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DUNG TRONG SACH
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0 Ggi md vdn dé, dan dat hoc sinh vao bai hoc

HOAT DONG

GiUp hoc sinh phan tich, kién tao kién thic mdi
vdi su hudng dan cla gido vién
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« 50 dung nhing kién thiic viia hoc dé lam
nhdng bdi tép co ban

- Van dung kién thic da bigt dé gidi quyst
van deé, dac biét nhing van deé thuc tién

ﬂf LUU ¥
¢ Nhing ki€n thitc, kKT ndng cdn Iuu y thém

J'i IJ TIM HIEU THEM. TIM TOI - MG RONG

Gip hoc sinh fim hiéu thém nhing kién thic méi
gép phdn md réng ndi dung bai hoc

Cac em giif gin sach can than, khéng viét vao sach dé sit dung dugc lau dai.
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Cdic em hoc sinh lop 11
yeuquy!

Nam hoc ndy, ching ta lgi vui miing g&p nhau qua cudn séch Todan 11.
Sach Todan 11 tiép tyc gidp cac em c6 thém nhiéu hiéu biét vé dai s6 (nhu:
ham s6 lugng gidc, day $6, cdp $6 cdng. cdp 6 nhan, hdm s6 ma va ham
s& I6garit), mot s3 yéu t6 gidi tich (nhu: gidi han, ham sé lién tuc, dgo ham).
o] nhing 18p dudi, céc em dd duge hoc hinh hoc phdng, mén hoc gidp
cac em tim hiéu tinh chdét clia cac hinh trong méat phéing. Ngodi ra, céc
em cing da dudc Iam guen vdi nhiing hinh khéi frong khéng gian. Bé fim
hiéu séu sdic hon tinh chét clia cée hinh trong khéng gian, cdac em sé dudc
nghién cdu hinh hoc khéng gian. Cac em clng dugc tiép tuc Idm quen
vai théng ké& va xdc sudt: tién hdnh nhimg hoat ddng thuc hanh v tréi
nghiém; dac biét vé nhing hogt déng tai chinh don gidn; st dung phan
méam todn hoc trong thuc hanh tinh tedn va vé hinh hinh hoc. Qua doé gidp
cac em hiéu biét thém nhing céng cu quan trong cla todn hoc trong viéc
gidi quyét cac van dé thuc tién.

Todn bd nhing diéu trén dudc thé hién qua nhdng tranh anh, hinh vé,
bdi tap ddc ddo va hdp dan; qua nhiing cau chuyén Ii thd vé khoa hoc
ty nhién, vé& véan hod va nghé thudt, kién tric, thé thao va du lich. TU dé,
cac em dudc tién thém mét budc trén con dudng kham pha thé gidi bi
an va dep dé cla todan hoc, dac biét la dudc “lam giau” vé vén van hoa
chung va cé cd hdi “Mang cudc sdng vao bdi hoc - Bua bai hec vao
cudc séng”.

Chiu khé suy nghi, frao déi véi cac thay co gido va ban bé, nhdt dinh
cdc em & ngdy cang tién bd va cam thdy vui sudng khi nhén ra v nghia;
Hoc todn rét ¢é ich cho cube séng hdng ngdy.

Chiic cae em hoc tép thét t6t, say mé hoe todn v cd thém nhiéu niém vui,

Cdc tac gia
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HAM SO LUONG GIAC VA

PHUONG TRINH LUONG GIAC

Trong chuang nay, ching ta sé tim hiéu nhitng néi dung sau:
goc lugng giac, gia tri ludng giac cia goc lugng giac; cac phép
bién déi lugng gidc; ham sé lugng gidc va dé thi; phuang trinh
luong gidc co ban.

§1 GOC LUONG GIAC. GIA TRI LUONG GIAC
CUA GOC LUGNG GIAC

Trén mit chiéc ddng hd, kim gidy dang & vi tri ban déu chi
vao s0 3 (Hinh I). Kim gidy quay ba vong va mot phan tu

vong (tic 1a 3& vong) dén vi tri cudi chi viio s6 6. Khi quay
nhu th&, kim gidy da quét mot gée véi tia ddu chi vio sé 3,
tia cudi chi vio so 6.

Gac do goi nén khdi niém gi trong todn hoc?
Nhitng ede nhit thé ¢é tinh chat gi?

I. GOC LUONG GIAC

1. Goc hinh hoe va s do cua ching

“SE P Néu dinh nghia géc trong hinh hoc phing.

Nhu chiing ta di biét, géc (con duge goi 1a géc hinh hoc) 1a hinh gdm hai tia chung géc.

Moi gée 6 mot so do, don vi do gée (hinh hoc) la do. Cu thé nhur sau: Néu ta chia duong
tron thanh 360 cung tron bing nhau thi goc & tim chin mdi cung do ¢6 so do la 1°,
S6 do clhia mot goe (hinh hoc) khong vugt qua 180", B

Mot don vi khde duge sif dung nhiéu khi do goc la radian
(doc la ra-di-an). Néu trén duding tron, ta ldy mdt cung tron

c6 d6 dai bing ban kinh thi goc ¢ tim chin cung do goi v
la goc ¢ 56 do 1 radian, goi tit 1a géc 1 radian (Hinh 2).
1 radian con viét tit 1a 1 rad.

Hinh 2
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Nhdn xét

Ta biét gée d tam ¢o s6 do 180° sé chiin cung biing nifa duding tron (¢6 dd dai biing ©R)
b " xR

nén s6 do géc 180" hﬁng ?rad = nrad.

180

Do do, 1 rad = [
T

~57°17°45% va 1° =| — |rad ~ 0,0175 rad.
180
Chii ¥: Ngudi ta thuding khong viét chii radian hay rad sau s do ciia gée. Chiing han,

o m
— rad ciing dudc viét 1a —.
) £ dudgc vi 7

Vidul & Hay hoan thanh bing chuyén doi s6 do dd va s do radian clia mot s6 gée
dic biét sau.
Bo | 30° | ? | 60° |7 |120° ? |180°%
- N\«
- n T 3n '
Radian 7 1 7 B} ? | — | ? |“@® Hay hoan thinh bing
| 4 | chuyén ddi s6 do dd va sd do
. radian ctia mdt s& goc sau.
Gidii
a| 7 Lo
Ta ¢6 bang chuyén d6i s6 do d6 va s6 do radian ctia mot Bpas®| | 72 5' .
50 goc ddc bigt. Radian| 2 | 2% | 2 ?“
PO | 30° | 45° | 60° | 90° | 120° | 135° | 180° .
T T T T Zr | 3=
Radian | — — = 2| ol | == T ‘
6 4 3 2 3 4

2. Goc lugng giac va so do cia ching
a) Khii nié¢m

- So sdnh chiéu quay cia kim

dong hd vdi:

a) Chiéu quay tit tia Om dén tia Ox
trong Hinh 3a.

b) Chiéu quay tlif tia Om dén tia Oy
trong Hinh 3b.

Dé khio st viéc quay tia Om quanh diém O trong mit phiing, ta cin chon mot chiéu

quay goi 1a chiéu diong. Quy udc chon chiéu dudng la chiéu ngudc chidu quay cla

kim dong ho va chiéu cung chicu quay cta kim dong ho goi la chiéu am.

Hinh 3
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Cho hai tia Ou, Ov. Néu tia Om quay chi theo chiéu duong (hay chi theo chiéu 4m)
xudt phat tif tia Ou dén tring vdi tia Ov thi ta n6i: Tia Om quét mot géc litgng gidc
v6i tia ddu Ou va tia cudi Ov, ki hiéu 14 (Ou, Ov).

Vidu2 = Poc tén gbc lugng gide, tia diu va tia cudi cia géc Iugng gide d6 trong
Hinh 4a. Sm L m

Ly

. Hinh 4 b) ; .
Gridli: 2

- Poc tén g6c higng gidc,

Trong Hinh 4a, g6c lugng gidc 12 (Ox, Oy) véi tia diu 0x 113 ddu VA tia cudi cua géc
vil tia cudi Oy. lugng gidc d6 trong Hinh 4b.

3
@
a) Trong Hinh 5a, tia Om quay theo chiéu duong ding mot vong. Hoi tia dé quét nén
mt g6e bao nhiéu do?

b) Trong Hinh 5b, tia Om quay theo chiéu dudng ba vong va mot phan w vong (uic la
3i—vﬁung). Hoi tia d6 quét nén mot gée bao nhiéu do?

¢) Trong Hinh 5c, tia Om quay theo chiéu dm ding mdt vong. Hoi tia d6 quét nén mdt
g6¢ bao nhiéu d6?

I
_I'I‘

m
.

'

L
I

c)

Hinh 5
Nhdn xér: Khi tia Om quay géc a® thi gée Iugng gide ma tia d6 quét nén c6 s6 do a° (hay

T4 rad). Vi thé, mbi mot gée Iuong gide déu ¢6 mot s& do, don vi do gée luong gidc
180

la @6 hoiic radian. Néu géc ligng gidc (Ou, Ov) ¢c6 sd do bﬁng a thi ta ki hiéu la
sd(Ou, Ov) = & hoiic (Ou, Ov) = a.

' Mdi géc Iudng gide gdc O dude xdc dinh bdi tia didu Ou, tia cudi Ov va so do cua

g6c do.
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Vidu3 = Hay biéu dién trén mit phing géc ligng
gidc trong moi truding hgp sau:

, 3 Hiay biéu dién trén mit
a) Goc ludng gidc goc O co tia dau Ou, tia cudi Ov va : :

phiing géc Iugng gidc gbe O c6

¢6 s6 do 510% ; tia dau Ouw, tia cudi Ov va c6
b) Géc higng gide goc O c6 tia ddu Ou, tia cudi Ov va 5 d Sm
50 do — —.
‘ T 6 do 5
cd sb do — —.
o e 6
Gricii -
a) Ta 6 510° =360° + 150°. Gée idng gidc gbe O co tia
diu Ou, tia cudi Ov va ¢6 sé do 510° duge biéu dién ’
o Hinh 6a. v .
Tn n r i o
b) Ta cnj—?=—n + ~% Gdée ligng gidc goc O u
cO tia dau Ow, tia cudi Ov va co Sty droc b)

16 ién & Hi Hinl 6
biéu dién o Hinh 6h. ini 6

b) Tinh chit

@ e Trong Hinh 7, hai goc lugng gidc (Qu, Ov), S m_,
(O’w’, O'v") ¢6 tia diu tring nhau Ou = O’u’, tia cudi
trilng nhau Qv = 0°v’. Néu du dodn vé méi lién hé gilia
0 do chia hai gée lugng gide trén.

Nhén xét: Quan sdt Hinh 7 ta thiy: Hinh 7

» Tia Om quay (chi theo chiéu ducng) xudt phat tif tia Ou dén triing véi tia Ov rdi quay

D=0 u’

tiép mdt s6 vong dén triing vdi tia cudi Ov;
« Tia Om quay (chi theo chiéu ducng) xuat phat tif tia O"«’ = Ou dén tring véi tia OV’ = Ov
roi quay tiép mot sé vong dén tring vdi tia cudi O'v' = O,
Nhu vy, su khdc biét gitta hai goc ligng gide (Ou, Ov), (O'w’, O'v’) chinh 1a s6 vong
quay quanh diém O. Vi vdy, sy khéc biét gitia sd do cua hai géc ligng gidc dé chinh la
b&i nguyén ctaa 360" khi hai géc dé tinh theo don vi d6 (hay bdi nguyén cua 2n rad khi
hai goc do tinh theo don vi radian).
Ngudi ta ¢6 thé chiing minh duge dinh 1i sau:

0 hai gée ludgng gidc (Ou, Ov), (O’u’, O'v') ¢6 tia dau trung nhau (Ou = 0'w’),
tia cudi tring nhau (Ov = O'v'). Khi dé, néu sit dung don vi do 12 d6 thi ta cé:
(Ou, Ov) = (O’'w’, O'v’) + k360° véi k 1 s6 nguyén.
Néu sii dung don vi do la radian thi cong thiic trén c6 thé viét nhu sau:

(Ou, Ov) = (O’uw’, Ov’) + k27 vdi k la s6 nguyén.
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Vidu4 & Cho géc lugng gide gée O c6 tia ddu Ou, tia Dy

cudi Ov va ¢6 s0 do 60°, Cho géc lugng giic 4 Cho goc higng piac gbe O
(O°u’, O°v') ¢ tia ddu O'u’ = Ou, tia cudi1 O'v’ = Ov. £o A ﬂa‘;]ﬂf}u, tia.cu1 Ov va co
Viét cong thilc biéu thi s6 do géc ligng gide (0'w’, 0'y?). 30 40— = Cho gdc ludng gide

N (01, 0" c6 tia diu O'u’ = O,
Giai tia cudi O'v'= Ov. Viét cong thiic
Ta c6: (0w, O°v') = (Ou, Ov) + k360° bicu thi 56 do géc Iudng gidc

= 60° + k360° (k € 7). (@8, OV}

Cho géc (hinh hoc) xOz, tia Oy niim trong géc z
xOz (Hinh 8), Néu moi lién hé gitia s6 do ctia goc xOz 5
vi tong s6 do clia hai géec xOy va yOz.

Ngudi ta ¢6 thé ching minh duge dinh If sau, goi 1a L =
hé thitc Chasles (Sa-10) vé sd do cla gée lugng gidc: Hinh 8

= A aeessseees EESSSS W o
Vi ba tia tuy ¥ Ou, Ov, Ow, ta cé:

(Ou, Ov) + (Ov, Ow) = (Ou, Ow) + k2n (ke Z).

Vidu5 = Cho géc ligng gidc (Qu, Ov) ¢6 s6 do la 3% goc lugng gidc (Ou, Ow) ¢d

s6 do1a 2. Tim 58 do ciia g6c ligng gide (Ov, Ow). 4

4 | =
Gidi 8 Cho géc lugng gidc
Theo hg thiic Chasles, ta ¢é: (Ou. Ov) ¢6 56 do 1 — %
(Ov, Ow) = (Ou, Ow) — (Ou, Ov) + k2= goc lugng gidc (Ou, Ow) ¢
%ﬂhg*_“ K = kI (keZ). s do la %, Tim s6 do clia

goc ludng guic (Ov, Ow).

Il. GIA TRI LUONG GIAC CUA GOC LUONG GIAC
Trong muc nity, ta s&€ md rong cdc gid tri lugng gidc cta gée hinh hoc thanh gid tri lugng
gidc cla goc lugng gidc. DO 1a cd s dé xdy dung cac ham so ludng gidc (bién so thuc),
nhitng him s& quan trong trong todn hoc, khoa hoc — ki thuét va trong thuc tién.
1. Puomg tron lugng gidce
Trong mit phﬁnb toa dd Oxy, ta quy udc: Chiéu nguge chidu quay clia kim dong ho 1a
chiéu dudng va chiéu quay ctia kim ddng hd 14 chiéu im. Nhu viy, mit phing toa do
Oxy da duge dinh hudng.
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Boc ban moi nhat trén hoc10.vn

a) Trong mit phﬁng toa dd (dinh hudng) Oxy, hiy vé dudng tron tim O vai bén kinh
biing 1.

b) Hiy néu chiéu duong, chiéu 4m trén dudng tron tim O véi ban kinh bing 1,

o

rong mit phiing toa do da dugc dinh hudng Oxy, ldy diém A(1 ; 0). Puding tron tim O,
bdn kinh OA = | duge goi la duimg tron lugng gide (hay duong tron don vi) goc A. _

Chii y: Cac diém B(0 ; 1), A’(= 1 ; 0), B’(0 ; = 1) niim trén dudng tron ligng gidc.

Vidu6 @ Xdc dinh di€ém M trén 4 \;y

" B |
d;in% trbr_l llgrg‘r:g gidc sao cho i & Xic dinh diém N trén
(0A, OM) = » 135° dudng tron lugng gidc sao
Gidi A 5

0 [ :i cho (OA, ON) =— —.
Goi M la diém chinh gilia cta \_/ R 3
cung BA' trén duding tron lugng gidc. VA
s

Ta co: (0OA, OM) = 135° (Hinh 9). Hinh 9 M K

2. Gia tri luong giac cia goc lugng giac L3 A

@ 7] O/ X

a) Xdic dinh diém M trén dudng tron lugng gidc sao cho
(0A, OM) = 60°. Hinh 10
b) So sdnh: hoanh d6 ctia diém M véi cos 60°%; tung d6 ctia diém M vdi sin 60°.

Trong trudng hgp tong qudt, véi mdi géc ludng gidc e, ldy diém M trén dudng tron
lugng gidc sao cho (OA, OM) = a (Hinh 10).

Goi toa d6 cua diém M trong he toa do Oxy la (x ; y).

« Hoiinh d6 x clia diém M goi la eésin clia gée luong gidc er v ki hiéu cose, cose = x.

« Tung d6 y ciia diém M goi 1a sin ciia géc higng gidc a va ki hiéu sina, sina = y.

o Néu cosa = 0 thi ti s8 3% goj 1a tang ciia géc Iuong gidc e va ki hiéu tana,
sina cosc
tang = .
COSCY
- . mo - ms‘a n " A a - oo - .
« Néu sina # 0 thi ti 50 — 20l la corang cua goc ludng gidc e va ki hiéu cot e,
ShH Sin o
cotor =—
sin
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Vidu 7 & Tim cdc gid tri lugng gide cia goc lugng gidc o = 1207,
Gidi =
Liy diém M wén dudng won ligng gidc sao cho AR

(OA, OM) = a = 120° (Hinh 11). Goi H. K lan lugt 14 .

h
B
K
, : L\
hinh chiéu cha diém M trén cdc truc Ox, Oy. H O 5
Khi d6, ta c6: AOM = 120°, suy ra BOM = KOM =30°. k_/

Theo hé thiic trong tam gidc vudng KOM, ta cé:

Hinh 11

OK = OM . cos KOM = cos 30° = %va E‘y
7 Tim gid tri ligng gidc
1 Vr y: clia goc lugng gidc ﬂ=—-£.
MK =0M .sinKOM —'«;.n'l"i'[]“-2 Dodé, M =2 2— dy: g 3
3 0
sin 1207 =£;L‘(}H iZIf)“:—-I-; tan 120 =M= .,'E cot120° = cos120 — ﬁ
2 2 cos120° sin120° 3

@ L Xét diu cic gid tri Iigng gide cha goc lidng gide a = — 30°,

Diu ctia cdc gia tri ligng giac cua goc a = (OA, OM) phu thudc vao vi tri diém M trén
duding tron ludng gidc (Hinh 12). Bang xéc dinh diu cla cic gia tri ligng gidc nhd sau:
I YA

Goc phﬁ.[l i R

I no|m | I "K\'

Gid tri lugng gidc

Cosex + e >
NS E— - = ! x
sina + + - - § (RN ;
& | | . & M
tana h T 5 + - I B v
cota + - + - Hinh 12

[ —

Vidu 8 = Xét diu cdc gid tri lugng gide cha gée ligng L/-" .
8 Xét diu cdc gid tri lugng

- 3 : :
glac a = 0 gidc cia goc ligng gidc
4 Sm
o=—
Gidi 6
Do-n< I8 < —-L nén sin [—3—“) <(; EDS[—E) < (); tan [—ﬁ) > 0; cat(—S—H] > ().
4 2 4 4) 4 | 4
@ £ Cho goc ludng gidc a. So sanh:
a) cos e + sin‘a va l; b) tane. cote va 1 vdi cosa # 0, sine # 0;
¢) 1+ tan” o va 5 vl cosa = 0 d) 1+ cote vi 5 vl sine = ().
cos ¥ sin "o
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vii cosa # 0, sina # 0,

. cos’a +sin“a = 1 véi moi o . tane =

color

. 1+tan2ar= vl sine = (.

12 voi cos a = (); o 14cot’e =

cos sin?

