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CAC DANG TOAN VE GIOI HAN SO LOP 11

—(ODang o> Si dung dinh nghia giéi han day sé va nhing quy tic co ban >—\

7~ Phwong phdp gidi
o Theo dinh nghia thi gi¢i han ham s& f(x) trén co s& gidi han cac day f(x,). Néu c6 2
ddy x, va x, cing tién dén x, ma lim £ (x, ) = lim £'(x]) thi khong ton tai lim £ (x)

e \V/&i moi s6 nguyén duong k, ta co:

. : . : . .1
lim x* =+o0; lim x* = +o0, lim x***' = —o0, lim —=0

X+ X—>—0 X—>—0 X—>too x

e Xac dinh diu +w hodac —o dua trén dau cua tich sd, thuong $6, x > Xyy X > X,, X —> to0

.

@ Vi du minh hea
b5 Vi ©

Tinh gi6i han cta cac ham sé

8) f(x)=v2r+10 khix >3 b) £(x)=2khix >3

X +6

[ Lo giai
a) Tap xac dinh cua ham s6 1 [-5; + ). Chon day sé (X, ) v6i x, €[-5; + ) sao cho limx, = -3.

Theo dinh nghia )!Lrg\/ZX +10 = lim/2x, +10

n—ow

Theo dinh I v& gi6i han cua day sé, ta ¢6 lim+/2x, + 10 = \/lim (2x, + 10)
n—>0o

n—-oo

= [2limx, +10 = [2.(-3)+10 =4 =2.

@ Vay lim y2x+10 =2

X—>-3

b) Tap xéc dinh cua ham sé 1a R nén chon day sé (X, ) sao cho limx, = 3
n-—-oo

.  ox+3 . 2x +3 lim(2x, +3)
Taco limf(x)=lm—=Ilim——="2—
x—3 -3 3°+6 o= xX°+6  lim(X] +6)

n—oo

2.“an+3 23+3 3

~ limx*+6 3246 5

nN—oo

2x+3 3

T Vay lim X*+6 5
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2 Chay: Néuham sé f (x) 1a mét da thirc, 1a mét phan thize dai s6 hodc mt ham sé luwong giac ¢ tap xac

dinh 12 D thi véi méi x, € D taco lim f (x)= f(x,)
X—¥%g

Tinh gigi han cua cac ham sb

Xl X +3x-10
2 = khi x =3 b = T khix o2
) /() 2x ) ) /() 2x" —x—6 !
[ Loi giai
lim(x* +1
a) Theo dinh Ii 1, ta c6 Iingf( )—IlmX 1 X%( )

3 2\ [x lim 2%

limx* +1lim1 lim.lim+lim1 33+l 5

Xx—3 Xx=>3 _ Xx23 x>»3  x—3

I|rr312 Ilmf Ilrg 2. flimx PN
& Vay I| X 1

S PN J’

b) Vi (2X2 —-X— 6) — 0 khi x — 2 nén chua thé &p dung ngay Dinh Ii 1.

X* +3x-10=(x-2)(x+5
Nhung v&i x = 2, taco (x=2)( ) suyra f(x)= X+5
2x* —x—6=(x—2)(2x+3) 2X+3
lim(x+5 limx+1lim5
= Vay lim () =lim x5 _ (xrS) 2 ap 245
x-2 2X+3 I|rr21(2x+3) 2.I|rr21x+llrr213 2.2+3
Tim céc gidi han sau:
2 2 /
a) 1im(x _1} b) hm{4 al ] c) lim ( X+ 3}
=30 x+1 =20 x4+ 2 x—6
[ Loi giai
2 _3Y 1
a) Iim(x 1j_|im[&J 8 _
3 x+1 >3 —3+1 -2
—x2 2—X)(2
b) lim [4—X)= Iim(mjz lim (2-x) =4
x>-2{ X4+ 2 X—-2 X+ 2 x—-2
Gi3-3) . [(Vx+3-3)(Vx+3+3)| X—6 . 1 1
c) lim =lim =lim =lim—==
o x-6 b x—6 xos8 (x—6)(«/x+3+3) ©0(Jx+3+3) 6
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/(ODang @) Khi dang v dinh vé 0/0 >

7= Xét bai toan: Tinh lim / Ex; khi lim f'(x)=lim g(x)=0, trongdd f(x), g(x) lacacda
= g(x X=X, X=X,

thire va can thuec.

