén. Tinh tong tat ca gia /\
tri nguyén cia m dé ham s T 7o\ T
y =|f(X)—2m+5|c6 7 diém cyc tri. \/ ) v
A. 6. B. 3. C.5. D.2.

Bai 2. (L& Xoay ldn I nam 2019-2020) Cho ham sé y=f(X)c6 dd thi ham s6
y=f'(x)nhu hinh bén duéi. Hoi ham sé g(x) = f (x*~1) c6 bao nhiéu diém cuc

tiéu?

—1
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Bai 3. Cho ham s6 y = f (X) c6 bang bién thién nhu sau.

X | —oo -1 3 + o0
J(x) + 0 - 0 +
2018 + 0
o | \ /
- - 2018

D6 thi ham s6 y =| f (x—2017)+2018| ¢6 bao nhiéu diém cuc tri?

A 4. B. 3. C. 2. D. 5

Bai 4. (Ngb Gia Tw Ldan 1 ndm 2019-2020) Cho ham sé y = f (x)1a ham bac ba va c6

db thi nhu hinh v& bén. Ham sé y = f (x2 —3x) c6 bao nhiéu diém cuc tri?

A.5. B. 2. C. 4. D. 3.

Bai 5. Cho ham s y = f(X) xac dinh va lién tuc trén R c6 d6 thi nhu hinh v&. Ham s6

y =g(x) = f (x* —2x—4) c6 bao nhiéu diém cyc tiéu?

/-z\/ =
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Bai 6. (Ngo Gia Tu ldn I nam 2018-2019) Cho ham s y = f (X) c6 dao ham trén R

va ¢6 b thi nhu hinh v& bén. Ham s& y = (x))’ c6 bao nhiéu diém cyc tri?

A.5.

yl\

yx

B. 3. C.4.
Bai 7. (Chuyén DHSP Ha Ngi nam 2018-2019) Cho ham sé y = f (x) c6 do thj dao
ham y = f'(x) nhu hinh bén.

Khang dinh nao sau day 1a dang?

A.Hamsb y = f (x)—x*—x dat cuc dai tai x=0.

B. Ham sb

y
C.Hamsé y
y

D. Ham sb

f(
f(
f

=f(

X)—
X)—
X)—

x* —x khéng c6

x? —x dat cuc tiéu tai x=0.

x* —x khong dat cyc trj tai x=0.

Cuc tri.

Bai 8. Cho ham sé f(x) co bang xét diu cua dao ham nhu sau:

D. 6.

X

—0a

3 5

f'()

0 + 0 - 0 +

bat g(x) = f (x+2)+=x>-2x*+3x+2019. Khang dinh nao sau day ding?

1
3

A.Ham s6 y=g(X) dat cuc dai tai x=1.

)
B. Ham sd y:g(X)
)

co 1 diém cuec tri.

C.Hamsb y=g (X nghich bién trén khoang (1; 4) .
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D. g(5)>9(6) va g(0)>g(1).
Bai 9. (TH&TT nam 2018-2019) Cho ham sé f(x) xac dinh trén R va c6 dd thi
f'(x) nhu hinh v& bén. Pat g(x)= f (x)—x. Ham sé g(x) dat cuc dai tai diém thuoc

khoang nao dudi day?

2

Bai 10. Cho ham s6 y = f(x) c6 d6 thi nhu hinh v&. Ham s6 y =| f (x+2018)| ¢6 bao

nhiéu diém cuc tri?

CF

A1l B.3. C. 2. D. 5

Bai 11. Cho ham sd y = f(x) c6 dao ham lién tuc trén R , ham séy = f'(x—-2) ¢o dd
thi nhu hinh vé dudi day.

S6 diém cuc tri ciaham sé y = f(x) 1a
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A. 0. B. 1. C.3. D. 2.

Bai 12. (Chuyén Vinh Phiic lan I nam 2018-2019 ) Cho ham sé y = f (x), ham s
y = f'(X) c6 d6 thi nhu hinh v& dudi day.

l\y

\ o

Tim m déhamsé y = f(x* +m) co 3 diém cuyc tri.
A. me(3;+0). B. me[0;3].
c. me[0;3). D. me(—x;0).