(4

Vidu 9 & Cho gbe ligng giic & sao chn—g{a{(}vﬁ 7 _
tan = — 2. Tinh cosa, sina. 9 Cho gbc lugng gidc o

sao cho E{H{S—; vil

Gidii
e sina =——. Tim cosa.
DU—E{a{ﬂnénmsa:pU, 3
Ap dung cong thife 1 + tan’ @ = 5—, ta c6 cos’a = 1 — = ] =~ = —I—
cos o l+tan“e 1+(=2)% 3

1 1 i 1 p
s.uyracnsa=J7= viti dé sing =tana.cosag=-2. —=—- —.
5 s Vs s

@ (U'» Tim cic gid tri lugng gidc cha goc hugng gide a = 45°.
Bing dudi diy néu 1én cdc gid tri lugng gide ctia mot s6 goc dic biét.

o (E=4 = NGl = | = | || 5=
2 6 4 3 2 3 4 6 =
sin 0 1 E ﬁ 1 ﬁ ﬂ 1 0
2 2 2 2 2 2 !
|
cos 1 ﬂ ﬂ l 0 _,l— _é _ﬂ -1
2 % 2 2 2 2 2 |
| l
. IR N I =3 | -1 B,
3 | 3 |
|
ot | | | B o1 Bl |B] | I
3 3
Vidu 10 © Tinh gia tri ctia biéu thirc: P
5T P X T 10 Tinh gid tri ctia biéu thic:
F =cos §+tan—+mt —+sm5. 2T T - =
= =] — — 4 COB—.
(0 =tan S sin 4+mt4 m52
(ridi
2
1 2 21
5: P=cos® ~4tan~+cot? T 4sinm == | +1+(+3) +1="",
Tacé cos 3 4+c0 6+Sm2 5 + +(\/'_) + 2
12
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3. Gia tri lugng giac cuna cac goe ¢o lién quan dac biét

Trén dutding tron Iudng gidc, cho hai diém M, M’ s
sao cho goéc lugng gidc (OA, OM) = a, goéc lugng gidc
(OA, OM’) = — a (Hinh 13).

a) Poi vdi hai diém M, M’ néu nhiin xét vé: hoiinh dd ctia chiing,
tung d6 cia ching.

b) Néu moi lién hé gira cac gia tri lwrong giac twong {mg ciia
hai goc Irong gide a va — a.

s : e Hinh 13
Ta ¢6 cic cong thiic sau cho hai goc doi nhau (@ va — a):

' sin(—a) = - sina tan(— a) = — tang

cos(—a) = cosa cot(— a) = - cota

Ta cung ¢6 cdc cong thiic sau cho:
= Hai g6c¢ hon kém nhau n (@ va a + ) (Hinh 14):

sin(e + ©) = — singx tan(a + n) = tanex

cos(a + ) = — Ccosex cot(a + m) = cotar

« Hai géc bl nhau (¢ va n — @) (Hinh 15): ve

IM' ____Ei’__“______ M

sin(n — @) = sing tan(n — @) = —tang E

cos(m— @) =—cosa cot(n - a) = — cota

« Hai g6c phu nhau (& va o @) (Hinh 16);

13
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-

Vidu 11 Tinh: \;y
13n T 2n o Tinh-

a) sinT: b) sinﬁ -cus?. a) m32E+cnslj—It-;
Gidi b) tan 1°. tan 2° tan 45°
tan 88, tan 89°.
Ta co:
a) sinﬁ=sin 3n+Z |=sin| n+ 2 |=- sin£=—£;
4 4 4 £ 3

. T 2 . . |m 2z o M o O
b) sin— — o8 — = $in— —sin| ——— | =sin——sin— =0,
10 10 [2 ] 10 10
4. Sir dung may tinh cim tay dé tinh gia tri lugng gidc cia mot goc luong giac
Ta c6 thé sit dung mdy tinh cAm tay dé tinh gid tri ludng gidc (ding hodic gin ding) cia
mét goc lugng gidc khi biét s6 do ciia goe d6. Cy thé nhu sau:

« Né&u don vij ciia géc lugng gidc 12 d (%), trude hét, ta chuyén mdy tinh sang ch& dé “do™.

Phéptinh | Niit &n | Kétqui
sin35°15°33” | [sin)(3])(5])((1)(5)(="(3])(3)fr)(5) | 0-5772758359
tan(— 205%) ()2) (=) - 0.4663076582

« Néu don vi ctia goéc ludng gide 12 radian (rad), trude hét, ta chuyén mdy tinh sang ché do
“radian”.

Phép tinh Niit 4n Két qua

9
cos{ —T“) O@EMEEDE — 0.6234898019

co [%"J (1) (=) (tan) (2) SHIFT) (=) (5)(3)(=) | 03249196962

Vide 12 Dung may tinh cam tay dé tinh:
12 Ding mady tinh cim tay

a) sin42935°13""; b) c{}g[z_n]. dé tinh: )
> a) tan(—75%); b) cnt[—g}

14
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(ridii
a)

Phép tinh | Niit 4n . Kétqua |

in42°35'13” | (i) @)D B E R ME)EE) | 0676708232

b)

Phép tinh Niit én Két qua

cos [2—5“] (co3) (2) BHIFD) (=) (2) 5) (5) 0.3090169944

. BAI TAP _

Xdc dinh vi tri cdc diém M, N, P wrén duting tron lugng gide sao cho sé do cia cic
nin =

gdc ligng gidc (OA, OM), (OA, ON), (OA, OP) lan lugt blng— gt —

6
Sm 1 159
2. Tinh cdc gi4 tri ludng gidc ciia moi gde sau: 225% = 225%; - 1 035% Tﬂ 9; = =
3. Tinh cdc gid tri ldgng gidc (néu ¢6) clia mdi géc sau:
a) 1+.fc211 (k € 7, b) kn (k € Z);
i1 T

c) E+kn (k € Z); d) -{-i-+:m (k € Z).
4. Tinh céc gid tri lugng gidc cla géc a trong mdi tridng hop sau:

a) si:w,::r:E vﬂizcr{-:z{ﬂ; h]cos;:r,:—gvﬁi —-nm<a<0;

4 2 3
c)tanxk =3 vl —m<a < dcotax=-2véi O<a<m.

Tinh:

n

a) A =sin”5° +sin” 10° +sin® 15° +... +sin” 85° (17 6 hang).
b) B =cos5" +cos10” +cosl5° +...+cos175° (35 s0 hang).

6. Mot vé tinh duge dinh vi tai vi tri A trong khong gian. Tt vi tri A, vé tinh bit ddu
chuyén déng quanh Trii Pit theo quy dao 1a duding tron véi tim la tim O cua
Trii Dat, ban kinh 9 000 km. Biét ring vé tinh chuyén dong hét mot vong cua
quy dao trong 2 h,

a) Hay tinh quing dudng vé tinh da chuyén dong dudc sau: 1 h; 3 h: 5 h.
b) V& tinh chuyén dong dudc quing duding 200 000 km sau bao nhiéu gié (Iam tron
két qua dén hang don vi)?

15
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§2 | CAC PHEP BIEN POI LUOGNG GIAC

0 16p dudi, ta da lam quen véi mot s& phép
tinh trong tip hop cic s6 thic, ching han:
phép tinh lu§ thiia véi s6 mil ty nhién v
nhiing cong thic d¢ tinh todn hay bién doi
nhiing biéu thiic chifa cdc luy thita nhu viy.
Viée 1y cdic gid tri lugng gide chia géc lugng gide
da hinh thanh nén nhung phép tinh méi trong
tip hop céc so thuc, d6 1a nhiing phép tinh
lugng gidc.

2!‘11 +n = 2”! 2!!

_sin(a + b) =sina... + ..5inb

&

Cé hay khéng nhitng céng thitc dé tinh todn hay

2
e
' bién @oi nhitng biéu thitc chita gid tri liiong gidc?

I. CONG THUC CONG

a)Choa= L

3 b= g Hay tinh sina, cosa, sinb, cosb va sin (a + b). Tii d6 it ra ﬂﬁng thiic

sin(a + b) =sina cosb + cosa sinb (*).

b) Tinh sin(a — b) biing cdch bién ddi sin(a — b) = sin[a + (— b)] va slt dung cong thide (*).

Trong truding hgp tong quat, vdi cac goc lrong gidc a, b, ta ¢6 cic cong thiic sau (thudng
dudc goi chung 1a céng thite cong d6i véi sin):

= sinfa + b) = sinacosb + cosasinb * sin{a — b) = sinacosh — cosasinb

Vidu I @ Tinh sin75". 2
Gidi 1 Tinh sin —.
12

Ap dung cong thirc cong, ta co:

V46

sin75% = sin(30° + 45%) = sin30%cos45° + cos 30"sin45° = 2

16
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a) Tinh cos(a + b) bing cich bién ddi cos (a +b) = sin [—’5 —(a+ b)} = sin[(E - a) —b]
o . = A 2 2
va su dung cong thic cong doi vdi sin.
b) Tinh cos(a — b) biing cich bién d6i cos(a — b) = cos|a + (- b)] va sii dung cong thiic
cos(a + b) c6 dude & ciu a.
Trong trudng hgp tong quét, véi cdc gée lugng gidc a, b, ta c6 cde cong thiic sau (thuding
dugc goi chung 1a cong thite cong @6 véi cosin):

* cos(a + b) =cosacosb - sinasinb * cos(a — b) =cosacosbh + sinasinb
Vidu 2 | Tinh C(}ES—H. -
12 L=
Gidi " 2 Tinh cos 15°,

ﬂﬂﬁf—z = cns[g + E) = cns% cos% — sin% sing = JE;JE _

Ap dung cong thiic cong, ta ¢o:

-.‘hﬁ 3

a) St dyung cong thiic cong dbi véi sin va cdsin, hily tinh tan(a + b) theo tana va tanb
khi cic biéu thic déu ¢é nghia.

b) Khi cdc biéu thiic déu c6 nghia, hdy tinh tan(a —b) bing cdch bién doi
tan(a — b) = tan|a + (= b)] va st dung cong thiic tan(a + b) c¢6 dugc 4 ciu a.

Trong triding hgp tong quat, véi cac gée higng gidc a, b, ta c6 cdc cong thiic sau (thudng

dugc goi chung 14 cong thitc eong d6i véi tang):

' tana+tanh tana—tan b

s la +bh) = —— « tan(a - b =
fi{a ) |-tanatanb 2 ) l+tanatanb

(khi céc biéu thic déu ¢é nghia).

Vidu3 | Tinh tan '~ =
12 3 Tinh tan 165,
Gidi
Ap dung céng thiic cong ddi vdi tang, ta cé:

tan " + tan =
n n) AT 1443 (I+J§)E=_2_\/§

tanE=tan(—+—
12 4 3 ]_mgmn% 1-/3 2

17
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Il. CONG THUC NHAN 9Ol

@ E® Tinh sin 2a, cos2a, tan2a bing cich thay b = a trong cong thiic cong.
Mot cdch tdng quat, ta ¢6 cdc cong thifc sau (thuting goi 1a cong thite nhdn doi):

@ N 2tana

tan 2a= ——— (khi cac biéu thirc déu co nghia)
a2 w,
cos2a = cos"a—sin~a l-tan“ a

sin2a = 2sin@cosa

Nhiin xét

) L |
« c082a = cos’a — sin“a = 2cos’a — 1 = 1 — 2sin’a.

. cOS?a = @; sin® a = # (thudng goi la cdng thiic hg bac).
= .
Vidu4 @ Chosinag + cosa = E,Tlnh: ‘;V .
| @ Cho tan2=-2.
a) sin2a; b) cos4da. Tinh tan a
Giai \

. 1 & . 1 . ) 1
a) Do sinag + cosa = E nen (sina + cn::lrs.ﬂ)2 = E <> sin’a + cos’a + 2sinacosa = Z

3
T
b) Ap dung cdng thic nhin di, ta ¢6: cos4a = cos(2 . 2a) = | — 2sin’2a = - é

hay 1 + 2sinacosa = i Suy rasin2a = l -l==

- - T A& T f
Vidu5 @ Biét cosE G Tinh: cos—. = x :
12 5 Tinh: sinE, co5—.

Giai 8
o
1 +cos—
2+4/3 N2 +4/3
Ta ¢6: cos® — = 0. +"/—._Mh cnsi:}ﬂ nen CDS—E=—'J_.
12 2 4 12 12 2

I1l. CONG THUC BIEN OI TICH THANH TONG

@ LY Sit dung cong thic cong, rit gon moi biéu thiic sau:

cos(a + b) + cos(a — b); cos(a + b) — cos(a — b); sin{a + b) + sin(a — b).

Trong truting hop tOng qudt, ta cé cdc cong thic sau (thudng goi 1a cong thite bién doi
tich thanh téng):;

18
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cosacosh = E [cos{a + b) + cos(a — b)]
sinasinb = - %[cus (@ + b) —cosl(a— b)]

sinacosh = %[sin (a + b) + sinf(a — b)]

| :
Vidu6 | Chosin2x = ——. Tinh: A =sin x+Z |cos| x=-Z |,
3 4 4
(ricii

A =si 4 X —l sin x+“+an +s1in x+E-~.l:+£
=sin x+4 cos| x Z 5 3 3 v Z
= sin2x+sinZ |=2[et41]=1 p 2
2 2| 4V a g &Ch{)casa=§.

3 3a a
= ; £ 2 2 = Tinh: B =cos—cos—,
IV. CONG THUC BIEN POl TONG THANH TiCH 22

Sit dung cong thic bién ddi tich thanh tdng va diit @ + b = u: a — b = v 1di bién
déi cdc biéu thic sau thanh tich: cosu + cosv; cosu — cosv; sinu + sinv; sinu — sinv.

Trong trudng hgp téng quat, ta ¢6 cic cong thiic sau (thudng goi 1a cong thiic bién doi
tong thanh tich):

. ~wr=n |

: : . U+V [TEY,
COSH+ CO8Y = 2{:{}5 el | T SINU+ 51NV = 2 sin COs
2 2 2 2
. WYV . u—-w . ) U+v . U—V
COSHU — Ccosv = —28In sin | Sinu — siny = 2¢os sin
2 2 2
Vidu 7 | Tinh: [:/—y
7 Tinh:
11l . 5:
) sin-—=-sin—"; b) cos 105° + cos 15°. e n
B 9 9
Cricii (:-::-s':lr—ju:~-'.:t:rsE
9 9

1l 5m lln 5=

12 12 02 12 5o 2® [‘“)£ 2

12 Ecc:s“--smu—z —
3 4 2 2 2

.1l . 5m
a) sin—— —sin— = 2cos
12 12 2 2

19
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(8} 0 [} 0
b)msl[]fi"+-::n515”=2c0:-:]05 ;15 cnsmj 2_ B =2cos60"cosd5" =2, 5

132 V2
2.2

Vidu8 = Hiéu dién thé vi cuding dd dong dién trong mdt thiét bi dién lan lugt duige cho
bdi cde bicu thide sau:

u =40sin(120mt) + 10sin(360mt) (V);
i = 4sin(120a) + sin(360mr) (A).

(Nguon: Ron Larson, Intermediate Algebra, Cengage)

Biét riing cOng sudt tiéu thu tic thai cla thiét bi dé dugce tinh theo cong thic: P =u . i (W),
Hay viét biéu thiic biéu thi cong sudt tiéu thu tic thdi & dang khéng ¢6 luy thita va tich
clia cdc biu thic ligng gidc.

Cricii
Ta ca:

P=u.i=|40sin(120m) +10sin(360z) | . [ 4sin(120a¢) + sin(360nr) |

= 160sin” (1207s) + 10sin” (360mt) + 80sin(1207z)sin(360mr)

= 80[1—cos(240nt)| + 5[1- cos(720mf) | + 40 cos(360ns — 120mt) — cos(360mt + 120ms) |
=85 —80cos(240mt) — Scos(720mt) + 40cos(240mr ) — 40cos(480m1)

= 85 — 40cos(240mt) — Scos(720mt) — 40cos(480az ) (W).

B il Tip

A

20

i O .4 ; s Tt s
Gl sa==vii 0<a< —. Tinh: — | —— | tan| a+—|.
10 COS : vii a > in sm[a+6] {:os[a 3] [a 4)

Tinh:

A =sin(a — 17" cos(a + 13”) — sin(a + 13%)cos(a — 17");

B =cos b+£ cos i b |—sin b+E sin L B |
3 6 3 6

Cho tan{a + b) = 3, tan(a — b) = 2. Tinh: tan2a, tan2b.

Cho sina = i Tinh: cos2a, cosda.

V5

Cho sina + cosa = 1. Tinh: sin2a.
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1 . T . .
6. Chocos2a= E vii E{ a <. Tinh: sina, cosa, tana.

7. Chocos2x= l.T[nhzﬂzcus x+E cos x—E : B=sin ,Jnr+E sin x—E ;
4 6 6 3 3

; , ; sin x4+ sin2x +sin3x
8. Riit gon biéu thic: A=

COSX +Cos2x +cosix

9. Mot sdi cép R duoc gin vio mit ¢ot thing ding & vi tri cdch mit dit 14 m. M6t sdi
cdp S khdc ciing dwoe gin vio cot d6 6 vi tri cdch mit dat 12 m. Biét riing hai soi cdp
trén ciing dudc gin vdi mit dit tai mot vi tri cdch chin cot 15 m (Hinh 17).

e T *0
Hinh 17
a) Tinh tane, & d6 e la gée gitia hai sgi cdp trén.
b) Tim goc @ (1am tron két qua dén hiang don vi theo don vi dd).

10. C6 hai chung cu cao tang xay canh nhau véi khodng cdch gilia ching la HK = 20 m.
Pé dam bio an ninh, trén ndc chung cu thit hai ngudi ta lip camera & vi tri C. Goi
A, B 1an lugt la vi tri thdp nhét, cao nhit trén chung cu thii nhit ma camera c6 thé
quan sat duge (Hinh 18). Hay tinh s6 do géc ACB (pham vi camera ¢6 thé quan st
dugc & chung cu thii nhat). Biét riing chiéu cao clia chung cu thi hai 14 CK =32 m,

AH =6 m, BH =24 m (1am tron két qua dén hang phin mudi theo don vi do).
iy

I
Hinh {8
21
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§3  HAM SO LUONG GIAC VA PO THI

Guong nudc (hay con goi 14 con nudc) khing chi . <Y1
la cong cu phuc vu san xudlt ndng nghiép, ma da o '
trd thanh hinh dnh quen thude cha ban lang va la
maot nét viln hod diic trung cla déng bio din tdc
mién ndi phia Bic.

Mot chiée guong miGe ¢6 dang hinh trdn bin
kinh 2,5 m; truc cua né dit cich mit nuée 2 m.
Khi guong quay déu, khodng cich i (m) tit mot
dng ding mide giin tai mot diém ciia gudng dén miit nuée dugc tinh theo cong thic h = |y

(Ngudn: https:f/shutterstock.com)

1

A 2 T ; i o i = 2
trong dé y = 2‘5sm(2n — 5] + 2, v6i x (phut) la thai gian quay cia guong (x 2 0).
(Ngudn: Bai 56 va Gidi tich 11 Nang cao, NXBGD Viégt Nam, 2020).

i
@ Khodng cdch h phu thude vao thoi gian quay x nhu thé nao?
O

I. HAM SO CHAN, HAM SO LE, HAM SO TUAN HOAN

1. Ham s0 chan, ham sé lé

a) Cho hiaim s6 flx) = x°. I

Vi ()

* Vdi x € K, hily so sdnh fi— x) va fix). S0l 1 X
X - 1 n =" - o 1 [ ¥
* Quan sét parabol (P) 1a d6 thi ctia ham s& fix) = x* (Hinh 19)
vii cho biét truc déi xiing cua (P) 1a dudng Lhi'i.ng nao. Hinh 19

b) Cho ham s6 g(x) = x. vA d
* Véi x € R, hiy so sdnh g(— x) va — g(x). ;

» Quan sdt dudng thing d 1a db thi cia ham s6 g(x) = x |
(Hinh 20) va cho biét géc toa dd O c6 1a tim d6i xiing cla
dudng thiang d hay khong. i1

Ta néi ham s6 Ax) = x° 1a ham s6 chdn; ham s6 g(x) = x 1A
ham s6 1€

=1

Trong truding hgp tong quat, ta ¢6 dinh nghia sau: Hinh 20

'Chﬂ ham sd y = fix) v6i tap xdc dinh D.
« Ham s6 y = flx) duge goi 1a ham s6 chdn néu Yx e D thi —x € D va fl—x) = fix).
» Ham s8 y = flx) dugc goi 1 ham s6'[é néu Yx e D thi—x € D va fi—x) = — flx).