7=~ Phwong phdap
e Phan tich tir va mau thanh cac nhén tir va gian uéc:

) (smx)Al) ()
P ) BR) R BG)
o Néu A(x), B(x) déu chtra nhan tir x - x, ta s& tiép tuc phan tich thanh cac nhan tu.
£ cha y:
o V6i f(x), g(x) la da thirc (thuong Ia ham sb bac hai, bac ba, bac bén...) thi ta phan tich

nhan tir bang viéc giai phuong trinh f(x)=g(x)=0

e Vi f(x), g(x) 1a can thic, ta s& sir dung phuwong phap nhén lién hop (lién hop sé hoic
lien hop bién) dé phan tich nhan tir.

e Sur dyng cac hing dang thic, nhdm sb hang, phan tich ra thira s bac 2, chia da thirc, so d6
Hoocne,. ..

e Chia tach thanh cac phan thirc bang cach thém bét dai lugng don gian nhét theo x hoac

X A f gy O
hang s6 ma cac gigi han mai van gitr nguyén dang vo dinh 0

e Néu lim j(x) +00; lim g(x) =+oo thi lim [(x) - g(x)] = +o0; lim [(x)g(x)] = 400

x—x, X—x, XX XX

Vi du minh hoa

Tim céc gidi han sau

27 27
a) lim* X +2 b) lim—> =% 2x
=2 x=2 =22y +6x—4
3 3 2
0 limx4_3x+2 d) 1imx —2x —x+1
=yt —dy+3 =l —x +3x -2
[ Loi giai
2 X=1)(x-2
a) lim=> 3X+2=im( I )=I|m(x—1)=1
X—2 X — X—2 X — X—2
2 _ X(x—2 X(x—2
b) lim—2X =2 _jim (x=2) X2 ox

52 X2 +6X—4 x2 —2(x2 —3x+2) o2 2(x-1)(x=2) ©2-2(x-1)
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1 (x+2
o lim X =32y, (D (x+2) (ZX;ZJZLE
o1 ' —4x+3 =1 (x-1) (x2+2x+3) X" +2x+3) 6 2

3

d) Ilmx—x+1 lim (-1 (x+1) i XD+

= =0
ol —x?+3x—2 ol (x-1)(x+2) =t X+2
Tim gic’ri han c4c ham sé sau:
2
a) lim —x =72 b) lim —45x +23x+9
=3 x? —2x -3 =i x —8x" -9
g2 4 4
0) limw d) lim*—4
x—1 (1 _ x)- yoa x —(
E Loi gidi
2) lim X' —x* -T2 _lim (X—3)(X3+3X2+8X+24)_ - X*+3x* +8x+24 51
x>3 x* —2x—3 % (x+1)(x-3) X3 X+1 2
b) IimX3_5X2+3X+9— o (x=3)(x* —2x-3) e X2=2x-3
3 x*-8x* -9 H?:(x—3)(x3+3x2+x+3) 3 X% +3x% + X +3
_ X—=5x*+4x° . (x—l)(4x5+4x4+4x3+4x2—x) AX° +4x* +4x° + 4% — X
c) lim — =1im > =lim =00
X1 (l—X) X1 (1—X) x—1 (X—l)
4 _gt x—a)(x*+ax* +a’x+a’
d) limX—2 :Iim( I ):Iim(x3+ax2+a2x+a3):4a3
X—a X—a X—a X—a X—a

Tinh cac gigi han sau

2 2 2
a) l1mx—16 b) lim 4-x c) limM
=4 x? 4 x =20 =2y 4 8 —>22x" 4 x-6
=] Loi giai

2 —
2 lim X 18 XA L xd 8

x4 X2 4 x— 20 H4(x—4)(x+5)_x|ﬁ4x+5_9

o) lim 2% _jim XX 2-x

x>2x°+8 *—2(x+2)(x2—2x+4)_x+2 X* —2x+4

1
3

x24+3x+2 . (x+1)(x+2) . x+1
c) im———=1Iim = lim
o22%% +x—6 o2(x+2)(2x-3) 22x-3

_1
9
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£ODang © ) Khit dgng vé dinh o/, 0.0 hogic » - © > N

@ Bai toan 1: Tinh limfgx; khi lim f(x) =limg(x)=c0, trong d6 f(x), g(x) 1a cac da
X—>0 g x X=—>x0 X—>x0

thirc va can thac.
7~ Phwong phéap gidi: Chia ca tr vd mau cho x” véi n 1a s6 mil bac cao nhat cua bién s x
trong mau thie. Néu £ (x), g(x) c6 chta bién x trong dau can thire thi dua x* ra ngoai dau
cin (v6i k 1a s6 mil bac cao nhat cua x trong dau cin).
3 cha y:
e Khi x — +oo thi ta xtr ly giéng nhu véi gii han cua day sb.
e Khi x - —oo tacan luu y khi dwa x** ra ngoai dau cin thuc bac chin.