Bai 13. (KSCL lan [ nam 2019-2020 THPT Yén Lgc ) Cho ham s
y=1f x =x*—4x*. S6 diém cyc tri chaham sé y=f |x|—1 bang

A.5 B.6 C.3 D.4
Bai 14. Cho ham s6 y = f(x) c6 dao ham trén R. D6 thi ham sé nhu hinh v& bén

dudi.

S6 diém cuc tiéu ciiaham sé g(x)=2f (x+2)+(x+1)(x+3) la

A 2. B. 1. C. 3. D. 4
DAP AN
1C 2 3B 4 5B 6A 7A
8A 9B 10D 11D 12C 13A 14A
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I11. SO NGHIEM CUA PHUONG TRINH, SO GIAO PIEM CUA PO THI

Dang 1: Cho d6 thi hogc BBT cuaham sé y = f (x) , tim s6 nghiém cua cac phuong
trinh cé dang f(x)=a, f(u(x))=a.

Phwong phap: Ta sir dung tinh chat sau:

Néu ham s f don diéu trén khoang («; B) va a la gié tri trung gian gita f () va

f () thi phuong trinh f (x)=a c6 nghi¢m duy nhat.

Néu phuong trinh f(x) =0 c6 nghiém 1a « thi phuong trinh f (u(x)) =0 c6 nghiém
la nghiém PT u(x) =« .

Vidy 1.Cho ham s6 y = f (X) x4c dinh, lién tuc trén R va c6 bang bién thién nhu sau:
£ 1 4 o
1] \ |
i / \ /
x ]

S6 nghiém ciia phuong trinh f (X) +1=0 la:

A. 3. B.O. C. 1. D. 2.
Léi giai

Ta c6 phuong trinh f (X)+1: 0 f(x)=-1. Te BBT ham s6 f (X) ta thay phuong
trinh c6 2 nghiém. Pap an D.
Vi du 2. Cho ham sé y = f (X) c6 bang bién thién sau

N \2/ 1 \/

S6 nghiém cua phuong trinh (x+1)=0la
A. 0. B. 4. C. 2. D. 1.
Lai giai

Nhan xét: S nghiém ctia phuong trinh f (X+1) =0 lasd nghiém cua phuong trinh
f(x)=0.

Dua vao BBT ta thay s6 nghiém cua phuong trinh 1 4. Pap 4n B

Viduy 3. Cho ham sb y = f (x) xéc dinh trén R\{0} c6 bang bién thién nhu sau
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X -0 ] 1 +00
f'(x) - - 0
f[x] +a0 +a0 e
— — T — _
S — )

S6 nghiém ciia phuong trinh 2 (3x-5)-7=0 la

A. 1.

B.

2. C. 3.

Loi giai

Ta c6 phuong trinh: 2f (3x—5)-7=0< f (3x—5)=£.

bat t =3x—5, phuong trinh tro thanh f (t)=

Véi mdi nghiém t thi c6 mot nghiém x =% nén s6 nghiém t cua phuong trinh

f(t)=

[\SHIEN

N~

béng s6 nghiém cua phuong trinh 2 (3x—5)-7=0.

Dua vao bang bién thién cia ham s6 y = f (x) suy ra phuong trinh f(t)=% c6 3

nghiém phan biét nén phuong trinh 2f (3x—5)—7=0 c6 3 nghiém phan biét. Chon

C.
Vi du 4. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v&.
X — 1 3 4o
() + 0 - 0 +

f(x) 5 +oC
_x/' \. e /

Do thi ham s6 y = f (x* —4x+5) ct tryc hoanh tai bao nhiéu diém?