22
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Chii y
» DO thi hiam s6 chin nhén tryc tung 1am tryc doi xdng.

» DO thi him 6 1€ nhin goc toa d§ lam tim ddi xing. ® 2) Chitng 15 ring ham s6

lidu I ' Chiing to ring ham s6 fix) = 33 = 5 1a ham g(x) = x 12 ham & 1&.
sO chin. b) Cho vi du vé ham so
Gidi khéng 12 ham s& chin va

. e —_— PN S cling khong 13 him so 1&.
Ham s6 f(x) = 3x* = 5 12 ham s& chin vi: 8 =

*Tap xdc dinh laD =[&;
sVreRthi—xe Rvaf(-x)=3(-x%-5=32-5=fx).

2. Ham s0 tuan hoan
Cho ham s6 v = fix) xéc dinh trén R va cé db thi nhu Hinh 21.

a) Cé nhin xét gi vé d6 thi ham s0 trén mbi doan [a;a+ T, la+T:a+ 27, [a—T; al?
¥ A

Hinh 21

b) Liy diem M (x, 3 fix,)) thude dd thi him s& véi x, € [a;a+ T). So sanh mdi gid tri
Ax,+ 1), fix,—T) véi fix,).
Trong truding hgp tong qudt, ta c6 dinh nghia sau:

V = o — - !
Cho ham s3 v = f{x) véi tdp xdc dinh D. Him s6 y = fix) dugc goi 1a rudn hoan néu
ton tai mot s6 T khdc 0 sao cho véi moi x € D, ta ¢cé:

s x+TeDvax-TeD:
* fix + T) = fix).

S0 T ducng nhd nhit thod méan (néu ¢6) cdc tinh chit trén duge goi 1a chu ki cia
ham s& tuan hoan dé.

1 néuxlasd hitu t ' »
Vidu2 ' Chohamso f(x)= ' ; SO
/ 0 n&uxlasdvoti 2 Cho vidu v€ ham 50

) - tudn hoin,
va T la mét sO hitu ti duong.

Chiing minh: fix + T) = fix) vdi moi x. Tir dé suy ra ham s& fix) 1a tuan hoan.
23
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Gidi

Ta thdy ham s6 f{x) xé4c dinh trén R. Xét mot s6 thuc x tuy y.

Néu x 1a s6 hiiu ti thi x + T cling 12 s6 hiiu ti. Néu x 12 s6 v ti thi x + T cling 13 s6 vo ti.
Vi thé flx + T) = fix) véi moi x. Tl d6 suy ra ham s0 fix) 1a tuan hoan.

Nihdn xét

Cho ham s& tuén hoan chu ki 7. Tit &b thi ham s& @6 trén doan [a ; a + T), ta dich chuyén

song song vdi truc hoanh sang phai (hoiic sang trdi) theo doan c6 d6 dai 7' thi duge do thi
ham sé trén doan [a+T:a+ 2T (hodc [a—T : a)).

Il. HAM SO y = sinx
1. Pinh nghia

S EP» V6i moi s6 thuc x, ton tai duy nhat diém M Bl M
trén dudng tron lugng gidc sao cho (OA, OM) = x (rad) . i
(Hinh 22). Hay xdc dinh sin.x. *
A 0 A x

Ung vdi mbi s& thue x, ed duy nhdt
mot gid tri sinx.

Trong truting hop tong qudt, ta c6 dinh nghia sau:

Quy tic dit tuong dng mbi s6 thue x vdi mot 6 thuc sinx duge goi 1a ham s6 y = sinx.
Tép xdc dinh ctia ham s6 y = sinx 1a IR,

2. Po thi cia ham so y = sin.x
@ % Cho ham s& y = sinx.

a) Tim gid tri y twong rng va&i gia tri cua x trong bang sau:

Snt T T T T Sw
x -t | ——= | = | -= 0 — — — T
6 2 6 6 B 6
y=sinx ? 7 s ? ? ? ? ? ?

b) Trong miit phiing toa dd Oxy. hiy biéu dién cdc diém (x : v) trong bang gid tri & ciu a.
Biing cdch lam tudng tu, 1ay nhiéu diém (x ; sinx) vdi x € [— = ; ®] va nodi lai ta dudc
d4 thi ham s6 y = sinx trén doan [— 7 ; ] (Hinh 23).

24
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¢) Lam tidng wi nhu trén d6i véi cdc doan YA
[-3m:—x], [x:3x], ..., tacd dd thi ham s& .
y=sin x trén R dugc biéu dién & Hinh 24. sm

|
nl i - ) = 5]
L : ¥ = SiNX

=
S — ]
|

R

Podfe—
(=2l |

E |.._4::].... .
=]

Hinfi 24
3. Tinh chat cia ham s6 y = sinx

Quan st d thi ham 6 y = sinx & Hinh 24.

a) Néu tip gid tri ciia ham s0 y = sinx.

b) Géc toa dd ¢6 la tim d6i xing ctia d6 thi ham s6 khong? Tir d6 két ludn tinh chén, 1é
ctia him s6 y = sin.x.

¢) Biing cdch dich chuyén dd thi him s6 vy = sinx trén doan [ 7 ; ©] song song vdi truc
hoanh sang phai theo doan ¢é d6 diii 2x, ta ¢6 nhin duge do thi ham s6 y = sinx trén
doan [ ; 3n] hay khong? Ham s0 y = sinx ¢6 tuin hoan hay khong?

d) Tim khodng ddng bién, nghich bién ca him & y = sinx.

Ham 'aﬁ y = sin x cO lﬁp gni trila[—1: 1] va co tinh chﬁ't sau:

9 Hiam s0 y = sinx la ham s0 1&, ¢6 d6 th: doi xiing qua gﬁt. toa dt) 0,
» Him $6 y = sinx tudn hoan chu ki 2x;

« Ham s0 y = sinx dong bién trén mdi khoang [H%+ k2w ; *g-wr k211:} nghich bién

trén méi khnfmg( + 10 ,3?... m} véik e Z.

Vidu 3  Ham s y = sinx dong bién hay nghich bién p

trén khodng (I . 13“}:' 3 Ham sd y = sin x ddng
Gidi " bién hay nghich bién trén
n Sn
Do [] L ; ]3“] - [- L +6n : L 611) nén him so khoang(—? -?]
2 2 2 2
y= 1 ht 13n i
2 2
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Nhdn xét: Dua vao dd thi ctia ham s8 y = sin x (Hinh 24), ta thiy sinx = 0 tai nhiing gid
tri x = kn (k € Z). Vi viy, tdp hgp céc so thiyc x saocho sinx 2 0la E=R\ {knl k € Z}.

ll. HAM SO y = cosx
1. Dinh nghia

M
Vi mbi s6 thue x, ton tai duy nhit diém M ,
trén dudng tron ludng gidc sao cho (OA, OM) = x (rad)
(Hinh 25). Hay xdc dinh cosx, ¥ 5 I;jr —

Ung vdi mdi s6 thue x, ¢6 duy nhdt
mol gid 1ri CosXx. B

Hinl 25

Trong truting hgp tong quat, ta cé dinh nghia sau:

%

Quy tic dit tudng dng mdi s thuc x véi mot s6 thue cosx dude goi 1a ham s6 y = cosx.

Tép xac dinh ctia ham s6 y = cosx la R,

2. Do thi ctia ham s6 y = cos x
@ [ Cho ham s y = cosax.

a) Tim gid tri y twong (g va1 gi4 tr cua x trong bing sau:

2 T 14 T T 27
X - —— | —— e 0 — — —— yis
3 2 3 3 2 3
y=oogk]| 1 ? ? —— ? ? ? 3
|

b) Trong miit phing toa dd Oxy, hiy biéu dién
cdc diém (x ; y) trong bang gid tri & ciu a.
Bing cdch lam tuong ty, 1dy nhiéu diém
(x 1 cosx) véi x € [— 7 ; ] va ndi lai ta dugc
dd thi ham s6 y = cos.x trén doan [- 7 ; 7 | g 4] W)
(Hinh 26). e =i

¢) Lam wiong t nhu trén d6i véi cdc doan Hinh 26
[-3n:—m], [x; 3x], ..., ta c6 A0 thi ham sd
y =cos x trén R dugc biéu dién & Hinh 27.

V= COSX

26

Boc ban moi nhat trén hoc10.vn Ban sach mau



¥ = CO&X

s o i Hinh 27
3. Tinh chat ciua ham sd y = cosx

Quan st 43 thi ham s& y = cosx & Hinh 27.

a) Néu tip gid tri cia ham s6 y = cosx.

b) Truc tung ¢6 1a truc d6i xdng cia do thi ham s6 khéng? Tt d6 két ludn tinh chin, lé
ctia him s v = cos.x.

¢) Biing cich dich chuyén d6 thi ham sé y = cosx trén doan [~  ; | song song véi truc
hoanh sang phai theo doan ¢é d6 dai 2=, ta nhin dugc do thi ham s6 v = cosx trén doan
[ ; 3n] hay khoéng? Ham s6 v = cosx ¢6 tuiin hoan hay khéng?

d) Tim khodng ddng bién, nghich bi&n ciia him s6 y = cosx.

Ham 15} = Cosx ¢O tap gla tri 12 [ 1 ; 1] va ¢6 tinh chat sau:

9 Ham sd y = cosx Ia hﬁm s0 chdn, ¢6 db thi doi xﬂng qua truc tung;
* Ham s y = cosx tuan hoan chu ki 2m;

» Ham s0 y = cosx dong bién trén moi khodng (— © + k2r ; k2m), nghich bién trén
mdi khodng (k27 ; m + k2r) vOi k € Z,

Vidu4 Ham so y = cosx dong bién hay nghich bién trén khoing [Zin zgn]
Giati P
Do [ZSﬂ - 26“] [ +8mi <t + S‘m) nén him sGy=cosx 4 Ham s y = cos x dong
3 73 3 3 bién hay nghich bién wén

nghich bién trén khoang [2? ;:":;“ , khodng (= 2n ; — m)?

Nhdn xét: Dua vao d6 thi cia him s6 y = cosx (Hinh 27), ta thiy cosx = 0 tai nhilng
gid tri x =%+ kn (keZ). Vi viy, tip hop cdc sO thuc x sao cho cosx # 0 la

n:um%mmke:ﬂ}.

IV. HAM 8O y = tanx
1. Pinh nghia

GSYP Xét tip hop D = R \{%mmk e z}. Véi mbi sd thue x € D, hiy néu

dinh nghia tan.x.
27
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Ta c6 dinh nghia sau:

Quy tic dit tuidng (ing moi s6 thuc x € D vdi mdt s6 thuc tanx dude goi la ham sO

y = tanx. Tip xdc dinh cua ham sﬁ'yztanxlhﬂzﬂ%\{-g-+kn1ke E}.

2. Po thi cia ham s6 y = tanx
@ (') Cho hiim s6 y = tanx.

a) Tim gia tri y twong (g vo1 gia tr cua x trong bang sau:

T 7 T s

x e i 0 - =

3 4 4 3

y=tanx | 7 ? . ? ?

b) Trong mit phiing toa d6 Oxy, hdy biéu dién cdc diém (x : y) trong bang gid tri & ciu a.
Biing cdch lam tudng tu, 14y nhiéu diém (x : tanx) véix e (_ & E] va néi lai ta dude
dd thi hiim s6 y = tan x trén khodng [_ g : g] (Hinh 28).

c¢) Lam tudng ti nhu trén d6i véi cdc khoang [E : 3_“} (_ Sn : _E} ..., ta c6 d6 thi

202 2 2
haim s6 y = tan x trén D dugc biéu dién & Hinh 29.

Yk ! | i Y

[
o)
P E
k|
u|—|
=
' d
H
A
o
|
ml G
=t

Hinh 28 Hinh 29
3. Tinh chit cia ham so y = tan x
% RhP Quan sit dd thi ham s0 y = tanx & Hinh 29.
a) Néu tip gia tri ctia hiim 0 y = tanx,

b) Géc toa dd ¢6 1a tim ddi xing cta dd thi hiim s& khéng? Tir d6 két ludin tinh chin, 1&
ctia ham s0 y = tanx.
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¢) Biing cdch dich chuyén d6 thi ham s y = tanx trén khodng [—- g : E) song song véi

2
truc hoanh sang phai theo doan c6 d@d di =, ta nhiin dugc @6 thi him s8 y = tanx trén
khoang (125 ,i—n) hay khong? Ham sd y = tanx ¢6 tuidn hoan hay khong?

d) Tim khoang déng bién, nghich bién clia ham s6 y = tan.x.
Ham s8 y = tanx ¢6 tip gid tri 12 R va ¢é tinh chat sau:

» Him $8 y = tanx 12 ham sé 1&, ¢6 do thi d6i xing qua gdc toa dd O;
» Ham s0 y = tanx tuan hoan chu ki m;
» Ham s y = tanx dong bién trén mbi khodng (~§+ km ; % +kn) viike Z

1idu 5 © Xét tinh chén, 1& ctia ham s0: fix) = sinx + tan x.

Gridi

p y N m
Tip xdc dinh cta ham s lAaD=R\{—+knlkeZ};.
L A R {z = } 5 V6i méi s5 thyc m, tim
Véimoixe D,tac6-xe D s6 giao diém cia dudng
vi f(— x) =sin(-x) + tan(— x) = — sinx — tanx thing y=m va dd thi ham

= — (sinx + tanx) = — f(x). s0 y = tanx trén khodng

Viy him s6 f{x) = sinx + tanx 1 him I¢. [— g ; g}
V. HAM $O y = cotx Yy 7

1. Dinh nghia

CEEB> Xéttiphop E= R\ {kn| k € Z). V6i mdi s6thue x € E. hay néu dinh nghia cotx.

Ta c¢d dinh nghia sau:

' Quy tic dit tudng ing mbi s6 thuc x € E vdi mot so thuc cotx dude goi 1a ham sé

y=cotx, Tap xdc dinh chtahimsd y=cotx1a E=R \ {knlk e Z}.

2. Do thi cua ham sb y = cotx
¢ EP» Cho him s6 y = cotx.

a) Tim gid tri y twong rng vai gia tri cia x trong bang sau:

L n 2 3n b1
6 4 7 6
? ? 74 7

‘ X

| y=cotx
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b) Trong mit phiing toa dd Oxy, hiy biéu dién cic diém (x ; v) trong bing gid tri § ciu a.
Biing cdch lam tuong tu, 14y nhiéu diém (x ; cotx) véi x € (0 ; =) va ndi lai ta duge
dd thi hiim s& v = cotx trén khoang (0 ; ) (Hinh 30).

¢) Lam tuong ty nhu trén déi véi cic khodng ( : 27), (- 1 0), (- 21 : — 1) ..., taco do thi

ham s v = cotx trén E duge biéu dién & Hinh 31.

Vi
.‘II L

0

Hinh 30 Hinh 31

3. Tinh chat cia ham s0 y = cotx
@ Y Quan sit dd thi ham s& y = cotx & Hinh 31.

a) Néu tip gid tri clia hiim s6 y = cotx.

b) Goe toa d6 ¢6 14 tim d6i xdng clia d6 thi him s6 khong? Tit d6 két ludn tinh chin, 1&
clia ham s3 y = cotx,

¢) Biing céch dich chuyén dd thi ham sd y = cotx trén khoiang (0 ; ) song song vdi
truc hoanh sang phdi theo doan ¢6 dd dai 7, ta nhdn duge do thi ham sd y = cotx trén
khodng (m ; 2m) hay khéng? Ham s6 v = cotx ¢6 tuan hoian hay khong?

d) Tim khodng ddng bién, nghich bién ctia him sé y = cot.x.

Ham s0 y = cotx ¢6 tip gid tri 12 R va ¢6 tinh chat sau:

Ham s6 y = cotx 1a ham s6 1&, ¢6 do thi d6i xing qua gde toa dd O;
» Ham 56 y = cotx tuin hoin chu ki «;
» Ham s6 v = cotx nghich bién trén méi khodng (kn ; & + k) véi k € 7.

Vidu 6 Ham s8 y = cot x ddng bi€n hay nghich bién

trén khoding [E : E}? “® V6i mbi s§ thyc m,
4 2 tim sé giao diém cia duding
Gidi thing y = m v d6 thi ham s&

: ' = cotx trén khoang (0 ; ).
Ta thdy ham s& y = cot x nghich bién trén khodng [: ; ;] ; 4
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Dung do thi ham s6, tim gia tri cua x trén doan [ 27 ; 27| dé:
a) Ham s y = sinx nhén gid tri biing 1; b) Ham s& y = sinx nhin gid tri bing 0;
¢) Ham s6 v = cosx nhin gid tri bing — 1;  d) Ham s6 y = cosx nhin gi tri bing 0.

Dung do thi ham so, tim g1 tr cia x trén khodng (—‘JT ; %’EJ dé:

a) Him s6 y = tanx nhin gid tri biing - 1;  b) Ham s8 y = tanx nhin gid tri biing 0;
¢) Ham s& y = cotx nhin gid tri bing 1; d) Ham s y = cotx nhin gid tri biing 0.

Xét su bién thién cia mdi ham s6 sau trén cic khoang twong g,

a) v = sinx trén khodng _9_11:;_7_1: . &,*23—11 ;
2 2 2 2

b) vy = cosx trén khoidng (- 20m ; — 19x), (- 97 ; — 8n).

Dung d6 thi ham s6, hay cho biét:

a) Véi méi m e[ =1:1]. ¢6 bao nhiéu gid tri & € ‘:—g - g] sao cho sing = m;
b) Vi mdi m e[ —1:1]. ¢é bao nhiéu gid tri & [0 ; n] sao cho cosa = m;

¢) Vi mbi m € R, ¢6 bao nhiéu gid tria € {—g e %J sa0 cho tana = m;

d) Véi moi m e R, ¢6 bao nhiéu gid tri & € (0 ; ) sao cho cote = m.

Xét tinh chiin, 1 chGa cdc ham s&:

a) ¥ = SiN.X COs.X; b) y = tanx + cotx; ¢) y = sin’x.

Mot dao dong diéu hoa cé phudng trinh li d6 dao dbng la: x = Acos(@f +@),
trong d6 ¢ la thon gian tinh bang giay. A la bién do dao dong va x 1a i do dao

dong déu dugc tinh bing centimét. Khi do. chu ki T ctia dao dong la T:E—ﬂ.

T T O PP
Xac dinh gia tri cua li do khi 1 = 0, F=E* I=Ej I=T, t =T va vé dob thi biéu
dién 1i d§ cua dao dong diéu hoa trén doan [0 ; 27] trong trudng hgp:

n
a)A=3cm, ¢=0; b}z’s=3cm,tp=-5; c]z1=3cm,r;ﬂ=g.

Trong bai todn md diu, hiy chi ra mot s6 gid tri cha x dé éng dyng nude cdch
miét nuée 2m.
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Boc ban moi nhat trén hoc10.vn

§4 PHUONG TRINH LUONG GIAC CO BAN

Mot vé tinh nhin tao bay quanh Trdi Dit theo Vé tinh
mot quy dao la dudng elip (Hinh 32). B cao
h (km) ctia vé tinh so véi bé mit Trai Dat duge

xdc dinh bdi cong thic h=550+450c05;—0r

(Nguon: Pai sé va Gidi tich 11 Ning cao, NXBGD
Viér Nam, 2021), trong do6 1 1a thai gian tinh bﬁng phut
ké tif liic vé tinh bay viio quy dao. Tai thdi diém ¢
biing bao nhiéu thi vé tinh cdch mgt dit 1 000 km; Hinh 32

250 km: 100 km?

Trén thuc t€, ¢6 nhicu bai todn dan dén viée gidi mot trong cdc phudng trinh ¢6 dang:
sinx = m, cosx = m, tanx = m, cotx = m, trong d6 x 14 in s, m la s6 thuc cho trude. Cic
phudng trinh &6 la cac phutong trinh lwgng gide co ban.