[0 Dang hay gap chinh 1a /x* =|x|=x khi x = +o0 va = —x khi x »> —0

s X6t ham s6 () =)

g(x)

Vaki hiéu deg f(x), deg g(x) lan luot 1a bac cua f(x), g(x) thi:

c6 h¢ so cua hang tir bac cao nhat cua f(x), g(x) lan luot 1a a,b.

o Néu deg f(x)>degg(x) thi lim f(x) _ ©

e g(x)
' i S(x) _a
e Neéu deg f(x)=degg(x) thi lim =—
(x)=dege ()t tim -2
, e f(x)
e Neéu deg f(x)<degg(x) thi lim =0
(x)<dene(x) th tim L
@ Bai toan 2: Tinh lim[ f(x).g(x)] khi lim f(x)=0 va lim g(x) = e
f e NPT . f(x) 2 A 0
7= Phwong phdp gidi: Ta bién doi lim [f(x).g(x)] = l_1mT dé dua vé dang 0
g(x)

Hoac bién doi lim [f(x).g(x)] = lim @ dé dua vé dang =,

XX, XX, o0
/()
© Bai toan 3: Tinh lim | f(x)+ g(x)] khi lim f(x) =0 va lim g(x) =0

X=X X=X,

7> Phwong phdp giai: Nhan hoac chia véi biéu thtc lién hop hoidc quy dong dé dua vé cung
mot phan thic.

. /
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Vi du minh hoa
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\
Tinh céc giai han sau
2
2) lim 2! b) fim —> "1 ¢) lim ¥ *+L
X—>+0 x_l t—)—m1_3x_5x x—H—ncx +x+]
[ Lo giai
1
Cox+l . 2t 240
a) lim = lim =— =
Xx—+0 X —1 X—>+00 E 1-0
X
1 1
X+l 2 140 1
o01-3x-6x" =1 3 - 0-30-5 5
X X
1,1
2
c) lim XZ\&H = lim */;1 Xl _ 0+0 _
x40 X° 4+ X +1 H+°°1+7+72 1+0+0
X X
\
Tinh cac gigi han sau
3x(2x* -1 O 3
a) lim ( ) b) lim —3x4 2x -1 ¢) lim —3)‘1 2"’;“2
"“‘”(5](—1)()(24-2)(;) xoxe 47 +3x -2 xoro Dy 4+ 2x° —1
1 Loi giai
3
o 3x(2x - 6-2 6-30 6
a) lim . = li = =—
= (5x —1)(x* +2x) x»w( _1j[1+2j (5-0)(1+2.0) 5
X X
3 2 1
3 2 T o T _ _
) Iim3x4 2¢ -1 _ox X’ x*_30-20-0_
Kot AX 43X =2 Kot 3 2 4+3.0-20
X
2 2
3 3- 24+ 5
. 3T =2x+2 . x2 x¥ 3-20+20 3
ot ¢ 42X =1 ot 5 2 1 2420-0 2
—_ +7_7
x x°
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Tinh céc giai han sau

Vat =3x +2x oA+ x+24+3x+1 . oxJx+3

a) lim ———— b) lim ) lim —;
x——n Ix—1 X—tm 4x2 +1+1-x x>+ x° 4]
[ Loi giai

a) bat x=-t. Vdi X > —0o=1t=+x0

2 _ iz +* .
* Khido lim VX% =3x +2x _lim = _ ”\/ t \/1+3.0 2 :1
X0 3x-1 to—o0 —3t 1 t+ -3-0 3

1 2 1
X2+ X+2+3x+1 1+;+F+3+;
b) lim : _ lim —4
Jax? +1+1—-x /4+12+1_1
X

X

* Pat x=—-t. VoI X > —0o=1t=+00. Khi do
1

1—}+3—3
D X243+ AP —t42-3t+1 t t2 t 2
lim - :tllm = :tllm =3
Vax? +1+1-x VA2 +1+1+t ,4+t12+i+1

3
+7
c) lim XNX+2 X ‘O+3
X—>+0 X X i 1+0
XZ

(OPang @), Gidi han gt b >

7> Phuong phdp gidi: * Néu lim f (x) = lim £ (x) thi khong ton tai lim f(x)

\‘A)XU XA)'YU .\'—).YU

*Néu lim f(x)=lim f(x)=L thi lim f(x)=L

xa.\{j ] X=rxy

Vi du minh hea

Tinh cac gigi han sau

. Nx* -4 2 - x|
a) lim b) lim ————— c) lim ————
=2 x =2 =2 2% = 5x+2 -2 2x° —5x+2

[2 -4
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[=] Loi giai

X2 —-4 X+ 2
m,|—= =+

a) lim =i
x=2" X —2 x=2" | X =2
o [2-x] . X—2 11
b) lim————=lim————=1im _=
2 2X° =5Xx+2 2 (x—-2)(2x-1) 2 2x-1 3
2-x 2—X T S|