A. 2. B.3

C.4
Léi giai

x> —4x+5=a, € (—»;)

Ta c6 phuong trinh f (X2 —4X+5):O<:> x> —4x+5=a, € (1;3)

x> —4x+5=a, € (3;+m)

D. 5.

@)
()
3
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Tathiy x> —4x+5=(x—2)>+1>1
Do do: Phuong trinh (1) vo nghiém, phuong trinh (2) va (3) moi phuong trinh c6 2
nghiém, cac nghiém nay khac nhau. Vay phuong trinh f (x2 —4x+5) =0c0 4 nghiém.
Pap an C.
Luwu y: Néu phuong trinh f(x) =0 c6 nghiém bang « thi phuong trinh f (u(x)) =0
c6 nghiém thoa mén u(x) =« .
Vidy 5. Chohamsé f(x) lién tuc trén R ¢6 do thi y = f () nhu hinh v& bén.
Phuong trinh f ( f (x)) =—2 c0 tat ca bao nhiéu nghiém dwong phan biét.

L
|

7

A 3. B. 4. C.6. D.7.
Loi giai

Ta c6 tir d thi ham s6 y = f(X) ta suy ra phuong trinh f (X) =—1 c6 3 nghiém phan
biét.

Xét s6 nghiém dwong cta phuong trinh f (X) =«

Nhan xét :

Néu «a e (I;+w) thi PT khong c6 nghiém duong.

Néu & =1 thi PT ¢6 1 nghiém duong.

Néu a € (=1;1) thi PT c6 2 nghiém duong.

Néu a € (—o0;—1] thi PT ¢6 1 nghiém duong.

Al
|

f(x)=a,e(-2-1)
vay f(f(x))=—2<|f(x)=a,e(-10)

f(x)=2,€(@2)
Theo nhan xét trén ta co :
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Phuong trinh f (X) =&, € (—2;—1) cho 1 nghi¢m duong
Phuong trinh f(x) =a, € (-10) cho 2 nghi¢m duong
Phuong trinh f (X) =a, € (L2) khong c6 nghi¢m duong
Vay phuong trinh f ( f (X)) =-2 ¢6 3 nghiém duong. Pap 4n A.
Vi du 6. ( D& thi THPTQG nim 2019, mi 101). Cho ham béc 3 ¢6 d thi nhu hinh v&

ki

2" /
O 2

<X

S6 nghiém thuc ciia phuong trinh ‘ f(x? —3X)‘ =%

A. 3. B. 8. C.7. D. 4.
Loi giai

. . 3 4
Xeét phuong trinh ‘ f(x —3X)‘ =3 (1)

Pat t=x>-3x, t'=3x*-3=0<> x=-1,x=1, ¢6 BBT nhu sau:

¥ | | |

| . 0 0

Khi d6 phuong trinh (1) < | f (t)|= g . Xét d6 thi ham y =|f (t)| nhu hinh v& duéi day.

)

LN
\/
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Tir d6 suy ra phuong trinh | f (t)| :% c6 cac nghiém t <-2,t, € (-2;0),t, €(0;2),t, > 2

Phuong trinh x*—3x=t, <—2 ¢6 1 nghiém

Phuong trinh x*—3x =t, € (=2;0) c6 3 nghiém

Phuong trinh x*—3x=t, € (0;2) c6 3 nghiém

Phuong trinh x*—3x=t, >2 c6 1 nghiém

Vay phuong trinh da cho c6 8 nghiém. Pap an B.

Viduy 7. Cho ham sé y = f (X) c6 dd thi nhu hinh v& duéi day.

[ ¥l

Hoi ¢6 bao nhiéu diém trén duong tron luong giac biéu dién nghiém cua phwong trinh
f[ f(cos2x)]|=0?

A. 1 diém. B. 3 diém. C. 4 diém. D.
V6 0.
Loi giai

Dua vao do thi ta thay khi x e[-1;1] thi y [0;1].
Do d6 néu dit t =cos2x thi t e[-11], khidé f (cos2x)e[0;1].
f (cos2x)

=0
Duya vao dd thi, taco | f(cos2x)|=0<«| f(cos2x)=a (a<-1) (loai).
f (cos2x)=b (b>1) (loai)

cos2x =0
Phuong trinh f (cos2x) =0« |cos2x =a (a<-1) (loai) <
cos2x=b (b>1) (loai)

cost=O<:>x=%+k%(keZ).