I. PHUONG TRINH TUONG DUONG

Nhu ta di biét, mdt phudng trinh v6i in x ¢6 dang f(x) = g(x), trong d6 v€ tréi f(x) va
vé phai g(x) 1a hai biéu thic ctia cing m6t bién x. Khi gidi phudng trinh nay, ta c¢in luu y
téi didu kién ddi véi dn s6 x d€ f(x) va g (x) ¢6 nghia (tic 12 moi phép todn déu thuc hién
dugc). Ta ciing néi dé 1a diéu kién xde dinh cia phuang trinh (hay goi tit 1a diéu kién
cua phitong trinh).
R Cho hai phuong trinh (v6i ciing dn x): 2% = 3x + 2= 0 (1)

x=Dix-=2)=0(2)
a) Tim tip nghiém SI ctia phudng trinh (1) va tip nghiém S2 cta phudng trinh (2).
b) Hai tip S,, S, ¢6 biing nhau hay khong?
Trong tridng hop tong quét, ta ¢6 dinh nghia sau:

r T TeEEEEEm— 4]
" Hai phudng trinh (cting 4n) dudc goi 12 rwong diong néu ching ¢6 cling tip nghiém.

Néu phudng trinh f,(x) = g (x) tudng duong vdi phudng trinh f,(x) = g,(x) thi ta viét
[0 = g,(x) = f,(x) = g,(x).

Vidu 1 | Haiphuong trinhx - 3=0vax’— 6x+9=0 f}

c6 ttdng dudng khong? Vi sao? 1 Hai phuong trinh x—1=0
_— 2
Gidi x =1
v =0 ¢6 tidng duon
x+1 = g

Tép nghiém cia phuong trinh x -3 =012 §, = {3}.

_ ) 2 khong? Vi sao?
Tap nghiém cua phudng trinh x* - 6x+9 =01a 52 ={3}.
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Vi§ =5, nén hai phudng trinh x =3 =0 va x>~ 6x + 9 = 0 tiong duong,

?P Khing dinh 3x — 6 = 0 <> 3x = 6 diing hay sai?

Trong cdc phép bién ddi phuong trinh, ddng chii ¥ nhit 1a cdc phép bién ddi khong lam
thay déi tp nghiém ctia phuong trinh. Ta goi chiing 1a cdc phép bién ddi tuong ducng.
Nhu viy, phép bién doi tuong ducng bién mdt phudng trinh thanh phudng trinh tudng
dudng vdi no.

Dinh If sau diy néu 1én mdt s phép bién doi tuong duong thuding st dung:

Néu thuc hién cédc phép bién déi sau diy trén mot phuong trinh ma khéng lam
thay doi dié¢u kién ctia né thi ta duge mdt phudng trinh mdi tuong cuong.

a) Cong hay trir hai v& vdi cing mdt s6 hoiic ciing mot biéu thic;

b) Nhin hoiic chia hai vé& vdi cung mdt s6 khédc 0 hodie vdi cing mét biéu thic
ludn ¢6 gid tri khic 0.

Vidy 2 © Giai phuong trinh: x*—6x+8=2-x.
Gidi 2 Giai phuong trinh:
Tact: x> —6x+8=2—-x< x> -6x+8—-(2-x)=0 (x=1)? =5x-11.
& x*-5x+6=0x=2 hodic x = 3.
Viy tdp nghiém cta phuong trinh da chola §={2; 3}.

Il. PHUONG TRINH sin x = m

a) Puding thing d: y=— c¢it @6 thi him s8 y = sinx, xe[—= ; 7] tai hai giao diém

| =

2
A, B, (Hinh 33). Tim hoanh d ctia hai giao diém A, B,
VA
11 dv=l ¥ = sinx
|| AaT5 T2 AT
o P R FE 1 N
: -3 07) 3 Sn (7)3my
: -
2n __,

.j '|.
L

Hinh 33
b) Puding thing d: y = % clit 46 thi ham 6 y = sinx, x € [x ; 3] tai hai giao di€m A , B,
(Hinh 33). Tim hoanh d6 cia hai giao diém AI, Br
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Nhdn xét
Phudng trinh sinx =% c6 cac nghiém la: x = %+k2:rc (keZ):

x=5—ﬂ+k21t =1r-£+k21t{keﬁ.].
(i} 6

Trong tridng hgp tong quét, ta ¢6 thé gidi phuong trinh sinx = m nhu sau:

» Véi lml £ 1, goi & 12 56 thye thude doan [— g ; %il sao cho sing = m. Khi do, ta ¢6:

Vi Iml > 1, phudng trinh sinx = m v6 nghiém.

SINX = m <> sinx = sina < Egiar ko (ke Z).
x=m—a+k2=n

Chii ¥

a) Ta c6 mdt s truding hdp dic biét sau ciia phudng trinh sinx = m:

o sinx = I<:&x=§+k21t (ke Z):

. siny =-— 1¢>x=—%+k2ﬂ: (ked);

v sinx=0& * Q& & x=kn (ke ).
x=m+k2m

b) Ta.cb sin £(x) =silhe(x) < {f () =g)tiin S

J(x)=n—g(x)+k2n

¢) Néu x 12 gée lugng gide ¢6 don vi do 1a dd thi ta ¢6 v

A . - s . . — o ) . |
thé tim géc lugng gidc x sao cho sin x = sina” nhd sau: % 1) Gidi phuong trinh:

=a" +k360°
sinx =sina” < P (ke?). Sinxzﬁ;
x=180° —a” + k360° 2
b) Tim goc lidng gidc x
Vidu 3 Gidi phudng trinh: sao cho sinx = sin55°.

a) sinx=—l; b) sinx=£.

2 2
Gici _

i x=—%+k21t r= %+k2'.n:

a]DﬁSiﬂ[~E] = ~Enénsim=sin [—E] & ( < B (k  Z).

2 9 X=m- . +k2n |x=—+Kk2n

[ 6 6
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= P e x=—+k2m
b) Do sing = nén sin x =sin : = 4 & (ke ).

3
=T+ k2W -‘f=";:t“"'k2ﬂ

Vidu4 = Giai phdong trinh:

a) sin3x = sin2x; b) sinx = cos 3x. 4 Gidi phuong trinh
Gidi sin2x= sin[x+%].
x=kln
3x=2x+k2n
a)sindx =sin2x & = kel).
) [3x:n—2x+k2n x=£+ka( )
5 5
x=g—3x+k21t
b) sinx = cos3x <> siny =sin[-7—r —Sx]ﬁ
2 s
.x=‘n:—[——3.r]+k27c
i 73
dx="1k2m Ly L
= 2 — 8 2 (k e Z).
2 =4 K2 = — =~k
2 | 4

Vi {—-}—knlk EE} = {—%H:rrlk e E’;} nén ta ¢é thé viét nhu sau:

s s
xX=—+k—

sinx =cos3x & 8 2 (keZ)
X=——a4in

lll. PHUGNG TRINH cos x = m

BT 4

a) Puding thing d: y =% cit dd thi ham s6 y = cosx, x e[ — 1 ; 7] tai hai giao diém Co D
(Hinh 34). Tim hoanh d6 cia hai giao diém CU, D“.

VA

(uf’I.H;\L :}f""w‘i\ diy= ‘]1

g i 3l Ul A
1 i = i i

¥ = COsx

2n
Hinh 34
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: N T N—— o on il
b) Buding thing d: y = 5 cat do thi ham s y = cosx, x € [r ; 3m] tai hai giao diém C,, D,
(Hinh 34). Tim hoanh d6 cia hai giao diém C o D
Nhdn xét

Phudng trinh cosx = %cﬁ cdc nghiém la: x = % +k2n (keZ)va x= —§+ K2n(keZ),

Trong trudng hgp tong quét, ta ¢6 thé gidi phuong trinh cosx = m nhu sau:

I * V6i Iml > 1, phuong trinh cosx = m vo nghiém.
* VGi Iml < 1, goi & 1 s6 thue thude doan [0 ; ] sao cho cosa = m. Khi do, ta c6:
x=a+k2n

COSX =m < COSXx =Cosx & (ke Z).
x=—a+k2n

Chii y
a) Ta c6 mot s6 trudng hdp diic biét sau clia phudng trinh cosx = m:

ecosx=1=x=k2n (ke Z)

ecosx=—l<x=n+k2n(k € Z)

ecosx =0 x =g+ﬁm(k e Z).
f(x)=g(x)+k2r

b) Ta cé cos f(x) =cos g(x) = L‘[ﬂ Yo (k e Z).

¢) Néu x 1a géc lugng gidc ¢6 don vi do 14 d6 thi ta ¢6 thé tim gée lugng gidce x sao cho

" g x=a" +k360°
cosx =cosa nhu sau: cosx =cosa” < (k e Z).
x=-a°+k360° .
Fida5 = Gidi phudng trinh: li F
p 1: Ls )Grn ph x h
a) Ui phudng mnh:
a) cﬂsx=£; b) cnsx=—£. 1
2 2 COSX =——.
Gidi 2
- b) Tim gdc lugng
L gidc x sao cho
a) Do cos— = 33 nén cosx = Cos— < (k e Z). cosx = cos(— 87°).
2 6 .
x==-—+k2n
- 5 i X —3—E+k2ﬂ
b) Do c08— =——— pén COS X = COS— & (ke ).
4 2 4 in
xX= s +k2n
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Vidu 6 = Giai phudng trinh: c053.r=c05(.x hLs |
3 6 Gidi phuong trinh duge

néu trong bii todn md diu.

Gidi
_ _ i
3x=x+g+k2n: Y=—d4kn
Ta cé: cosdx = cus(x +%) = = 6 (k e Z).
3x=—[x+—]+k27r Xt
12 2

IV. PHUGNG TRINH tan x = m
Quan st cdc giao diém ciia dd thj ham s8 y = tan x va dudng thiing y = | (Hinh 35).

L

. W
o
i

Hinh 35 |
a) Tit hoanh d6 giao diém cta dd thi ham sd y = tanx va dudng thing y = 1 trén khoing

[— % : g) hily xdc dinh tt ca cdc hoanh d6 giao diém cia hai db thi d6.

b) C6 nhiin xét gi vé nghiém cha phudng trinh tanx = 1?

Trong trudng hgp tong qudt, ta ¢6 cich giai phudng trinh tanx = m nhu sau:
o i n N S s
Goi & la s0 thuc thude khoiang (— 2 ; E} sao cho taner = m. Khi d6 véi moi m € R,

taco: tanx=m S tanx=tanax S x=a +kn (ke £).

Chii ¥: Néu x Ia gée ligng gidce ¢ don vi do 14 d thi ta ¢6 thé tim gée ligng gide x sao
cho tanx = tana® nhu sau: f

- 0 - 4] 4]
tanx =tana" © x=a" + k180° (k € Z). 3 2) Gii phuong trinh:

Vidu 7 = Giai phudng trinh: tanx=1.
1 b) Tim e6c hidng eiic x
Aytanx=——: b)tanx=- 1. ) 8 e B
\E sao cho tanx = tan67°,
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Gicdi
a) Do Ianﬂ— ! nén tanx = :
6 3 3

b) Dutan(-——}]: — | nén tanx = -1 @tanx:tan[—%)c:-x: -%+ﬂm(kEE).

«::[anx=tan%<::>x=%+kn(k e 7).

V. PHUONG TRINH cotx = m
@ [P Quan sdt cic giao diém ctia d6 thi ham s6 v = cotx v dudng thing y=— 1 (Hinh 36).
a) Tii hoanh d6 giao diém cta do

thi ham s6 y = cotx va dudng
thing y = — 1 trén khodng (0 ; ),
hdiy xdc dinh tat ca cdc hoanh

o}

5 giao diém ctia hai db thi d6. L ]
" : 2 J.:\ x
b) C6 nhin xét gi ve nghiémcua 1 2 X
phuong trinh cotx =— 17 -1
Trong tridng hop tong quat, tacé |
cach giai phudng trinh cotx = m : ‘ Hinh 36
nhu sau:

Goi a 12 s6 thue thude khodng (0 ; 1) sao cho cotar = m. Khi d6 véi moi m e R, ta c6:
cotx=m<cotx=cotax S x=a+kn (kei).

Chii v: Néu x 1a géc lidng gidc ¢6 don vi do 14 do thi ta ¢6 thé tim géc lidng gidc x sao
cho cotx = cota” nhu sau:
cotx =cota’ < x=a" + k180" (k € 7). |
8 a) Giii phudng trinh:
cotx=1.
Gidi b) Tim goc ludng gidc x
sao cho cot x = cot(— 83").

Vidu 8 & Giai phuong trinh: cot2x = ~+/3.

Do cot%ﬂ=— 3 nén 0012:{.':—\5 *::*EDIEI:CDI%

¢>2x=5—ﬂ+kn4:}x=?—;+kg{keﬂ}.

V1. GIAI PHUONG TRINH LUGNG GIAC CO BAN BANG MAY TiNH CAM TAY
C6 thé sli dung mdy tinh cAm tay (MTCT) dé giai cdc phudng trinh lugng gidc cd ban.

Vidu9 © Sit duyng MTCT @€ giai mdi phuong trinh sau vdi két qua 1a radian (lam tron
két qua dén hiing phén nghin).
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X I
a) sinx = 0,6; b) cosx = —-5; ¢) tanx = xf?j
Gidi
Sau khi chuyén mady tinh sang ché d6 “radian”.

a) Bam lién tiép [SHIFT|(sin|(0](. ][6](=] 9 Sit dung MTCT dé gidi

mdi phuong trinh sau vdi két

|

Ta dudc két qua gﬁn ding 1a 0,644, quéi li radian (lam tron két
Viy phudng trinh sinx = 0,6 ¢6 cdc nghiém la: qué dén hang phan nghin):
a)sinx=02:

x~0,644 + k2n, ke & i
b)cos x = _E:

c)tan x = u'ri

Vil xxn-0644 + 2n, ke Z,

b) Bm lién tiép (SHIFT) [cos) (=) (1) (=) (3] (5)

Ta dugc két qua gin ding 1a 1,911.

Viy phudng trinh cosx = -—% c6 cdc nghiém la: x = 1,911 + K2n, ke Z.

¢) Bam lién tiép [SHIFT|tan) [ 0 |[ 3 (=]

Ta dudc két qua gin ding 1a 1,047,

Viy phuong trinh tanx = v/3 ¢6 nghiém 13: x ~ 1,047 + kx, ke Z.
Chii ¥

A aaa ., t. - & w oy = ]
Dé giai phudng trinh cotx = a (a #0) bang MTCT, ta dua ve giai phudng trinh tan x = —,
a

Vidu 10 © MOt cily cdu ¢6 dang cung AB cia d6 thi him sd y = 4,2. cns% vil dude mo ta

trong hé truc toa dd véi don vi truc 1a mét nhu & Hinh 37. Mot sa lan chd khoi hing hod
dugc xEp thanh hinh hop chif nhit véi do cao 3 m VA
s0 vGi muic nuide song sao cho sa lan ¢d thé di qua
duge gdm ciu. Ching minh ring chidu rong cla 4 ///—F \Iﬁ =
khéi hiing hod d6 phai nho hon 12,5 m, i 0 dn x
Hinh 37

(ricii
Vdi mbi diém M nim trén mit ciu, khoang cdch tif diém M dén mit nude tiong ing vdi
gid tri tung d6 y cla diém M,

" 2 % X B i X T T

Xét phuong trinh: 4,2.cos —=3&cos —=—Doxe [-4n;4n|nén=g |-—;—|.
L 8 8§ 7 [ L { > 2}

8L B X 5 X X
Khi dé, ta cé: cos = ST +0,775, suy ra|~{ < 0,78 < |x] < 6,24.
Do sit lan ¢6 thé di qua duge gdm ciu nén chiéu rong cha khéi hing hod 1a:

2x| < 12,48 < 12,5 (m).
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B saiTae

1. Gidi phudng trinh:

a) sin(Zx—E]=—£; b) Sin[3x+EJ=—l; ¢) C{]S[ —J_£
3 4 2 2 4 2

2
d) 2cosIx+5=3; e) 3tanx=—ﬁ; g) cotx—3=\/§(l—c0l:x]_
2. Giai phudng trinh:
a) sin(2x+-z] = sin x; b) sin2x = cos 3ux; c) cos>2x =c032{x+%}
3. Ding a5 thi him s8 y = sinx, y = cosx d€ xdc dinh s6 nghiém ctia phuong trinh:
a) 3sinx + 2 = 0 trén khodng [— 52—’: 52—“}

b) cosx = 0 wrén doan _S_“ o |
o

4. S& gid ¢6 dnh sdng mit trdi cha mot thanh pho A & vi do 40° Béc trong ngiy tha
ciia moOt nim khong nhuin dude cho bdi ham so

d(r)=35in{%{r-8m}+12vﬁi teZ va 0<t<365.

(Neudn: Pai 56 va Gidi tich 11 Ning cao, NXBGD Viét Nam, 2020)
a) Thanh phé A ¢6 ding 12 gid ¢6 dnh sdng miit trdi viio ngy nio trong nim?
b) Vio ngay nio trong niam thi thanh phé A ¢6 ding 9 gid ¢6 danh sang miit trdi?
¢) Viio ngaty nio trong nim thi thanh phd A ¢é ding 15 gi6 ¢6 dnh sdng mit troi?

5. Hbi Lim (tinh Biic Ninh) dudc té chic vio mba xuin thudng ¢6 tro choi dianh du.

Khi ngudi choi du nhin déu, cdy du sé dua ngudi choi du dao dong quanh vi tri

cin biing (Hinh 38). Nghién cttu trd choi ndy, ngudi ta thiy khodng cdch h (m) tli
vi tri ngudi choi du dén vi tri cin biing dugc bidu didn .
qua thoi gian ¢ (s) (véi ¢ = () bdi hé thic h = |d| vdi

d= 3cns|:§{2f —l}],trnng do ta quy udc d > 0 khi vi

tri cin biing & phia sau lung ngudi choi du va d < 0
trong tridng hdp ngudgc lai (Neudn: Pai s6 va Gidi tich 11
Néng cao, NXBGD Viét Nam, 2020). Vio thsi gian ¢ nio thi
khoang cach i la 3 m; O m?

Vi tef cdin bdng

Hinh 38
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10.

BAI TAP CUOI CHUONG |

5 2" = A = o - *
Ham 50 y = sinx dong bién trén khoang:

in T T T
A, (0 ;). B.| —;——1|. C.|l—:=1|. D. (== ;0).
e ( > 2] ( J .

Hiam s& nghich bién trén khodng (r ; 2x) la:
A. y=sinux. B. y=cosx. C.y=tanx. D. v = cotux.

Néu tan(a + b) = 3, tan(a — b) = — 3 thi tan2a biing:

AL Q. B. E C. 1. D. —-E.
5 4

Néu cosa = i thi cos 2a biing:
Kol ¥ 4l g B

8 8 16 16
Néu cosa :% viL cosh = n% thi cos(a + b) cos(a — b) bing:
A. Q0. B. 2. C. 4. [, 5,
Néu sina =—£ thi sin| a+= |+sin| a—— | bling:

3 4 +

A2, B. L. G B .

3 3 3 3
S6 nghiém ciia phudng trinh cosx = 0 trén doan [0 ; 10x] la;
A. 3. B.9; . 10, D. 11.
S6 nghiém cihia phuong trinh sinx = 0 trén doan [0 ; 10x] la;
AL 10. B. 6. .5, D.11.
Phudng trinh cotx = — 1 ¢6 nghiém L

T s

A. —Z‘Fkﬁ (-II.'EE}- B. E—l-k“ {kEE)

n s
C. +kam (ke Z) D. ——+k2n (k < 2)
S& nghiém cha phuong trinh sin[.r + E} = % trén doan [0 ; w] la:
A4 B. 1. C. 2. | .
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11. V& db thi ham s6 y = cosx trén doan —5?“, Sz—ﬂjl roi xdc dinh s6 nghiém cia

phudng trinh 3cosx + 2 = 0 trén doan do.

12. Gidi cdc phudng trinh sau:

a) sin ZI—E =—£: b) cos ?_x+1r l:
6 2 4 2

2

|
¢) sin3x — cosSx = 0); d) cos’ x = Z;

e) sinx — \Emsr = g) sinx + cosx = (.