I- _ — =
2 Im2x2—5x+2 XLT(X—Z)(Zx—l) XLT*ZX—l 3

X—2"

/ERED

Tim cac giGi han cua cac ham s tai cac diém chi ra:
2
X 22X i x> 2
a) f(x)=1 87" tai x=2
Y 216 i v <2
x-=2
2
X2 i x> 1
b) f(x)=4 * ! tai x=1
_x khi x<1
[ Lai giai
2 —
2) tim £ (x)= lim X "2 i — X2 x 2 1
x->2" x>2" 8—X Hz+(2_x)(4+2x+x2) 2 X2 +2X+4  2°+22+4 6
4 _ X=2)(x+2)(x*+4
lim £ (x) = lim X2 im 202 ):Iim(x+2)(x2+4):4.8:32
X—2~ x->2" X—2 X—2" X—2 X—2"
:>XI|£1 f (x)ilergl f (x).. Do do, khong ton tai )!LI’E] f(x)

X2 —3x+2 Iim(x—1)(x—2) _imX=2_1-2_ 1
x2-1 ot (x=1)(x+1) = x+1 1+1 2

b) lim = lim

x—1" x—1"

lim f(x)=|im_—x=—%

X—1" x—1"

Nhan thay lim f (x) = lim f(x)=—%. Do d6 lim f (x) :—%

x—1" x—1"
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oo vic. o

Tim céc giGi han cia ham s tai cac diém chi ra:

X+m khi x<0
a X)= 2 taix=0
) £(x) =4 £100x+3 .
x+3
b) f() x+3m khix<—1t_ )
x)= al x = —
X Ax+m+3 khix>=-1 "~

[ Loi gidi

a) Taco lim f (x)=lim(x+m)=m

x—0" x—0"

. . X*+100x+3 3
va lim f (x) = lim = =
X0~ X0 X+3 0+3

e Dé ton tai XIiﬁrplf(x) thi lim f (x)=lim f (x)=m=1

x—0" x—0"

e V6i m=1thi lim f(x)=1=lim f (x)

x—0~ x—0"

e Vayvéi m=1thi limf(x)=1

x—1

b) Tacé lim f (x) = lim (x+3m)=3m-1

X—1" X—-1"
valim f (x) = lim (x2 +x+m+3)=1—1+m+3:m+3
x—1t x——1"

o Détontai lim f(x)thi lim f(x)=lim f(x)=3m-1=m+3=2m=4=m=2

x—-1 x—>-1" x—>-1"

lim f(x)=32-1=5

Véi m=2 thi > lim f(x)= lim f(x)=5
" lim f(x)=2+3=5 [ oF (x)= lim £(x)
e Vayvéi m=2 thi Iirplf(x)=5

ODang @\ Mgt sé bai toan gisi han dn tham sé dic sic

N

Vi du minh hea

=) Vi du @

. - N2 =Tx 412 . A K uAe g 2

Két qua gidi han L = lim ); | )1(; :Ta’ 4l % Ia phén so toi gian. Tinh gia tri caa biéu
X—>—0 x -—

thic P=da’ +b°

thuvienhoclieu.com Trang 9



thuvienhoclieu.com

[=] Loi giai
7 12
2 —7x+12 \/ (2_ j |X| 2_Z+%
#* Taco L= lim = lim — lim VX X
X—>—00 3|| -17 X—>—00 3 X—>—o0 3|X|—17
X /2 7+12 2 7+12
- VLN VRN a=2
— lim X X _ lim X17X =—2=%a{b .
——0 -3x-17 ——0 342" =
X
Vay P =13

Cho giai han 11m%+bl % Tinh gia tri cua biéu thac 7' =a” + ab.

x—1 x =1

[ Loi giai
#* bat f(x)=x*+ax+b-1= f(1)=0

L X2 +ax+b-1 . (x=1)(x=x,)
¥* Kh f =(x-1 | = = Z o _
140 1 (x) = (x~D(x=% ) = lim=——5——=lim—Z— — =lim-—" =7

<:>1_2X0 =g:>x0=—2:> f(X)z(x_l)(x+2)=X2+X—2:>a:]_;b=_1:>-|'=0.

5 i © \

3x? —(3a+2)x+b
x*=3x+2

=4 . Tinh gia tri caa biéu thac 7 = a* + b°.

Cho gigi han lin}

[ Loi gidi
#* bat f(x)=3x*+(2a+1)x+b= f(2)=0

3x*—(3a+2)x+b .~ (x—2)(3x—m)

#* Khi do: f(x)=(x-2)(3x— m):>|xlﬂg 2 _3x12 =lim (x=2)(x-1) =4
<:>I|rT213;(_m=4<:>6—m=4<:>m:2

= Suy ra f(x):(x—z)(3x—2):3x2—8x+4:>{z_2:>T =20.
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