Vay phuong trinh di cho ¢6 4 diém biéu dién nghiém trén dudng tron lugng giac.
Chon C.
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Vi du 8. (Chuyén Hung Vuong Pht Tho 1an 1 ndm 2019-2020). Cho ham sé
f (x)=ax>+bx*+cx c6 dd thi (C) nhu hinh v&. Puong thang d 1y =g(x) latiép
f(x)-1 X
(-1 900 _,

g(x)-1 f(x)

tuyén cua (C) tai diém c6 hoanh do x =—1. Hoi phuong trinh

bao nhiéu nghiém?

"h."r

(C)

A 5 B. 2 C. 4 D. 3
Loi giai
Xét phuong trinh ;E:;:i— ?Ei; =0( f(X)¢0;9(X)¢1)
e (-1 (x)=0"(x)-9(x)
e P (x)-g"(x)=f(x)-9(x)
e[ F)-g() ][ F(x)+9(x)]=Tf(x)-9(x)
f(x)=g(x) @
Tl t(x)=1-9(x) @)
- Xét phuong trinh (1) : Tir d6 thi suy ra (1) c6 ding 2 nghiém phan biét x=-1
X=a>0.

- Xét phuong trinh (2): Xéthamsb y = f(x) c6 do thi la duong cong (C) nhu hinh
v& va ham s6 y =—g(x) +1 c6 do thi 1a duong thang d’ duoc x4c dinh nhu sau:

+ Lay d6i xtng phan d6 thi duong thang d qua truc OX .

+ Sau d6 tinh tién duong thang trén theo phuwong Oy Ién trén 1 don vi.

Khi d6 s6 nghiém cia (2) bang sb giao diém ciia (C) véi d'. Tir d thi suy ra c6 3
giao diém, trong d6 1 giao diém 1a gbc toa do O.

Do d6 (2) c6 3 nghiém phan biét trong do6 co6 1 nghiém x=0 (loai).

Két luan: Phuong trinh d cho c¢6 4 nghiém . Chen C.

Dang 2: Céc bai toan c6 chira tham sb
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Vi du 1. (THPT CHUYEN PAI HQC VINH NAM 2018-2019 LAN 01) Cho ham s
y = f(X) c6 dd thi nhu hinh v& bén. C6 bao nhiéu s nguyén m dé phuong trinh
f(x3—3x):m c6 6 nghiém phan biét thude doan [—1:2]?

[ B
G

(=]

'

A. 3 B. 2 C.6 D. 7
Léi giai

Pit t = x3—3x, v6i x e[—1;2]ta c6 bang bién thién

x | -1 1 2

¢ 2 \ , /.?.

Véi mdi t e (—2;2]thi ¢6 2 nghiem x €[-1;2]

Dé phuong trinh c6 6 nghiém thi phuong trinh f (t)=mco 3 nghiém t e (-2;2]
Dua vao db thi tacé m=0;m=1. Pap an B.
Luwu y: Bai toan tim s6 nghiém cua phuong trinh f (U(x)) =m trén tap D.

- B1: bat t =u(x), ta khao sat ham t =u(x) trén D

- B2: Chi ra sy twong ¢ng gitra gia tri caa t véi s6 gid tri caa X . Budc ndy quan trong,
néu khong chi ra dugc su tuong tng thi s& khdng

-B3: Xét s6 nghiém cua phwong trinh f (t) =m, dya vao B2 dua ra két luan.
Vi du 2. (CHUYEN PHSP HA NOI NAM 2018-2019 LAN 01) Cho ham s
y=f(x) lién tuc trén R va c6 d6 thi nhu hinh bén. Phuong trinh f (2sinx)=m c6

dting ba nghi¢m phan biét thuoc doan [—7; 7] khi va chi khi
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[y
——
v#

A. me{-31}. B. me(-31). C. me[-31). D.
me(—3;1].

Loi giai
bat t =2sinx, xe[-7;7]

Ta c6 bang bién thién ham sé t =g (x) = 2sinx trén [-7;7].