13. Hing ngay, mic nudc ciia mdt con kénh 1én xubng theo thuy tri¢u. P sau i (m)
cla muc nude trong kénh tinh theo thdi gian ¢ (gid) trong mdt ngay (0 < ¢ < 24) cho

2 - ﬂ A 1 -t * . ww - -
bdi cong thic h= 3{:1}5[?{ + 1J+ 12 (Nguon: Pai 56 va Gidi tich 11 Nang cao, NXBGD
Vigt Nam, 2021). Tim ¢ dé d sau ctia mue nudc li:

a) 15m; b) 9 m; ¢) 10,5 m.

14. Mot cdy ciu ¢6 dang cung OA cia v 4
b thi ham s6 y = 4,3.5'1:1% va dudc
mo ta trong hé truc toa dd vdéi don

vi truc 1a mét nhu & Hinh 39.

=¥

=

o

Hinh 39

a) Gid st chiéu rong ciia con song
la 46 dai doan [hfing OA. Tim chiéu
rong dé (lam tron két qua dén hing
phin mudi). I

b) Mt si lan chd khdi hiing hod duge
xép thanh hinh hop chit nhit véi do
cao 3,6 m so vdi muc nidc song sao _
cho sa lan ¢6 thé di qua dugc gﬁm . R Sl e ":::_-__uﬁ
ciu. Chiing minh riing chiéu rong BRIt e *—-‘iﬂﬂ%
ciia khoi hing hod dé phii nho han (Nguon: hips:Hshutterstock.com)
13,1 m.

¢) Mot sa lan khdc ciing chd khdi hang hod duge x€p thanh hinh hop chi nhit vdi
chiéu rong ciia khoi hang hod d6 12 9 m sao cho sa lan ¢6 thé di qua duge gam cau.
Chiing minh riing chiéu cao ctia khoi hang hod dé phai nhé hon 4,3

42

Boc ban moi nhat trén hoc10.vn Ban sach mau



DAY SO CAP sO CONG
VA CAP SO NHAN

Trong chuang nay, chiing ta sé tim hiéu nhiing néi dung sau:
day s6; cdp s6 cong va cdp s6 nhan.

Hoa lan ¥ (1 cinh)

Hoa mén (5 cdnh)  Hoa cdnh budm (8 cdnh)  Hoa da qu¥ (13 cédnh) Hoa ciic tiy (21 cinh)
(Nguon: hups://shuttersiock.com)
Mot s6 loai hoa ¢6 s0 lugng canh hoa ludn 1a mdt s6 ¢d dinh. 86 cdnh hoa trong cdc bong
hoa thuding xudt hién nhiéu theo nhiing cons6 1, 1, 2, 3, 5, 8, 13, 21,
Ta c6 thé viét s& cdnh hoa ciia cdc bong hoa & cde hinh trén lin lugt nhu sau: vi tri thi
nhit viét s& 1, vi tri thd hai viét s& 1, vi tri thid ba viét s& 2, ..., vi tri thd tdm viét s6 21.

CciF' so 1, I,IZ,LH, 5, 8, 13, 21 duoc viét theo quy tdc trén y ('rﬁ\,'
goi nén khdi niem nao trong todn hoc? e
. II" L)

I. KHAI NIEM

Mot viit chuyén dong déu vdi vén tée 20 m/s. Hiy viét cdc s chi quing dudng
(don vi: mét) vit chuyén dong dude 1dn ludt trong thai gian 1 gidy, 2 gidy, 3 gidy, 4 gidy,
5 gidy theo hing ngang.
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Ta ¢ khai niém sau:

'- M_ﬁi ham s6 u: {1;2;3;...;m} = R (m e N*) dugc goi 1a mot day so6 hitu han.
Do méi s6 nguyén duong & (1 < k < m) wiong ting v6i ddng mot s6 1, nén ta cd thé
viét diy s6 d6 dudi dang khai trién: "y,
«Sa u, goila s hang dau, s6 u,, goi 1a 56 hang cudi cia day s6 do.

Uy Uy ooy Uy,

Vidul = Ham s& w(n) =2n xdc dinh trén tip hop S

M = {1;2;3;4;5) la mdt day o hitu han. Tim s6 hang  “ 1 Ham s8 wu(n) = n’
diu, s6 hang cudi va viét diy s6 trén dudi dang khai trién. xdc dinh trén tip hgp
Gidi M={1;2;3;4; 5} lamot
a5 i g gme " day s6 hitu han. Tim s6
S0 hang diu, s6 hang cudi cta diy s0 lan lugt la: U, = . hang diu, s& hang cufi
g = 10, va viét ddy s3 trén dudi
Dang khai trién cla diy s6 d6 1a: 2, 4, 6, 8, 10. dang khai trién.
' Cho hiim s6 u(n)= %, neN'". Hay viét cdc s6 R theo hang ngang.

Ta ¢6 khdi niém vé day s6 vo han (goi tit 1a day s6) nhu sau:

_iTI:'—-—__—_ c—w
« M&i ham 8 u: N* > R dude goi 12 mot diy s vo han.

Do méi s6 nguyén ducng n tudng ting vdi diing mot s6 u, nén ta ¢ thé viét diy sd
d6 dudi dang khai trién: u, u,, g, ..ol , ...

« Day s6 d6 con dugc viét tit 1a (u,).
«So u, goila sO hang thit nhdt (hay 56 hang dau), sd u, goi la 50 hang thit hai, ...,
s0 u,, goi la s hang thit n va 1a s6 hang tong quét cua day sd do.

Chii ¥: Ddy s6 khong déi 12 day s6 ¢6 tit ci cdc s6 hang déu bing nhau.
Vidu2 | Cho (u,) 1a dily cdc so tf nhién 1¢ viét theo thit

ty ting dan va u, = 1. i ¥

’ 2 " - o e el
a) Viét niim s6 hang du cha day sé («,). 2 Cho day s6 (u,) =n".
a) Viét niim s0 hang diu

b) Dui dodn s6 hane tone qudt va viét dane khai trién cla
) Dy I g e 9 B s mnten va s0 hang tng qudt cla

day s6 (u,,).

day s& (u,).
Giar b) Viét dang khai trién
a) Nim s6 hang diu cla ddy s6 (u,,) la: ciia day s6 (u,,).

u, = 1;:.*::3; u3=5;u4=?: uj=9.
b) S6 hang tdng quét ctia ddy s6 (u,) dude du dodn 1au, =2n - 1 véin e N™.
Dang khai trién cha day s& (u,) 1a: 1, 3,5, ..., 2n— 1, ...
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Il. CACH CHO MOT DAY s6

&P Xét moi diy s sau:

« Diy si: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100 (1)

* Cho s6 V2 = 1,414213562... Day s6 (u,) dugc xdc dinh bdi: Vi mdi s6 tif nhién n > 1,
u, 1a s6 thip phédn hitu han cé phin s& nguyén 1a 1 vi phin thdp phin la n chii s
thip phan dau tién ding sau diu *,” clia s6 V2. Cy the laz u, = 1.4 u, = 141 uy = 1.414;
u, = 1,4142; Us = 1,41421; ... (2)

* Dy s6 (u,) vOiu, = (- 2)" (3)

* Day 8 (u,) dudc xdc dinh boi: u, = 1 vau, =u, | +2 véimoin=>2 (4)

a) Hay néu cdch xdc dinh mdi s6 hang chia ldn lugt cic day s6 (1), (2), (3), (4).

b) Tir d6 hay cho biét day s6 ¢d thé cho bing nhiing cdch nio.

Ta ¢6 thé cho day sé bing mét trong nhiing cich sau:

r. A —" ———— o

* Liét ké cdc sO hang cua diy s0 d6 (vdi nhiing diy s6 hitu han va ¢6 it s6 hang).
* Dién dat biing 15i cich xdc dinh méi s hang cla day s6 dé.
* Cho cong thiic ctia s6 hang téng quét cha diy so do.
* Cho biing phudng phdp truy hoi.

Vidu3 = Hay néu cach xdc dinh moi diy so sau:
a) Day s6 1, 8, 27, 64, 125, 216, 343, 512, 729, 1 000 (5)

b) Cho s6 7 = 3,141592653589... Day s (u,) dude xdc dinh bdi: V6i mdi so i nhién
n =1, u, la sd thip phan hitu han c6 phin s6 nguyén la 3 va phin thip phén l1a n

gL A

chii s& thip phin diu tién diing sau dau “." ctasén  (6)
¢) Day s0 (u,) véi u, = n+n (7)
d) Day 56 (u,) dugc xic dinh béi: wy=1vau,=2u, véimoinz22 (8)
Gii
a) Diy s6 (5) dudc xdc dinh biing cich liét ké cdc s6 hang cia day s6.
b) Day -m (6) digc xdc dinh biing cdch dién dat biing 16i cdch xdc dinh mdi s6 hang cia
day s0.
¢) Diy s6 (7) dugc xdc dinh biing cdch cho cong thic cla s6 hang tOng quédt cha diy sd.
d) Diy s6 (8) dude xdc dinh biing phudng phép truy hoi.
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%

Vidu4 = Day so dude néu trong phian mé dau dudc

goi la day s6 Fibonacci. 3 Cho day s6 (u,) véi
Day sO Fibonacci 1a day 50 (u,) duoe xac dinh bdi: u, = ;13]. Tim w3, uyyq v

= Lloy=1vau, =u, ,+u, ,véimoin=3(9) viét ddiy s6 dudi dang khai trién,

Viét mudi s& hang diu cta day s6 (u,,).

Gidi

Taco:u, =u,=1.

Pé tim sy, thay n = 3 vio cong thiic (9), ta dudc: Uy =yt U, = 1+1=2.
bé tim i, thay n =4 vao cong thic (9), ta duge: u, =u, +u,=2+1=3.

Cii nhu thé, ta tim duge mudi s6 hang ddu cua day sé (u,) 1a: 1, 1,2, 3, 5, 8, 13, 21, 34, 55.

lll. DAY SO TANG, DAY SO GIAM

Cho day s6 (u,) v6i u, =n®. Tinh u, , ;. Tt d6, hiy so sanh u, , | v u, véi moi
neN.

« Dy s0 (u,,) dugc goi la day sé tdng néu u,, , | > u, véi moin e N°,

« Day s0 (1) duge goi la day sé giam néu u,,, | < u, véi moi n e N,

Vidu5 | Ching minh ring ddy so (u,) vdi u, = 3n — 2 1a mot day s6 ting.
Gidai -
Véimoine N' tacoru,, =3(n+1)=2=3n+1. 54 Chitng minh ring diy s6
Xéthiéw:u, , | -u,=CBn+1)-0GBn-2)=3>0

1
N . (v,) véi v, =— la mdt day
hay u, , ; > u, v6i moin € N, > "o

sO giam.

Viiy diy s6 (u,) la mt ddy so ting.

Chii y

Khong phéi moi day sd déu la day s6 ting hay day s6 gidm. Chiing han, day s6 (u,) véi
u, = (— 1)" ¢6 dang khai trién: = 1, 1, = 1, 1, = 1, ... khong la diy s6 ting, ciing khong

la day s giam.
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IV. DAY SO BI CHAN
Cho day s6 (u,) vGiu, = 1 + 2 Khiing dinh 1, <2 v6i moin € N” ¢6 ding khong?
I

V ;
+ Dy 6 (u,) duge goi 1a bi chdn trén néu ton tai mot s6 M sao cho u, = M véi moi
neN.
» Day s (u,,) dudc goi 1a bi chdn dudi néu tdn tai mot s6 m sao cho u,, = m véi moi
ne N
« Day s6 (u,,) ducc goi 12 bi chdn néu né viia bi chiin trén, viia bi chiin duéi; tic 12 tdn
tai cdc s6 m v M sao chom < u, < M véi moin e N".

Vidu 6 = Ching minh riing diy s (u,) v6i \_/y
2n+5 . . l/ i -
u, = I bi chiin. 5 Ching minh ring diy so (u,,)
n+l 2+l
vdi u, = 5 la bi chin.
Gidi Rt
2n+ 2in+1)+3 +
Tacé: u, = ntd_gnid =2+i.'?'HEN1
n+l n+l n+l
3 v 7 7 .
Vil< <—,VnelN nén2<2+ <— hay 2<u, <—,VneN.
n+l 2 n+1 2

Vily day s0 (u,) 1a day s0 b chin.

B caiTie
1. Viét nim s6 hang dau ctia moi diy s ¢6 s6 hang tong quét u, cho bdi cong thiic sau:
(=1
a)u,=2n"+1; b) u, = :
a) u,=2n ) u, =
2” l n
i D =|14—|.
n " n

2. a)Goiu,la s0 chiam & hang thii n trong Hinh 1. Dy dodn cong thiic clia s6 hang tong

i

quét cho day so (u,).
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b) Goi v, 1a téng dién tich cta cdc hinh t6 mau & hing thd » trong Hinh 2 (mdi 6
vudng nho 1a mét don vi dién tich). Du dodn cong thidc clia sé hang tﬂng quat cho
day s (v,).

Hang thie 1 @ Héng thit 1
Hangthii2 @ @ Hang 2 FH FE

Hangthit3 @ @ @ Hang thit 3 [EE
Humgit4 @ @ @ @  Hanghid4 i [; 1 1
g [ i i ot v e W

Hinh 1 Hinh 2

3. Xéttinh ting, gidm cia méi day s (u,), biét:

n-3 i
a)u, = . byu, = ; u, =(-1D".2"+1).
) > ) u, 5 Yu,=(=1)" . ( )

4. Trong céc dily s6 (u,) dude xdc dinh nhu sau, diy s0 nio bi chiin dudi, bi chin trén,
bi chiin?

a)u"=n2+2: byu,==2n+1; c)u, = :
n-+n
5. Cho diy s6 thyc dudng (u,). Chiing minh riing diy s6 (u,,) 1a diy s ting khi va chi

Uy 41

khi

>1véimoine N

u,

6. Chi Mai gti tién tiét kiém viio ngén hiing theo thé thiic 1di kép nhu sau: Lin diu chi
giti 100 triéu ddng. Sau do, cd hét 1 thang chi lai glii thém vao ngin hang 6 tri¢u dong.
Biét 1 sudt ctia ngén hang 14 0,5% mot thang. Goi P, (triéu ddng) la s4 tién chi ¢6
trong ngin hang sau n thing.

a) Tinh s6 tién chi ¢6 trong ngdn hang sau 1 thing.
b) Tinh s6 tién chi ¢é trong ngéin hiing sau 3 thing.

¢) Du dodn cdng thic cla P, tinh theo n.
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§2 CAP SO CONG

Rudng bac thang la mot hinh thic canh tic c6 nhiéu
& khu vye Tay Bic va Bong Bic Viét Nam. Hinh
anh rudng bic thang thé hién nét dep vin hod, la
cong trinh nghé thudt djc ddo clia dong bao viing
cao phia Bic. Rudng bic thang ¢ mot s6 ndi da tré
thinh nhiing dia chi tham quan du lich diy hip din
ctia du khich trong nuéc vi quic té.

Mot rudng bic thang ¢é thiia thip nhit nim & do
cao 1 250 m so véi muce nude bién, dd chénh léch

: . " R S % ¥ Rudng bide thang Mi Cang Chdi — Yén Bdi
gitfa thua trén va thua dudi trung binh 1a 1,2 m, P R

{Ng!n’m: https:shutterstock.com)
Hoi thita rupng o bac thit 10 ¢é dp cao la bao nhiéu so 2
vdii mife nutde bién? s

L- 4

I. DINH NGHIA

GEEP Chodiysé- 2,3, 8, 13, 18,23, 28,
K& tif s hang thi hai, néu mai lién hé ctia mdi s6 hang vdi s6 hang diing ngay trude né.

i-‘ oy - ! ﬁé‘gj
Cdp s& cong 13 mot diy s6, trong do ké tif s6 hang

thit hai, mdi s6 hang déu bing téng clia s6 hang Neu (u) 1a cdp so cong
ditng ngay trudc né vdi mot s6 khong doi d, tic 1a: véi gyg sal d thi v6i s0
) ti nhién n = 2, ta co:
u, =u, | +dviinz2.

S0 d dugc goi 1a cong sai cha cip sO cong. Uy = Uy 1 =4
Chii ¥: Khi d = 0 thi ciip s6 cong la mét diy s6 khong déi.
Vidul | Cho cp s6 cong (u,) v6iu, =9, cong sai d = - 2.
Viét ba s6 hang diu cha cip s6 cong do. P
Gidi 1 Cho (u,) la cip s6 cong
Ba s6 hang diu cua cip s6 cong (u,) la: u, =9 viuy==T,uy==2. ?‘E‘
wy=u, +d=9+(-2)=T,u,=u,+d=7+(~-2)=5  "amsonangdiuciacipso

cong do.
Vidu2 | Day cac so tw nhién l¢ lién tiép 1. 3, 5, ...,
2n -1, ... ¢6 1a cip sO cOng hay khong? Vi sao?
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Gidi !

Day céic s§ ty nhién 1é lién tiép 1,3, 5, ..., 21— 1, ... IA ? b :

ciip sO cOng vi k€ tif s6 hang thit hai, mbi s& hang biing ) Cloney o (H’:} L

s6 hang diing ngay tride né cong vdi 2. Cong sai ctiacdp =20+ 7n21).Day (i)

56 cong nay 12 2. c6 la cip sG cong khong?
Vi sao?

1. S6 HANG TONG QUAT
Cho cap s0 cong (u,) 6 s0 hang dau u, cong sai d.

a) Viét ndm s8 hang dau cla cdp s6 cong theo u, va d.
b) Dy doin cong thidc tinh u,, theo u, va d.
'Né'u ciip 56 cong (u,) ¢6 s hang du u, va cong sai d thi s hang tong quit u,, dugc
xdc dinh bdi céng thiic:
, =u, +(n- 1)d véinz=2.

i & . : u, —u s
Nhdn xér: Véi d # 0, tif cong thidc u, =u, + (n - 1)d, tacé: n= 'Ld Lyl véinz2.

Vidu3 | Cho cip sO cOng (u,) véi s6 hang diu u, = % , cong sai d = =5
a) Tinh u, .

b) S6 — 99 Ia s6 hang thi bao nhiéu cta cap s6 cong (u,)?

Gidi
a) Theo cdng thiic s6 hang tong quét cla cap s6 cong, ta co:
1 1 .
“3{}=“1+[20_”d=5+19'(_5}=_ : F;V
—— . s S . “'3 Hay giai bai todn trong
b) Gia sti — 99 12 s6 hang tI:u n clia cap s6 cong. Ta ¢6: ohin md dAu.
R 1 P
n=-n"M =2 412200,
d L
2

Viy s6 — 99 1a s6 hang thid 200 cua cip s6 cdng (u,).

IIl. TONG n SG HANG PAU CUA MOT CAP 56 CONG

S EP Cho cip so cong (u,) ¢6 56 hang dau u , cong sai d.

a) So sdnh cdc 1Ong saw: u, + u, 3 U+ U, 3. U+ U

B 1"
b) Piit S, = u

R T TR So sdnh n{u] +u, ) v6i 25,
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[ﬁF'-
Cho ¢p s6 cong (u,) ¢6 s6 hang ddu u vacongsaid. DAL S, =u +u,+u + ... +u

2 3 n*
Khi do: 5 {Hl 4+ “" ]H

n - 2

1+u"=2u| +(n—1)d. Suy ra S, = [EHI +{;;._. l}d]n‘

Vidu4 | Tinhtong: S=14+5+9+13+ .. +97.

Nhén xét: Dou, = u, + (n—1)d nén u

Gidi V
4 Tinh tong n 6 hang ddu
clia mdi cilp s6 cong sau:
a)3, 1,—1,..v8in=10;
bl 121, 7:2.2: ...
H,—_u+] QT 1 ]__25 Vﬁ?ﬂ'=15.
d e

(1+97).25

Ta thay diy s6 1, 5. 9, ..., 97 la cip s0 cOng ¢ sO hang
dau u, = 1, s0 hang cudi u, = 97, cong sai d = 4. Vi thé,
s0 cdc sO hang clia cip s6 cong trén la:

Viy §= =1225.