2
b 1o |

g(x)=2sinx 0 0 >0

Tu BBT ta thay:

+te(-2;0)U(0;2) , mdi t cho 2 gia tri X
+te{-2;2}, mdi t cho1giatri x
+t=0,cho3giatri X

Phuong trinh f (ZSin X) =m c¢6 dung ba nghiém phan biét thudc doan [—7r; 7[] khi va

chi khi phuong trinh f (t)=m c6:

+ Mot nghiém duy nhat t =0, cdc nghiém con lai khong thudc [-2;2], khi d6 med
+ Hoac mot nghiém t =2 nghiém con lai thuoc (—2;2)\{0}, khi d6 m=1

+ Hogc mot nghiém t =—2, nghiém con lai thudc (—2;2)\{0}, khi d6 m=-3.

Vay me{-31}. Dap 4n A.
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Vi du 3.(S0 GD&DT THANH HOA NAM 2018 - 2019) Cho ham s y = f (x) lién
tuc tren R c6 dd thi nhu hinh v& C6 bao nhiéu gié tri nguyén cua tham s6 m dé

phuong trinh f( 2f (cosx))zm c6 nghiém x{%;n].

Loi giai

Tur hinh vg, dat f (x) =ax® +bx® +cx+d,(a=0). D6 thi ham sb di qua goc toa do O
—a+b-c=2 a=1

nén d =0. Ta c h¢ phuong trinh <a+b+c=-2 =.b=0 . Dod6 f(x)=x>-3x.
4a+2b+c=1 |c=-3

bat tZCOSX,XE[%;ﬂ')DtG(—l;O]S f (cosx)= f (t)=t*—3t véi te(-10].

f'(t)=3t"-3<0,vt e(-10]= f (t) nghich bién trén

(-L0]=2f (t)e[2f (0);2f (-1))

hay 2f (t)e[0;4). Pit u=2f (t) =>ue[0;2) =m=f (u)=u’-3u véi ue[0;2).

Taco f'(u)=3u’-3= f'(u)=0<=u=1€[0;2).

Bang bién thién cia f (u).

w |0 1 2
Il = 0 +

Tl T— e

Tir bang bién thién suy ra phuong trinh ¢6 nghiém < -2<m<2.

me[-2;2)

= < me{-2;,-10;1}.Chon D.
meZ

Luwu y: Dang bai toan tim tham s6 m dé phuong trinh f (u(x)) =m c6 nghiém trén D

+B1: bat t=u(x) ta chi can tim mién gia tri cia ham ham u(x) trén D. gia si

u(x) e K,vxeD
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+ B2: Tim tham s6 m dé& PT f(t)=m c6 nghiém trén tap K. Twong dwong véi m
thudc mién gia tri cua f trén K.
Nhan xét: Cho phuong trinh f (u(x)) =m, néu bai toan vé sé nghiém sé& phirc tap hon
S0 vai bai toan c6 nghiém.
Vi du 4. (THPT CHUYEN DAl HQC VINH NAM 2018-2019 LAN 01) Cho ham s
y = f(X) c6 dd thi nhu hinh v&.

[N TPy

[y
Y

C6 bao nhiéu s6 nguyén m dé phuong trinh % f (§+1)+ X =m ¢6 nghiém thudc doan
[-2;2]?

A 11 B.9 C.8 D.
10

Léi giai

Pit t:§+1, khi 2<x<2thi 0<t<2.

Phuong trinh di cho tré thanh % f(t)+2t-2=m < f(t)+6t—-6=3m.
Xétham s g(t)= f (t)+6t—6 trén doan [0;2].

Taco g'(t)=f'(t)+6. Trdd thi ham s y = f (x) suy rahamsé f (t) ddng bién trén
khoang (0;2) nén f'(t)>0,vte(0;2) =g'(t)>0,vte(0;2) va g(0)=-10;
g(2)=12.

Bang bién thién ciia ham s6 g (t) trén doan [0;2]
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-10

Phuong trinh dé cho ¢6 nghiém thudc doan [-2;2] khi va chi khi phuong trinh

g(t)=3m c6 nghiém thudc doan [0;2] hay —10<3m<12 @—%Smsm

Mzt khdc m nguyén nén me {-3;-2;-1;0;1;2;3;4}.
Vay co0 8 gia tri m thoa méan bai toan. Pap an C.