Vidu 5 = Mot nha thi diu c6 20 hang ghé danh cho khén gid. Hang thid nhét ¢6 20 ghé,

hang thi hai ¢6 21 ghé&, hang thi ba ¢6 22 ghé, ... Cii nhu thé, sé ghé ¢ hing sau nhiéu
hon s& gh& & hing trude 14 1 ghé. Trong mot gidi thi didu, ban 16 chide di ban duge hét
6 vé phat ra va sé tién thu dudgc tii ban vé 1a 70 800 000 dong. Tinh gid tién clia mdi vé
(don vi: ddng), biét sd vé bén ra biing s6 ghé& danh cho khin gia ciia nha thi diu va cdc
vé 1a dong gid.
Gidi
SO ghé & moi hang 13p thanh mét cdp s6 cong ¢6 s6 hang dau u, = 20, cong sai d = 1.
Cip s0 cong nay c6 20 s6 hang.

o D 2.204(20-1).1].20
Do @6, tong s& gh€ trong nha thi ddu la: S50 =l ( > ols = 590.
Vi 58 vé bdn ra biing s6 gh& danh cho khédn gia clia nhi thi ddu nén s6 vé bén ra la 590.

Viy gid tién ciia mot vé 1a: 70 800 000 : 590 = 120 000 (dong).

B i1 TAP

1. Trong céc diy s6 sau, ddy s6 nao 1a cip s6 cong? Vi sao?
1 11
2°47 4
CREe ol Rty d)1,4,7,10, 13,

a) 10, - 2, - 14, - 26, - 38; b) i £:3 1;
4 2
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2. Trong céc diy s6 (u,) véi sO hang tong quét sau, dily s6 nio 1a cip s6 cong? Néu Ia

POy g i 5 S T & e vy
cap s0 cong, hay tim s hang dau u, va cong sai d.

a)u, =3 - 2n; b) u, = 3ﬂﬁ+? d c)u,=3".

E-'*

Cho cdp 56 cong (u,) c6 56 hang dau u, = - 3, cong sai d = 5.
a) Viét cong thic cha s hang tdng qudt u,,.

b) SG 492 1a s hang thid miy chia cip s6 cong trén?

¢) S6 300 ¢6 1a s6 hang niio cia cip sd cong trén khong?

4. Cho cffp séfc{iug (1) co i, = 4, u, = l. Tinh Jpe

+u2+u3=— 1.

5. Cho cilp s0 cong (u,) véi u, =-;T va u,

a) Tim cong sai d va viét cong thiic clia s6 hang tong quat u,,.
b) S6 — 67 li s6 hang thid miy cha ciip s6 cong trén?
¢) S6 7 ¢6 phai 1A mét s hang ctia cdp s6 cong trén khong?

6. Tinh tong 100 s6 hang diu cta dy s6 (u,) v6i u, =0.3n+ 5 véi moi n 2 1.

7. Chiéu cao (don vi: centimét) cia mot dida tré n tudi phat trién binh thudng dugc cho
badi cong thiic:

X, =75+ 35(n-1).
(Neudn: hups://bibabo.vn)

a) Mot diia tré phat trién binh thuding ¢6 chiéu cao nim 3 tubi 14 bao nhiéu centimét?
b) Dy s0 (x,) ¢6 14 mot cip s6 cong khong? Trung binh mot niim, chiéu cao mdi
diia tré phat trién binh thuding ting 1én bao nhiéu centimét?

8. Khi ki két hop ddng lao dOong vdi ngudi lao dong, mot doanh nghiép dé xudt hai
phudng dn tra ludng nhu sau:

Phitong dn 1: Nim thid nhat, tién luong la 120 tri¢u. K€ tit nim thd hai trd di, méi
nim ticn luong dudc ting 18 triéu.

Phutong dn 2: Quy thd nhat, tién luong 14 24 tri¢u. Ké tif quy thd hai tré di, mdi quy
tién luong dudc ting 1.8 triéu.

Néu la ngudi dudc tuyén dung vio doanh nghiép trén, em sé chon phudng dn nio khi:
a) Ki hgp dong lao dong 3 nim?
b) Ki hdp dong lao dong 10 nim?
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§3 CAP SO NHAN

Vi khuiln E. coli trong diéu kién nuéi ciy thich hgp
cti 20 phuit lai phiin d6i mot 1an.

(Nguin: Sinh hoc 10, NXB Gido duc Viét Nam, 2010)
Gia st ldc déu ¢6 100 vi khuan E. coli.

Hdi 6 bao nhiéu vi khudn E. coli _.-;.f;’ﬁx_?
sau 180 phiir? b 28
W

j ;
= Hinh dnh phing to cda vi khuwin E. eoli

l. DINH NGHIA
GSEP Cho day s6 % 1,3,9,27; 81, 243,

K& tif s6 hang thii hai, néu moi lién hé ctia méi s6 hang vdi s6 hang ding ngay trude na.

2 K

~ Cdp 50 nhan 13 mot diy s6, trong d6 ké tif s& hang Néu (u,) 1a cip s0 nhén
thi hai, mdi s& hang déu bing tich cia s& hang véi cong boi g va u, # 0
diing ngay trude né véi mdt s6 khong doi ¢, wic 1a: vGi moi 1= 1 thi véi s6 ty
U, =u,_,.qvéin=2, nhién n = 2, ta co:
" . e ~ Ae T a = A u
S0 g dudc goi la cong boi ciua cap so nhan. > =g
n=1
Chii y: Khi ¢ = 1 thi ¢ s6 nhin 1a mjt diy s6 khong déi.
Vidul & Cho ::ffp s0 nhin (u,,) vOi == 2, cong boi
g =— . Viét niim s& hang du ctia cip s6 nhin d6.
2 Y -
Gidi = T .
; - “ 1 Cho cip sO nhin (u,) véi
Niim sO hang du cta cip sO nhin la: U, =— 2
uy==0,u,==2.
= 1 ] o
Uy =t g=—2, T = i;”}:”z sl T = T: a) Tim cong b1 4.
b) Viét niim 6 hang dau cha
-1 -1 1 1 -1 -1 ¢éip s0 nhiin do.
U, =HU,.ff=— . — == U, =l, .ff=—.—=—
T g T g g

Vidu2 = Trong cdc ddy s0 hitu han sau, diy s0 nao 1a ciip s0 nhin? Vi sao?

A 125,255, 1, %: b) 2. -6, 18, 54.
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Gidi
Xét cdc thuong ciia s6 hang (k€ tif s6 hang thi hai trd di) véi s6 hang ngay trudc nd,

ta thay: 1
L Pa
a % = % = % = % = % Vay day so da cho la cap sO nhin : =2h2'ii}rz :-;IE; ](:;:_’i'; {:':;
vili cing Bt § = é if; iz{fp s6 nhin khéng?
b) '76 =—3, _I—Sﬁ =-3, % =3#— 3. Viy day s6 di cho khdng 1a cip sé nhin.
Il. $6 HANG TONG QUAT

@ g®» Cho cdp 50 nhan (u,) c6 s6 hang dau i, cong bdi g.
a) Viét niim s hang dau cta cap so nhén theo 1 va g.

b) Dy dodn cong thic tinh w, theo u, va g.

(O S see & o =

*~ Néu cip s6 nhén (u,) ¢6 s6 hang diu u, va cong boi g thi s6 hang tong qudt u,, dudc
xdc dinh béi céng thie:

I

u :ul.q"_lvﬂiul:l
o - 4 5 ]
Vidu 3 | Cho cp s6 nhén (u,) véi s6 hang dau u, =4, cong bdi g = i Tinh ..
Gici
-1 i |
Theo cong thiic s6 hang tdng quét ctia ¢p s nhén, ta c6: u,=u .q' '=4. [T} =

Vidu4 = Din s6 trung binh cia Viét Nam nam 2020 1a 97,6 triéu ngudi, ti 18 ting

din so 1a 1,14%/mim.
(Negudn: Nién gidm thong ké ciia Viét Nam ndam 2020, NXB Théng ké, 2021)

Gia st ti 1€ ting dan sO khong d6i qua cdc nim.

a) Sau 1 niim, din sd clia Viét Nam sé 14 bao nhiéu triéu ngudi (Iam tron két qua dén
hing phin mudi)?

b) Vi€t cong thic tinh ddn s6 Viét Nam sau 7 niim ké tif nim 2020.

Gidi

a) Sau | nim, din s& cla Viét Nam sé la: u = 07.6+97.6.00114=976.(1 +0.,0114)
=07.6. 1.0114 ~ 98,7 (triéu ngudi).

b) Goi u, la dén s0 clia Viét Nam sau n nim.
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Do ti 1& ting din s& hing nim 1a 1,14% nén ta co: |‘_y

w,=u, | +u, ,.00114=u, ,.(1+00114) 3 Béc Linh gili vio ngn hang
; 100 trigu dong tién tiét kiém vdi

=uy_1-1,0114 véin 2 2. hinh thuc 1ai kép, ki han 1 nim
Do d6, (u,) 1a cip s6 nhan ¢6 s& hang dau vdi 1di sudt 6%/ndm. Viét cong
: e thie tinh 0 tien (ca goc va lai)

U, = 97.6.1,0114, cong bdi g =1.0114. ma béc Linh ¢6 duge sau n nim

Viy dén s6 ciia Viét Nam sau n2 niim ké tit nam 2020 la: ~ (gid st lai sudt khong thay doi
1,=97,6.10114.1,0114" ' =976.1,0114" (trigunguoi), "2 €4 nam-

II. TONG n S& HANG PAU CUA MOT CAP S6 NHAN
Cho cip s6 nhin (u,) ¢6 s6 hang ddu u , cong bdi g = 1.

|

_ _ 2 n—
DatS, =u +u, +u, + ... +u,=u tug+u g +..+uq .

Rl Bl
a)TinhS,.qvas$, —8§,.q.
b) Tut d6, hay tim cong thiic tinh S, theo u, va g.

Cho cdp 0 nhan (u,) ¢6 s6 hang diu 1, va cong boi g = 1.

Byt S”=u1+uz+u3+...+uu. Khi dé: )
Hl(l —‘5" }
o=
1-q

Chii ¥: Néug=1thi §, = nu,.

1
Vidu5 | Tinh Lélngt S = 1+l+l+...+i-
2 4

29 f
Gidi : y
S 1a tong 10 6 hang diu cha cip s6 nhin cé ® Tichftng n o hang déu cia
£ ang P moi ¢fip s0 nhiin sau:

2 : 1
s hang ddu u, =1 v cong bi g.= . 8)3,-6,12,~24,..véin=12;
: o
g ]2 b, L L vsin=s.
> 10° 100 1000
. 1023
Vay § =—= = = ;
ok 512
2

Vidu 6 = Gid sii anh Tudn ki hgp dong lao dong trong 10 nim vdéi diéu khodn vé tién
luong nhu sau; Nim thd nhdt, tién ludng cua anh Tudn 1a 60 triéu. K& tit ndm thd hai
trd di, mbi niim tién ludng ctia anh Tudn dudc ting 1én 8%. Tinh tong s6 tién ludng anh
Tuén linh dudc trong 10 nim di lam (don vi: triéu ddng, 1am tron dén hiang phin nghin).
Gidi
Goi u,, 1a s6 tién luong (triéu ddng) anh Tuin dude linh & niim lam viéc thi n.

Ta c6: u, = 60;
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=

uy, +u, 1.008=u, ;.(1+0,08)=u, ,.1,08.

Do d6, (u,) la cdp s8 nhén 6 s6 hang diu u, = 60, céng bdi g = 1,08.

Ap dung cong thiic tinh tng S, ta ¢6 tong sO tién lucng anh Tudn linh dudc trong 10 nim
60(1-1,08'")

=~ 869,194 (triéu dong).
1-1,08 S &)

di lam la: §, =

l BAI TAP

Trong cic diy s0 sau, diy s0 nio 1a ¢ip s6 nhin? Vi sao?

a) 5: —0.5:0,05: - 0,005; 0,0005; b)—9,3,-1, % *-%; c) 2, 8, 32, 64, 256.

2. Chiing minh mdi day s6 (u,) vdi s6 hang tong quat nhu sau la cap s6 nhén:

3. Cho cilp s0 nhin (u,) v6i sO hang diu u, =5, cong boi ¢ = 2.
a) Tim u,.
b) S6 — 320 1a sd hang thid bao nhiéu cta cip s6 nhén trén?
¢) S& 160 ¢6 phai 1a mat s& hang cha ¢ip s6 nhén trén khéng?

4. Cho cip sd nhin (u,) vﬁlui =3 LUy = 241

a) Tim cong boi g va viét niim s6 hang diu cta cip sO nhén trén.
b) Tinh t6ng 10 s6 hang diu cta cip sO nhin trén.

- A Mﬁl tinh ¢6 2 triéu din vao nidm 2020 vdéi ti 1€ Iéng din s6 1a 1%/nam. Goi u,, la
s din cha tinh dé sau n nim. Gia st ti 1€ ting din s6 1a khong doi.

a) Vi€t cong thidc tinh s6 dén cha tinh d6 sau n niim ké tir niim 2020.
b) Tinh s& dén cia tinh d6 sau 10 nim ké tif nim 2020,

6. Mot gia dinh mua mdt chiée 6 t6 gida 800 triéu déng. Trung binh sau mdi nim
st dung, gid tri con lai cla & 10 giam di 4% (so véi nidm trude da).
a) Viét cong thidc tinh gid tri cia 6 to sau 1 nim, 2 nim sif dung.

b) Viét cong thiic tinh gid tri ctia 6 t6 sau n niim st dung.
¢) Sau 10 niim, gid tri chia 6 16 ude tinh con bao nhiéu triéu dong?

7. M6t ngudi nhay bungee (mét trd choi mao hiém ma HEELEE NSRS
ngudi choi nhay tf mdt ndi cd dia thé cao xudng vdi
diiy dai an toan budc xung quanh ngudi) tif mot cily cau
vi ciing mot s¢i diy dai 100 m. Sau méi lan réi xudng,
nhd su dan hbi cha diy, ngudi nhdy dugc kéo Ién mot
quang dudng c¢6 do dai bang 75% so véi lan roi trude
d6 vi lai bi rdéi xudng ding bing quing duGng viia dudc
kéo Ién (Hinh 3). Tinh tong quang dudng ngudi do di
dugc sau 10 lin kéo 1én va lai roi xudng.

Hinh 3
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BAI TAP CUOI CHUONG I

Cho day s6 (u,) du‘ljr: xdc dinh bdi: ——I va u, =3u, | véi moi n = 2. SO hang
3
thd ndm cua day 50 (u,) la:

A. 2T, B.9. C. 81. D. 243.
Trong cdc diy sd sau, diy s0 nio 1a cip s6 cong?

A.21,-3,-27,-51,-75. B.

C. V1 V2. 43, V4,45, o o

207307407507 60°

Cho ciip s6 cong (u,) ¢6 sd hang diu by == 5, cbng sai d = 4. Cong thic cua s6 hang
tong quat u, 1a:

A u,==5+4n. B.u,==—1-4n. 5 uH=—5+4uz, D.u,==9+4n.
Tong 100 s6 wi nhién 1& diu tién tinh i 1 13

AL 10 000. B. 10 100. C. 20 000. D. 20 200.
Trong cdc day s6 (u,) cho biing phuong phép truy hoi sau. ddy s6 nao la cap so nhian?
A. Day 56 (u,) duge xdc dinh boi: w, =1va u, =u, (n=1) véi moin =2,

B. Diy s6 (u,) dugc xdc dinh béi: wy =1va u, =2u, +1 véimoin=2.

C. Day so (u,,) dudc xdc dinh boi: u, =lvau, = w

w1 VoI MOIn 22,

& P y 1 —
D. Day s0 (u,,) dugc xdc dinh boi: u; =3va u, = 31 vl moin z 2.

Cho cap s6 nhan (u,) ¢6 u, =— 1, cong bdi ¢ = L LI s6 hang thii:
A.2016. B.2017. C. 2 018. D.2019.
Trong cdc day sd (u,) sau ddy, day s nao la day so tang?
A. u, =sinn. B.u,=n(-1". C.u L Dy =28+,
n
57
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8. Xét tinh ting, giam vi bi chiin ciia mdi diy s6 (u,,) sau, biét s& hang tong quat:

2
n 2
a) H"=n+l; b) u"=5—n; L‘)u”:(— " n?

9, Cho cilp s6 ¢ong (u,,). Tim s6 hang diu u,, cong sai d trong moi trudng hgp sau:

a) Uy +us =42 Vi uy + ity = 606; b) u, +uy =22 va uy . us =21.

10. Cho ¢ap 56 nhin (u,). Tim 56 hang ddu u , cong bdi ¢ trong mdi trudng hop sau:
a) ug =192 va u; =384, D) wy + 1y +uy =T vug —uy =14,

11. Ti gidc ABCD ¢6 56 do bon goc A, B, C, D theo thid tu 1dp thanh cap s6 cOng. Biét so
do géc C gip 5 1an s6 do géc A. Tinh s6 do cic goe clia tit gidac ABCD theo don vi do.

12. Ngudi ta trong ciy theo cdc hing ngang vdi quy luit: ¢ hang thd nhit ¢6 1 ciy,
& hang thi hai ¢6 2 cily, § hang thi ba ¢6 3 ciy, ... & hang thid n ¢6 n ciy. Biét
ring ngudi ta twéng hét 4 950 ciy. Hoi 6 hang cdy duge trdng theo cich trén 1a
bao nhiéu?

13. MOt cdi thdp c6 11 ting. Dién tich ctia miit sin ting 2 bing nita dién tich cla miit
ddy thap va dién tich ctia mit san méi ting bing nifa dién tich clia mit sin mdi ting
ngay bén dudi. Biét mit ddy thap cé dién tich 12 12 288 m>. Tinh dién tich ctia mit
san tang trén cung cua thdp theo don vi mét vuong.

14. Mot khay nudc cé nhiét d6 23 °C dude dit viio ngin dd cta i lanh. Biét sau moi gid,

nhiét dé ctia nude giam 20%. Tinh nhiét dd cta khay nudc dé sau 6 gid theo ddn vi
d6 C.

15. Cho hinh vuéng C, c6 canh biing 4. Ngudi ta chia mdi
canh hinh vuéng thanh b6n phin bing nhau vi néi cic
diém chia mot cach thich hgp d¢ ¢6 hinh vuong C,
(Hinh 4). Tu hinh vudng Cz lai lam tiépp tuc nhu trén dé
¢6 hinh vuéng C e Cii tiép tuc qud trinh nhu trén, ta nhin
dugc day cdc hinh vuong C, C,, C;, ..., G, ... Goi a,,
la d6 dai canh hinh vuéng C,. Chiing minh ring diy s
(a,) 12 cip sO nhan.

Hinh 4

16. Ong An vay ngin hang 1 ti dong véi li suat 12%/nim. Ong d tra ng theo cich: Bit
diu tif thang thid nhit sau khi vay, cudi mdi thding éng trd ngin hing ciing s6 tién li
a (ddng) va da tra hét ng sau ding 2 nidm k& tif ngay vay. Hoi s6 tién mdi thing ma
ong An phai tra 14 bao nhiéu dong (lam tron két qua dén hang nghin)?
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GIGI HAN. HAM SO UEN TUC

Trong chuong nay, chiing ta sé tim hiéu nhithg néi dung sau:
gidi han cliia day sé; gidi han clia ham s6; ham sé lién tuc.

_—

§1 ' GI6I HAN CUA DAY SO

Zénon (Z&-nong, 496 — 429 trude Cong nguyén) ﬁ e y-

la mot triét gia Hy Lap & thanh pho Edée da : '

phét biéu nghich Ii nhu sau: Achilles (A-sin) g ;

12 mdt Iue si trong thin thoai Hy Lap, ngudi E_AF
dudgc ménh danh la “cé d6i chin chay nhanh
nhu gié” duoi theo mdt con ria trén mot ’ —

— -7{‘&

dudng thiang. Néu lic xuat phat, ria & diém : i |

A cdch Achilles mgt khodng biing a khéc 0. —Pw
Khi Achilles chay d&n vi trf ria xufit phatthi = R
rila chay vé trtde mot khoang (nhu Hinh 1). AL A A ALAL
Qua trinh nay tiép tue vo han. Vi thé, Achilles Hinh 1. Hinh minh hog mér s vi tri ciia
khong bao gits dubi kip ria. Achilles Ve rag

Trén thue 1€, Achilles khong audi kip riva la vo li.
Kién thiic todn hoc nao cd thé gidi thich duge nghich
li Zénon noi trén la khong diing?

Y e —
1. G161 HAN HUU HAN CUA DAY SO
1. Pinh nghia
Hinh 2 biéu dién cdc s6 hang cha day s6 (u,), véi u,, = 5 trén hé truc toa do.
n
L
o ol
0.8 1
0.6 +
0.4 |
024 o
L . g . & = g e
"0 e e e as o
012345678 9101NPR13141516171819202122723 2425 "
Hinh 2 50
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a) Nhin xét vé sy thay doi céc gid tri u,, khi n ngay cang Idn,
b) Hoan thanh bang va tré 16i ciu hoi sau:

n I'{]{]lﬂfE 1 001 10000 | 10001

lu, =0| 0,001 ? .. [ 00001 2

K& tir s& hang u,, nio ciia day so thi khodng céch tli u, dén 0 nhd hon 0,001? 0,0001?

m\@i * K& tit 56 hang w, oy, tro di thi khodng cdch tit u, dén 0
AN 1 hé h
A, R nho hon 0,001,

* Ké it 50 hang g oo, 1ro di thi khodng cdch nit u,, dén ()

nho hen 0,0001.

Ta ¢6 dinh nghia day s6 ¢6 gidi han 0 nhu sau:

f‘:’ i ' -

: Diy s& (u,) c6 gidi han 0 khi n din 16i dudng vo cue néu |u,,| ¢6 thé nhd hon
mot s6 duong bé tuy ¥, ké tif mét s6 hang nio dé trd di, ki hidu ! ErE wn” =0.

Chii y: Ngoai ki higu hm 2, =0, ta ciing st dung cdc ki hiéu sau: limu, =0 hay

u, =0 khi n—=+mw, "7+

Tit Hoat dong 1., ta co: ]imi =1

-

Nhdn xét: Néu u, ngay cang gan t6i 0 khi n ngay cang 16n thi limu, =0.

= y . - . s
Vidul | Cho ddy s0 (u,), véi u, —{i) . Gia st |\
h la s6 duong bé wy ¥ cho trude. . “@ Ching minh ing:

a) Tim sO tu nhién n dé |un1 < h. a) lim 0 = 0;
(-1)" b) lim —— =0.

n J;
L I | 1 1
Q{:—. Do do: |un|{h<:>—c:k<:;n}—.

n 7 n h

Viy vdi cdc s0 ti nhién » 16n hon % thi [u,| < h.

b) Tinh lim
Gidi

a) Ta co: |un| =

_ 13!
b) Theo dinh nghia vé diy s6 ¢6 gidi han 0, ta c6: lim Sall: P
n
Cho diiy 6 (u,), Vi u, = 2+ L. Tinh  lim (i, —2).
n B>+ m
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A . 1
Taco: lm (u,-2)= lm —=0.
n— 4o n—k+ o0 f7

Vi thé day (2, tién tdi 2 khi n dan tdi vo cuc.

Ta ¢6 dinh nghia diy s6 ¢6 gidi han hitu han nhu sau:

&
[ Diy s6 (u,) ¢6 gi6i han hitu han 1a a khi n din t6i duong vo cic néu
lim (u,-a)=0,kihitu lm wu,=a.

R =+ O H=r+ o0

Chii y: Ngoai ki hiéu lim w,, =a, ta cling st dung cdc ki hiéu sau: limu, =a hay
">+ w
u, — a khi n = +o.

Vidy 2 = Chiing minh riing:

: . bn+1 P

a) lime = ¢, véi ¢ 12 hiing s6; b) lim il o
n !
Gidi 2 Chiing minh ring
- = = . =—d4n+1
) Do lim(¢ - ¢) = lim 0 = 0 nén theo dinh nghia vé diy s6 lim ==4
¢6 gidi han hiu han, ta c6: lime =¢.
by Dolim| 32+ -6]=1iml=an.§n g = 6.
l\ n n n

Chui ¥
* MOt diy s6 ¢6 gidi han thi giéi han d6 1a duy nhat.

* Khéng phai diy s6 nio ciing ¢6 gidi han, ching han nhu diy 6 (1) véi u,, = (- 1)".

2. Mot s giGgi han co ban
Ta thita nhiin cic giGi han sau:

a) b B ; ]imik =0 vdi k 14 s6 nguyén dudng cho tridc;
n n
C

b) lim =0 lim—

n H
¢) Néu jg|<1 thi limg” =0;

=0 vdi ¢ 1d hiing s0, k 14 s6 nguyén duong cho trudc;

n
d) Day SO (u,) vOi u, =(l +l) c6 gidi han 1a mot sO vo i va 2oi gidi han dé la e,
F
. ( 14"
e=lim|1+—| .
n)

Mot gid tri gdn ding cha e 13 2,718281828459045,
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H .
Vidu3 = Chitng minh ring lim[— l] =10, L
2 '3 Ching minh riing
Graait s
Iim| —|=0.

1] 1 W [“]
Do|-—|=—<1nénlim-—| =0.

21 2 2

Il. DINH Li VE G161 HAN HUU HAN
@ &P Cho hai day s6 (u,), (v,) V6i u,, =8+l; v, =4—E,
M

n
a) Tinh limu,,, limv,,.
b) Tinh lim(u, +v,) vi so sdnh gid tri d6 véi tong limu,, + limv, .

¢) Tinh lim(,, . v,) va so sdnh gid tri d6 vaéi tich (limu,,) . (limv).

Ta c¢6 dinh Ii vé gidi han hiiu han ciia mot tong, ciia mot hiéu, cha mot tich, cia mot

thudng va ctia mot cin thdc nhu sau:

[ a) Néu lim u, = a, lim v, = b thi:

lim(u, +v,)=a+b;
lim(u,, —v,)=a-b.
lim(u, .v,)=a.b;
llm“——b (v, #0, b #0).

Vi

b) Néu #,, 20 véi moi n va limu,, =a thi a>0 va lim Ju, =a.

Vidu4 = Tinh gidi han sau:
Y
a2k i P —
nl n 4 Tinh cdc gidi han sau:
2
. Sn+n
| :
c) ]un l [6——] H n?
H
Gici b) lim £+”#.
M
il)lim[ )=11m2+llm——2+ﬂ =
b)lim4"‘3=1im(ﬁ-3)=1im4-1im3=4-n=4,
n n L H
; 1 1. .o I 1Y
¢)lim| 5+—||6—— |=lim| 5+—|.lim| 6| — =5 .6=30,
62
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I1l. TONG CUA CAP S& NHAN LUI VO HAN
1

Cho cap s6 nhén (u,), v6i 1) =1 va cong bdi ¢ = 5
a) So sdnh |q| vai 1,
b) Tinh S, =w; +uy +...+u,. Tl d6, hiy tinh lim §,,.

Ta néi (u,) la cdp sé nhén lii vo han va lim S,
la téng cia cdp 6 nhén lii vé han do.

Trong trudng hop tong quat, ta ¢6:

Iﬁrr
Cip s6 nhin vé han u,, uq, ..., uq" ', ... c6 cong bdi g thoi min |g|<1
dugc goi 1a cdp sé nhan i vé han.

Téng ctia cip s6 nhan lii vo han da cho 1a: S =y + g+ S lli—lq
Vidu5 | Tinhton T=1+l+i+ + +
! g 3t e W
Gidi 8 Tinh tOng
n-1
Céc s6 hang ctia tong lip thinh cip s6 nhén (u,), c6 u=1, M :1—%+%-,,,+[-%J *...
2
- 1 i 1 1 3 B &
g=_—nénT=1+—+—+..+ +..= =—.
32 3.‘1 -1 - l 2
3
Vidu 6 = Biéu dién sO thip phin v6 han win hoan
0.(3) dudi dang phén s6. -
Gidi 3 6 Gidi thich vi sao nghich If
. . 3. 3 3 Ty Zénon trong phin mdé diu la
Ta co6: U,{3} = 1—6 + E}i o e o ﬁ};"‘ e ;If—l“ = 5 . khﬁng ﬂﬁﬂg‘
10

IV. GIGI HAN VO cucC

Quan sat ddy s6 (u,) v6i u, = n° va cho biét gid tri clia u,, ¢6 thé 16n hon mot s6
duong bat ki dudge hay khong ké tit mot s6 hang nio dé trd di.

1
Ta thdy u, c6 thé lon hon mot s& duong bét ki ‘Q‘m
ké it mdt sé hang nao dé tro di. Ta néi day E‘-‘;’ \@,f
(#,) 6 gidi han + « khi n — + o0,
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Ta ¢6 dinh nghia vé diy s6 ¢6 giéi han vo cyc nhu sau:

Fi‘ér
~ * Tani diy s6 («,) ¢é gidi han + o khi n— + o, néu u, c6 thé 16n hon
mot s6 duong bat ki, ké tit m6t s6 hang nio dé tré di.

Kihiéu lim wu, =+ o hay lim#, =+ e hay u, = + o khi n > + .
H—>+ o0

* Ta n6i ddy s6 (u,,) ¢6 gidi han — o khi n—> + o0 néu  lim (-u,) =+ .

H—»+ 0
Kihiéu lim wu,=-ohay limu, =-—o hay u,, = —o khi n—= + .
H =+ o0
Vidu 7 | Ching to riing limn® = + . ‘7
Gidi "7 Tinh lim(- n%).

Xét dily s6 (u,)=n>.

Véi M 1a s6 duong bit ki, ta thly: u, >M < n”> >M < n>M.
Viy véi ciic s6 t nhién n > /A thi u, > M. Do d6, limn® = + oo,
Nhén xét

¢ limn* =+ oo vdi k 14 6 nguyén duong cho trude.

* limg"” =+ o véi ¢ >1 la s6 thyc cho trudc,

o i . . v A2
* Néu limu,, =a valimv, =+ o (hoiic limv, = - ) thi lim " =0.

Vn

. v ops i : R !
* Néu limu, =a,a>0 va limv, =0, v, >0 vdi moi n thi lim—2 =+ oo,

. vﬂ
* limu, =+ o< lim(-u,)=- o«
n e
Vidu8 = Chiing to riing ]im[EJ =+ o0, - o
e 2 8 Chung (O riing lim——=0.
Cridii 2

n

1
Do ; > 1 nén lim(é] = +c0.

-

' P : 1 v e
1. Cho hai day s6 (u,), (v,) v6i u, = 3+;; Vy =5 == Tinh cdc gidi han sau:
n

a) lim i

e lim oy,

b) im(u,, +v,)), lim(u,, =v,,), im(u,, . v,), lim—2.
n
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2. Tinh cac gidi han sau:

 Sm+l . 6n* +8n+1 _ Aln? +5n+3
a) lim : b) lim ———: O lim———;
2n 502 +3 6n+2
|
i ol 2+—
d) lim[z*i}_, i, g) lim—1
g 4 3" 3

a) Tinh tﬁng clia cﬁp s0 nhén 10i v6 han (1,,), vO1 1y = %, q= —l.

4
b) Biéu dién s& thip phan vé han tudn hoan 1,(6) dudi dang phén sé.

4. Tit hinh vudng ¢6 d6 dai canh biing 1, ngudi ta ndi cdc trung diém
clia canh hinh vudng d€ tao ra hinh vuéng méi nhu Hinh 3. Tiép
tuc qua trinh nay dén v6 han.

a) Tinh dién tich S,, ctia hinh vudng dudc tao thanh & budc tha n;
b) Tinh tong dién tich cia tit cd cdc hinh vudng dugc tgo thanh, =

e

5. €6 1 kg chit phong xa dde hai. Biét riing, e sau mét khoang thai gian 7'= 24 000 nim
thi mot nifa s& chit phong xa nay bi phin ri thinh chit khdc khong doc hai doi véi
stic khoe¢ ctua con ngudi (T dugc goi la chu ki ban ra).

(Ngudn: Pai s6 va Gidi tich 11, NXB GD Vigt Nam, 2021)
Goi u,, 12 khéi luong chét phéng xa con lai sau chu ki thi n.
a) Tim 8 hang tong quat u,, cha day $6 (u,).
b) Chiing minh riing (1,) c6 gidi han 12 0.

¢) Tt két qua ciu b), ching 10 riing sau mot s6 nim nao d6 khéi lugng chit phong xa
di cho ban diu khéng con doc hai d6i véi con ngudi, biét riing chat phéng xa nay sé

khong doc hai nita néu khéi lugng chit phéng xa con lai bé hon 10~ ° g.
6. Goi C la nda dudng tron dudng kinh AB = 2R,

C, la dudng gdm hai nita dudng tron duding kinh %,

C, la duting gdm bon nda dudng tron duding kinh %

C, 1a dudng gdom 2" nita duding tron duding kinh A_HB ... (Hinh 4).

Goi p,, 1a 85 dai ctia C,, S, 1 dién tich hinh phiing
gi6i han bdi C, va doan thing AB.
a) Tinh p,. §,.

b) Tim giéi han cta cac day s6 (p,) va (S,).
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§2 ' GIGI HAN CUA HAM $O

Hinh 5 biéu dién dd thi ham s§ van toc ¥ (™S}
v(r) theo bién s0 ¢ (¢ 1a thoi gian, don vi: 01757
gidy). Khi cdc gid tri clia bién s6 ¢ dén tdi
0,2 (s) thi cic gid tri tudng dng cua  0.1407
ham s& v(¢) dan tdi 0,070 (m/s).

0.1057

Trong todn hoce, . E
gid trj 0,070 biéu thi khdi 0.0707-: - 5
niém gi ciia ham s v(t) khi G 77 D s i c e i e
cdc gid tri ciia bién so t

dan16i 027

0,035¢

0 01 02 03 04 05¢()

Hinh 5
I. G161 HAN HUU HAN CUA HAM SO TAI MOT DIEM
1. Pinh nghia
“SEP Xét ham s fix) = 2x.
a) Xét diy so (x,), vdi x, =1+ % Hodn thanh bang gia tri flx,) tuong ting.
B =0 x3=:-? x3=i1 14=_5_ xn=f"+l
1 2 3 4 | n
R | fx)=7 | fix) =7 | flx) =7 | fix) =2 ... | fix) =7

Céc gid tri tudng dng cia ham sfif{xl}, fixy), ..., fixy), ... 18p thanh mét day sO ma ta
ki hi¢u Ia (flx,)). Tim lim fix,).

b) Chiing minh ring véi day s& bat ki (x,), x, — 1 taludn cé fix,) — 2.

Duidi day ta viét khodng K thay cho cdc khodng (a ; b), (— w0 ; b), (a : + %), (— 0 ; + w0).

Mot cdch tong quit ta cé:

| Cho khoing K chia di€m x, v ham s& f(x) xdc dinh trén K holc trén K \ {x;}.
Ham s& f(x) c6 gi6i han la s6 L khi x dan téi x, néu véi day sé (x,)
bat ki, x, e K \{xg} va x, = X thi f(x,)—=L.

Kihigu lim f(x)=L hay f(x)—L khi x— x;.

¥ X
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Nhédn xér: lim x=xp. lim ¢=c,v6iclahing sé.
X=X X — X

X" =G

Vidul & Xétham s f(x)= : (x # 3). Chiing minh ring ]im3f'[x) = 6.
X —»

Gidi

X

Gid sit (x,) 1 day 6 bat ki, thod man x, #3 vi limx, =3. % |
7 @ Su dung dinh nghia,
e Hin £ m im0 i~ N $3) chitng minh ring

Xy - Xy _3 lim I2=4_
x—2

=lim(x, +3)=limx, +im3=3+3=6.

Viy lim f(x)=6.

x=3
Chii y: Ham s8 f(x) c6 thé khong xdc dinh tai x = x, nhung vin ton tai gidi han cta
ham s6 d6 khi x din t6i x,.

2. Phép toan trén giéi han hiru han ctia ham so

P Cho hai ham s6 f(x) = x> =1, g(x) = x +1.

a) Tinh lim f(x) va lim g(x).
x—l x—=1

b) Tinh lim [ f(x)+ g(x)] vi so sinh v6i lim f(x)+ lim g(x).
x =1 x—1 x— 1

¢) Tinh lu‘n [f{x} g(x)] va so sanh vé1 lim f{x]— llm g(x).

xr—1

d) Tinh lim [ f(x).g(x)] va so sinh vé1 lim f(x). lim g(x).
x—=1 x—=1 r—= 1

lim f(x)
&) Tinh Tim L va 5o séinh véi = iy
x—1g(x) Ilmlg{x]
X—F

Ta thifa nhin dinh 1i sau:

N
[rzﬂ Néu lim f(x)=L vd lim g(x)=M (L,M cR)thi

X =»Xp X=X
. li}fﬂ [f(x)+g(x)]=L+M; * hm [f(x)-gx)]="L~
X Xy r—)-xn,
* lim [f(x).g(x)]= m M=£(ngM?‘=U).
X = Xy x —» xg 2(X)
b)Néu f(x)20 va lim f(x)=Lthi L20 va lim [f(x)= =/L.
X =¥ X X—rX
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Vidu2 | Tinh: -‘7
R

ip ] #
g " ; 3 Tinh:
a) hm {.x'z +x=0): b) Iim ﬂ

x 32 51 2x-1 a) lim [(x+D(x* +2x)];
Gidi e
’ [.2
a) lim (x> +x-6) = lim x*+ lim x— lim 6 S g
¥=2 =2 ¥ =2 ¥—2
=4+2-6=0.
5 lim (x*+2x+3) lim x” + lim (2x)+ lim 3
. X" +lx+3 xl--r-]::lltx TR x]-Tlx +,xl-Tl( T)+xl-T1 1+243
b) lim = _ - : : - =6
x—>1 2x-1 lim (2x—1) lim (2x)— lim 1 2-1
x—1 x—>1 x—1
3. Gidi han mdt phia _
—Inéu x<0 s
GSPP Chohams§ f(x) =1 0néu x=0 vl
1 néu x> 0.
Ham s6 f{x) c6 dd thi & Hinh 6. w1 9 1 7 =
a) Xét ddy so (u,) sao cho u, <Ovalimu =0, E S -1
Xac dinh flu,) va tim lim f{u, ).
b) Xét diy s6 (v, )} sao cho v, > 0 va lim v, = 0. Hinh 6

Xidc dinh flv,) va tim lim f{v,).
Nhdn xét
» J ciu a, ta xét gidi han cta haim fix) khi x tién t6i 0 vé bén trdi. Gi6i han d6 1a
gidi han bén trdi ciia ham s6 y = f(x) khi x > 0.
« 3 ciiu b, ta xét gidi han ctia ham f(x) khi x tién t6i 0 vé bén phai. Gidi han d6 la
gidi han bén phdi ciia him s6 v = f(x) khi x = 0.
Trong truding hgp tong quat, ta ¢6 cdc dinh nghia sau:
F'r . ——
<~ *Choham s6 y = f(x) xdc dinh trén khoang (a ; x,).
So L dudge goi 1a gidi han bén trdi cia ham s y = f(x) khi x = x; néu véi
ddy s6 (x,) bit ki, a <x, <xp vi x, = xp. ta c6 fix,) —> L.
Kihiéu hm f(x)=L.
X=X
* Cho ham 5 y = f(x) xdc dinh trén khodng (x; b).
S6 L dudge goi 1a gidi han bén phdi clia ham s§ y = f(x) khi x - x; néu véi
ddy s6 (x,) bit ki, xy <x, <b vd x, > x,,tacé f(x,)—> L.
Kihiéu lim f(x)=L.

X — X
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Vidu3 = Tinh: ]il'ﬂ_ 2-x. :/ [
XD "3 Tinh lim (Vx+4+x).