Vidu 5. Cho hai ham s6 y = f (x) va y=g(X) 1a cic ham xdc dinh va lién tuc trén R
va ¢6 d6 thi nhu hinh vé bén (trong d6 dudng cong dam hon 1a d6 thi cua ham sb
y = f(x)). C6 bao nhiéu sé nguyén m dé phuong trinh f (1-g(2x-1))=m co

nghiém thudc doan {—1;%}.

A. 8 B.3 C.6 D. 4

Loi giai
Véi x e [—l;g} = 2x-1e[-3,4]= g(2x-1) e[-3;4] =t =1-g(2x-1) e[-3;4]

Vay ta can tim m dé phuong trinh f (t) =m c6 nghiém thudc doan [—3; 4]

<:>[rp3|£} f (t)émgr[[lgz]( f (t)@ﬂlg} f(t)<m<2 trong do E]slﬂ f(t)e(-10). Vay cac

s6 nguyén can tim I3 a<{0,1,2} Chen B.
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Vi du 6.(THPT CHUYEN VINH PHUC NAM 2018-2019 LAN 3) Cho ham s
y=f(x) co dao ham trén R va c6 do thi l1a duong cong trong hinh v& dudi. Dat

g(x)=f[ f(x)]. Tim 6 nghiém cua phuong trinh g'(x)=0.

A 2 B. 8 C. 4 D. 6
Loi giai.

f'(x)=0

frlf(x)]=0 )

Taco: g'(x)="f'(x)f'[ f (x)]_Oc{

Theo d6 thi ham sé suy ra.

f'(x):OQ{X:al,Vc’yi 2<9;<3.
f(x)=0,(1)

f’[f(x)]:OQL(X):ai’(Z) :

Phuong trinh (1) : f(x)=0c6 3 nghi¢m phan biét khac nghiém phuong trinh (*).

Phuong trinh (2): f(X)=2a; c6 3 nghiém phan bi¢t khac nghiém phuong trinh (1) va
phuong trinh (*). Vay c6 tat ca 8 nghiém ciia phuong trinh g'(x)=0. Chen B.

Vi du 7. (KSCL trwong Nguyén Binh Khiém nim 2019-2020)

Chohamsé y=f x =ax* +bx®+cx® +dx+k véi hé sé thuc. Biét do thi ham sé
y=f"'X codiém O 0;0 la diém cuc tri, ct truc hoanh tai diém A 3;0 va co do thi
nhu hinh v&. C6 bao nhiéu gié tri nguyén caa tham sé m thuoc doan —5;5 dé phuong

trinh f —x®>+2x+m =k c6 bén nghiém phan biét.
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A5. B. 7. C.0. D. 2

Loi gidi
Tudothihamsdé y=1f' x tacd f' x = px* x—3 peR . Mit khac d6 thi ham sb
y=f'x diquadiém 2;1 suyra
p:—l:>f' x ——1x2 x—3 :—1X3+§X2 .
4 4 4 4

Theo dé baitacod f' x =4ax®+3bx*+2cx+d (2).

1
T 16
Tu (1) va (2) suy ra b:1 = f x :—ix“—klxs-i-k.
4 16 4
c=0
d=0
Pit
2
U=—x*+2x4+m=f u :k@—iu“JriuB:O@ UZO(:) XA 2xAm=0()
16 4 u=4 | —x*4+2x+m=4(4)

Vi phuong trinh (3) va (4) khong c6 nghiém chung nén dé phuong tinh
f —x?42x+m =k c6 bdn nghiém phan biét thi phuong trinh (3) va (4) mdi phuwong

: . I . 1+m>0 e s
trinh c6 hai nghiém phéan biét khi do < m >3 suy ra co hai gia tri
1+m—-4>0

nguyén caam la 4, 5. Chon D.
BAI TAP TUONG TU
Bai 1. ( Lé Hong Phong Nam Pinh lan 1 nim 2019-2020) Cho ham s6 y = f (x) lién tuc

trén R c6 bang bién thién nhu sau:
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X —a0 -1 0 1 a0
y' + 0 - 0 + —
y 3 3
—on / \\_\‘i 1 _/'—H \‘ —of
A. 0. B. 3. C.2 D. 4.

Bai 2. (THPT NGO GIA TU VINH PHUC NAM 2018-2019 LAN 01) Cho ham sé
y = f(x) lién tuc trén R va cé dd thi nhu hinh vé.

A

i J

Goi m la s nghiém cua phwong trinh f (f (x)) =1. Khang dinh nao sau day 13 ding?

A. m=6. B. m=7. C. m=5. D.
m:

9.
Bai 3. (P& minh hea thi THPTQG ciia BGD nim 2019) Cho ham s6 y = f (x) lién
tuc trén R va c6 d6 thi nhu hinh v&. Tap hop tat ca céc gia tri thuc cua tham sé6 m dé
phuong trinh f (sinx)=m c6 nghiém thudc khoang (0,7):

wa

f'! A E\/ :

|

1

A [-1:3). B. (~L1). C. (-13).

Bai 4. ( D¢ THPTQG nim 2019, ma dé 102) Cho ham sb béc ba y = f (x) c6 dd thi

nhu hinh v& bén. S6 nghiém thyc ctia phuong trinh ‘ f (X3 —3X)‘ =3 la
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i

A. 6. B.10. C.12. D. 3

Bai 5. (CHUYEN PHAN BOI CHAU NAM 2018-2019) Cho ham s6 y = f(x) lién
tuc trén R va c6 dd thi nhu hinh v& duéi day

1

Tap hop tit ca cac gia tri thyc cua tham sé6 mdé phuong trinh f(’\/4—x2 ) =m c6

nghiém thugc nira khoang [—ﬁ; J§) 1a

A [-13]. B.[-1f(v2)]. c(xf(v2)]. o
(-13].
Bai 6. Cho ham s6 y=f(X) lién tuc trén R va c6 dd thi nhu hinh v&. Tap hop tat ca
. 2

cac gia tri coa m dé phuong trinh f (f (XZ iln =m ¢6 nghiém la

»

Fi

1

= =& =1 4] 1 ) X *

-1

-2

-3
A [-12]. B. [0;2] . C. [-11]. D.
[-2:2]
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Bai 7. Cho ham s6 y = f (X) 6 dd thi nhu hinh v& duéi day. Goi S 12 tap hop tat ca cac
gi4 tri cua tham sé mdé phuong trinh f (3—\/4— X ) —m c6 hai nghiém phan bit

thudc doan [—\/5; \/§] Timtap S.

i

el
—r
-
L
3

B. S=

A. S:(—L‘f(S—ﬁ)] (f(S—\/f);ﬂ.
D. S =[-13].

C.5S5=0.
Bai 8. (P& minh hoa thi THPTQG ciia BGD nim 2019) Cho ham s
f(x)=mx*+nx’+ px*+gx+r (mn, p,q,reR). HIMs6 y = f'(x) c6 dd thi nhu

LA

—1\Q) x

hinh vé& bén dudi

.u|m\

Tap nghiém cta phuong trinh f (X)=r c6 s6 phan tir
B. 3.

C. 1

A. 4.
2.
Bai 9. (Chuyén PHSP Vinh l4n 1 nim 2019-2020) Cho ham sé y = f (x) lién tuc trén R

va c6 d6 thi nhu hinh v&.
i

y = flz)

A

9] \ x

www.thuvienhoclieu.com

Trang 49




www.thuvienhoclieu.com
C6 bao nhiéu gia tri nguyén khéng am caa m dé phuong trinh:
f (3sin2x+8cos* x—4) = f (m* +4m)c6 nghiem x e R?

A.2. B. 4. C.5. D.6.

Bai 10. ( Chuyén Quang Trung lan 1 nim 2019-2020). Cho ham s6 f(x) lién tuc trén
[2;4] va c6 bang bién thién nhu hinh v& bén. C6 bao nhiéu gia tri nguyén ciia m dé phuong

trinh x+2yx* —2x =m.f (x) c6 nghiém thudc doan [2;4]?

« |2 3 7 4

2
o \ o \_
3 / 2
A. 6 B.5 C. 4 D. 3
DAP AN
1D 2B 3D 4B 5D 6D

A 8B 9A 10C
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