Gidi ey g

Vi day s6 (x,) batki, x, <2 va x, =2, tacé:

lim Jz—xu=\/ lim (2—xn]=J2— lim x, =v2-2=0.Viy lim v2-x=0.
X

x, 22 32 X,—2 X2

Dinh Ii sau ddy cho ta méi lién hé gitia ““gidi han hai phia” lim f(x) véi gi6i han bén

) X — X
trdi lim f(x) va gidi han bén phai  lim  f(x).
X=X, X — Xg
Iim f(x)=L khivachikhi lim f(x)= lim f(x)=L.
x =3 X, X —» X5 X —» x5

Vidu4 & Xét ham sd fix) trong Hoat déng 3. Chiing to riing khéng ton tai ]ima f(x).
X =
Giai

Tacdé: lim f(x)=-1 va 1im+f{x]= L. Suyra lim jf(x)# lim f(x). Vay khong

x—= 0 x =0 x—=0 x =0

ton tai limﬂ S(x).

VA

Il. GIG1 HAN HUU HAN CUA HAM SO TAI VO cuc

S Cho ham 8 7)o 5 0y 06 8 thi nhit 3
X

Hinh 7. Quan sat d0 thi d6 va cho biét:

-y

a) Khi bién x din téi dudng vo cuc thi flx) dan tdi gid
tri nao.

b) Khi bién x din t6i 4m v6 cuc thi fix) din téi gid tri ndo.
Trong trudng hop tong qudt, ta ¢6 dinh nghia sau: Hinh 7

&
[’ a) Cho ham & y = f(x) xdc dinh trén khodng (a ; +o).
Ta n6i ham s6 y = f(x) ¢6 gidi han la s6 L khi x = +o néu véi day s0 (x,)
batki, x, >a va x, > +oo,tacé f(x,)—> L.

Kihitu lim f(x)=L hay f(x) =L khi x— +%.

X -3+
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Eﬁy’

~~b) Cho him s6 y = f(x) xdc dinh trén khoang (-0 ; a).
Ta néi ham s& y = f(x) ¢6 gidi han la s6 L khi x — —o0 néu vdi day so (x,)
bat ki, x, <a va x, > —w,tacé f(x,)—=>L.

Kihitu lim f(x)=L hay f(x)—>L khi x - —o.

X -

Chii ¥
* Vi ¢, k 14 cdc hiing sO va k nguyén duong, ta ludn cé:

; ; . c . c
lm ¢=¢: lm c=¢. Im —k={l: lim —=0.
X — 40 X —3—eo X den y x—y-u:)_xk

* Céc phép todn trén gidi han hitu han cia hiam s6 khi x = x; vén con diing khi x = +

hoiic x > -0, R
2x+1 V . 3x+2

Vidu3 = Tinh lim 4 Tinh lim
x=>+m x—1 roa-wdx=5
Gricii , l 1
x| 24— b i Iim 24+ lim —
: 2x+1 . ( ] " : 274+0
Taco: lim i = lm _x= lim X _Xx—F+w X—++oX _ + -2

1—-— lim 1- lim

x=+mo x—1 xr-++-:ux
X x X = +o0 X =+ X

IJ xo+w |l I 1-0
Il GIGI HAN VO cuC (MOT PHIA) CUA VA
HAM SO TAI MOT PIEM

@ P Cho ham s f(x)= Ll
I—

nhu Hinh 8. Quan s4t do thi d6 va cho biét: x_]_]{i
a) Khi bién x ddin (6i 1 v& bén phii thi fx) dén t6i dau.
b) Khi bién x dan tdi 1 vé bén trdi thi fix) din t6i diu.

(x21) ¢6 db thi It

I-'-:1|rI

Trong tridng hop tong quit, ta ¢ dinh nghia sau: Hm,lr; 8

WP
[- * Cho him s0 y = f(x) xdc dinh trén khodng (a: + ).
Tan6i ham s§ y = f(x) c6 gi6i han 1a +o0 khi x — @™ néu véi ddy 6 (x ) batki,

X, >ava x, »a,tacé f(x,)—>+o.

Ki hiéu lim f(x)=+o0 hay f(x)— +w khi x—=a .

rt=ra

e Cic trudng hdp lim f(x)=—-co: lim f(x)=+c0. lim f(x)=-cc dudc
x—>a x—>a x—>a

dinh nghia tudng ty.
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Chui ¥: Ta ¢6 hai gidi han ¢d bin sau:

lim =+oo; lim 1 =—on,

x—»qa X—a x—=a X—a

o : |
Vidu6 @ Tinh: lim A
yoy gb =12 V
Giai 5 Tinh: lim L.
[ o= x+2
Tacd: lim = 40,
x=2tx=-2

IV. GIGI HAN VO cuc cUA HAM sO TAI VO cuc b
Cho ham s fix) = x ¢6 dd thi nhu Hink 9. Quan sét

dd thi d6 va cho biét: 1

=y

a) Khi bién x dan tdi duong vo eye thi f{x) din tdi déu. A5
b) Khi bién x din tdi am vé cyc thi fix) din tdi dau. 2 |

Trong trudng hgp tong quat, ta ¢6 dinh nghia sau: Hinh 9

f:ay = —— 4 =

* Cho ham s6 y = f(x) xdc dinh trén khodng (a ; +©).
Ta n6i ham s6 y = f(x) c6 gidi han Ia +c0 khi x — +e0 néu véi day so (x )
bitki, x, >a vix —+w,tacod f(x,)—> +o.

Kihiéu Im f(x)=+00 hay f(x)—> + khi x = 4=,
x

— +

* Cic trudng hop lim f(x)=-o0 lim f(x)=+o lm [f(x)=-w

X =+ X —-m X -w

dugc dinh nghia tudng .

Chii ¥: Ta ¢6 ba gidi han cd bén sau:

« lim ¥ =+ véikla s6 nguyén duong.
X =y +oo

¢ lim x* =+ vdiklase nguyén ducng chin.
X—p=-
* lim x* =—oo vdi k12 s8 nguyén duong 1¢.

r — =g
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Vidu7 © Tinh: lim x%; lim x°. rt_/
X =k +o0 X =3 —ob y 4
Gidi 6 Tinh: lim x.
X = -—w
Taco: lim x° =+ ao;  lim X° = -0,
X = 4@ X — =

B Bii Tip

1. St dung dinh nghia, tim cdc gidi han sau:

2
a) lim xz; b) lim o 25.
xr—»=3 r—=>5 x=5

2. Biétring ham s6 fix) thoamin lim f(x)=3 vd lim f(x)=35.Trong truting hap

x =2 T
nay ¢6 ton tai gidi han lim_’ f(x) hay khong? G thich.
x—2
3. Tinh cac gidi han sau:
2‘ — —
a) lim (x* —4x+3): Bl B Y. o lim Jx-1
=32 x»3 x-3 x>l x-1
4. Tinh céc gi6i han sau:
2
Lok : + 1
a) lim L : b) lim 1 : c) lim % ;
x—+m 3x—4 x> -m2x+3 x— 40 X
{2
, 1 ; ;
d) lim I : e) lim : ; g) lim
e X x— 6 x—0 - T x=17

5. Mot cong ty san xudt mdy tinh di xde dinh dugc ring, trung binh mot nhén vién
c6 thé lip rip dude N(1) = 5—[}:1 (f 2 0) bd phiin moi ngay sau ¢ ngdy dio tao. Tinh
r+

lim N(7) vicho biét ¥ nghia cla két qua.
= +m

6. Chi phi (don vi: nghin dong) d€ san xudt x sin pham ctia mot cong ty dugc xdc dinh
b&i him s6: C(x) = 50 000 + 105x.
a) Tinh chi phi trung binh C(x) d€ san xuat mot san pham.
b) Tinh  lim C(x) va cho biét ¥ nghia ctia két qua.

X —» +o0
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' §3 ' HAM sO LIEN TUC

Céu S6ng Han 1a mdt trong nhiing cily ciu bic qua séng Han & Da Ning. Diy la ciy ciu
quay dau tién do ki su, cong nhin Viét Nam ty thiét k& vi thi cdng. Khi ciiu khong quay
(Hinh 10a), mit ciu lién mach nén cédc phudng tién cé thé di lai gitta hai ddu ciu. Khi
ciu quay (Hinh 10b) dé cdc tau, thuyén ¢6 thé di qua thi mit ciu khong con lién mach
nita, cdc phuong tién khong thé di qua gitia hai diu ciu.

a) Céu Song Han khi khong quay b) Céu Song Han khi quay dé rau di qua

) (Nguan: hitps:shutterstock.com)
Hinh 10

pe
N N . el . Lo,
Kién thite gi trong todn hoc thé hién chuvén ding £
co duimg di la ditimg lién mach? a2
I. KHAI NIEM A
1. Ham s lién tue tai mot diém
Quan s4t dd thi ham s6 f(x) = x & Hinh 11. |
a) Tinh lim f(x). -1/10 1 X
x—=l =1
b) So sanh lim f(x) vdi fil). Hinh 11
xr =]

D) 4
i"’ Cho ham SE“;_}' = flx) xdc dinh trén khodng (a ; b) va X, € (a ; b). Him s6 y = flx)

dugc goi 1a lién tyc tai x, néu lim f(x)=f(x,).
A= .l'D

Nhdn xér: Ham sd y = f{x) khong lién tuc tai x,, dugc goi 1a gian doan tai Xy

Vidu I © Quan satdo thi hiam sé trong Hinh 12a va Hinh 12b, xdc dinh l0) va lim  f(x).
Tii d6 cho biét mdi hiim s6 d6 ¢6 lién tuc tai x = 0 hay khong. Gidi thich. P
Cricii
Trong Hinh 12a ta cé: A0)=0, lim f(x)= lim x* =0.

x—=0 x—0
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_1'“- j'.ll.
] f=
: .] 7 i oy
210 1 3 X
1 néux<0
a) Do thi ham .\'t‘f_f{x) = _1-2 b) D thi ham J-'f:'r_f'{.x'} =4 0 néux=0
.l"ff.r:lill !2 I ”(;if =0
Nhu vdy lim f(x)= f(0) nén ham s f{x) lién tuc 4
y x=0 /
tpl.v=0. ® Xét toh lign e cla
Trong Hinh 12b ta ¢6: him s6 f(x)=x"+1 tai
; . . e ; X =1.
lim f(x)=-1 lim f(x)=1.Dodékhong ton tai
x—0 x— 0
lim f(x). Viy haim s& f(x) khong lién tuc tai x = 0.
x—0
2. Ham s0 lién tue trén mot Khoiang hoic mot doan A
@2 Chohimsd fix)=x+ 1 véix e R. 1
a) Gia sif x, € R. Ham s0 flx) 6 lién tuc tai diém X, v | '
hay khong? L /
b) Quan sat dd thi ham s flx) =x+ 1 v6i x e R (Hinh 13), i) _'-’fl‘ i
néu nhin xét vé dic diém cha do thi him sd do. !
Mot cdch tdng quat, ta ¢6 dinh nghia sau: Hinh 13

WP
[ * Him s6 y = flx) dudc goi la lién tuc trén khodng (a ; b) néu ham s6 lién tuc tai
moi di€ém thudc khodng doé.

» Ham sd y = fix) dugc goi la lién tuc trén doan [a ; b] néu ham sd do lién tuc

trén khodng (a: ) va lim f(x)=f(a) lim f(x)=f(b).
x5

x—>a

Chii ¥ Khdi niém ham s0 lién tuc trén cdc tip hop ¢6 dang (a ; b, [a : b). (a ; +),
[a; +®), (-o; a),(-»: a]. (-w: +x) didc dinh nghia tudng tu.

Nhdn xét: Do thi ham s6 lién tuc trén mdt khodng 1a “dudng lién” trén khoing dé.
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Vidu 2 )
a) Ham s0 fix) = 2x + 3 ¢6 lién tuc trén doan [3 ; 4] s

hay khong? "2 Ham 6

b) Hams6 f(x)= s (x#2)célienwcténkhoing  f(x)= {x ~lInéux<2
x-2 —x néux=2

(1 ;29 ey Xhiings ¢6 lién tuc trén R hay khong?
Gidi
a) Vaimbi x, € (3:4), tacd: lim f(x)= lim (2x+3)=2xy+3 = f(x). Ta lai cé:

X = xc, X J.'n,
lim f(x)= lim (2x+3)=9=f(3), lm f(x)= lim (2x+3)=11= f(4).
Y i x 3 ¥4 r— 4

Viy ham so da ch-:r Ilén tuc trén doan [3 : 4].

b) Him 86 f(x)= —2 khong xde dinh tai x = 2 nén hiim s6 khong lién we tai x = 2,

Do 2 e (1: 3)nén ham sd da cho khong lién tuc trén khoang (1 : 3).

il. M@T s6 DINH Li cO BAN

1. Tinh lién tuc cia mot s6 ham so ¢iip co ban

Céc ham da thiic, haim phén thiic hiiu ti (thuong ciia hai da thiic), ham ciin thiic, ham s&
lugng gide 1a nhiing hiim s¢ ¢ip cd ban. Sau dy, ta sé xét tinh lién tuc cua nhu‘ng hﬁm do.
Quan sit dd thi cic ham s0: y=x’—4x+3 (Hinh I14a); y = x—l (x # 1}

(Hinh 14b); ¥ = tan x (Hinh 14c) va néu nhan xét vé tinh lién tuc ciia mo1 ham 0 d6 trén
ting khoang cua tip xdc dinh.

*t Y ¥
N\ K : i
3 : : :
ot e N o] | - B B
o e e e e -E /]9
: X ) T

-1 4
-1

2 )

b i
| —
=

a) b) g
Hinh 14
Trong tridng hop tong quat, ta ¢ dinh 1i sau:

[/ * Cic ham da thic va hai ham s6 ligng gidc y = sinx, y = cosx lién tuc trén R,

* Cdc ham phén thidc hitu ti va hai him s6 lugng gide y = tanx, y = cotx lién tuc
trén tiing khodng xdc dinh ciia ching.

* Ham ciin thic y =+/x 1ién tuc trén nita khodng [0 ; + ),
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) x+Infux=#3 E |
Vidu3 & Cho ham s6 f(x}={ 3

a nfux=: 3 Ham 53 f0) = 242 6 lién
Tim a dé haim s6 flx) lién tuc trén . tue trén mdi khodng (— = : 8),
—_ (8 ; + oc) hay khong?
Gicii
Do flx)=x+ I néu x # 3 nén ham s6 d6 lién tuc trén moi khoédng (-0 ; 3) va (3 : +w).

Véix=3thifi3d)=a. Tacod: lim f(x)= lim (x+1)=3+1=4.

¥ —3 r—3
Viy ham s0 flx) lién e wén R khi him s6 f{x) lién tuc tai diém x = 3 khi va chi khi
lim f(x)=f(3)Sa=4.
¥x—3
2. Tinh lién tuc ciia tong, hiéu, tich, thuong cta hai ham so lién tuc
GSEY Cho hai ham s3 f(x)= x> +x va g(x) = x> +1 (x € R). Hay cho biét:
a) Hai ham s6 £(x). g(x) ¢6 lién tuc tai x= 2 hay khong.

b) Céc ham s& f(x)+g(x): f(x)—g(x): f(x).g(x): LAC)) 6 lién tuc tai x= 2 hay khong.
Trong triding hgp tong qudt, ta ¢é dinh i sau: €4

o . =
[ Gid sii y = flx) va y = g(x) 1a hai ham s6 lién tuc tai diém x . Khi d6:
a) Cdc ham Gy = f(x)+g(x), y=/[(x)-g(x)vay=7(x).g(x) lién tyc tai x;

b) Ham so y ‘;Ex; lién tuc tai Xg néu g(xy)# 0.

=

Vidu4 = Cho ham sd V =
f{x]:xﬂ...z“_ﬁ _ 4 Xét tinh lién tuc ciia ham s&
2

f(x)=smx+cosx trén K.
a) Xét tinh lién tuc cua ham f-‘.ﬁﬂx} tai x = 3.

b) Xét tinh lién tuc cia ham s6 f{x) trén tip xdc dinh clia ham s6 do.
Giai

Tép xdc dinh ham s6 1a R\ {2} .

a) Ta thiy: lim f(x)= lim [x%zﬁ—‘? -J: lim x* + lim (2x)+ lim -‘?--2-
=

x=>3 x—=2 x—=3 =3 r=3X—

=33+2_3+%=ﬂ3)_

Viy ham s6 fix) lién tuc tai x = 3.

b) Ham sé g(x)= x° +2x 1a ham da thdc nén lién tuc trén B. Do d6 ham s& g(x) lién tuc
trén moi khodng (=0 ; 2) va (2 +o).
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la him s& phén thic hitu i lién tuc trén mdi khodng x4dc dinh

Ham sd A(x)=
(—o0:2) vit (2 +00). Viy ham s0 fix) = g(x) + h(x) lién tuc trén mdi khodng (-0 2)
va (2 +o0).

B siiTap

1. Dung dinh nghia xét tinh lién tue cha ham sd f(x) = 2% +x+1 tai diém x= 2.

2. Trong cdc hiim s ¢6 d6 thi 6 Hinh 15a, 15b, 15¢, ham s6 nao lién tuc trén tip xdc dinh
ctia ham s6 d6? Giai thich.

VA

b

- i_l;}.\\l/?

3 E{Ol 1 2 3%
] .
a) Bd thi héin siv b) D thi him si ¢) Dé thi ham sé

. X 2

Axy=x"-2x j=— —2x nénx<—1
8(x) =1 hix)= yw

x+] néuxz-1

Hinh 15

oo

Ban Nam cho riing: “Né&u ham sd y = f{x) lién tuc tai diém X €On ham s6 y = g(x)
khong lién tyc tai Xy thi ham s& » = f(x)+g(x) khong lién tyc tai ,rﬂ”, Theo em,
¥ kién clia ban Nam diing hay sai? Gidi thich.
4. Xét tinh lién tuc ctia mbi hiim s6 sau trén tdp xde dinh cia him so do:

2x  x-1
x-3 x+4°

a) f(x) —x%+ sin X; b) g(x) = s il; c) hix)=
=

x>+ x+1 néu x=4

5. Chohamso f(x)= o
2a+1 néu x=4.
a) Véi a = 0, xét tinh lién tuc ctia hiim s6 tai x = 4.
b) Véi gid tri nao cha a thi ham s6 lién tuc tai x =47
¢) Vdi gia tri nao cua a thi ham 5O lién tuc trén tip xdc dinh cua n6?
6. Hinh 16 biéu thi d6 cao h (m) clia mot qua bong dudce dd 1én theo thai gian r (s),
trong d6 (1) =— 21> +8t.
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a) Chiing td him s6 h(7) lién tuc trén tip xdc dinh, 4 “‘”5“

b) Dua vio db thi hiy xdc dinh lim (- 2¢% +81).
Py

|,E ) ' TiM HIEU THEM 0 2 ((s)
? Hinh 16

1. Gi6i han cuia ham so
O bai hoc trudc, ta da dinh nghia khdi niém lim f(x) = L trong trudng hop hiam sd fix)

X=X

xdc dinh trén khoang K hoic trén K\ {x,}, ¢ d6 khodng K chiia diém x, va khoing K
cG mdt trong nhiing dang sau: (a ; b), (- b). (a: + ®), (—w; + x).

Tuy nhién, cdc ham s6 thudng gip cé thé c6 mién xdc dinh & dang phiic tap hon, ching
han mién xdc dinh c6 thé c6 dang [0 ; 3) va x,=1€[0;3). Vi thé, ta cin md rong khai
niém trén cho nhiing ham sé ¢6 mién xdc dinh & dang phiic tap hon.

Cu thé, ta ¢ thé 1am nhu sau:

Cho ham s6 f(x) xdc dinh trén tip hp K = R vacho x, e R. Gid st 6 s0 thuc a > 0
sao cho (x, —a: xy +a) < K hoidc (x; —a: x; +a)\{x,} C K.

Ta néi ham s6 f(x) c6 gidi han la s6 L khi x dan t6i x, néu véi day so (x,) bat ki,
x, €(xg—a;xy+a)\{xy} va x, > xg,tacé f(x,)—=>L.

2. Ung dung tinh lién tuc ctia ham s0 vio xét su ton tai nghiém ctia phuong trinh
Cho ham 6 y = fix) lién we wén doan [a ; b] sao cho
fla) < 0, fib) > 0. Khi d6, d6 thi ham s& v = fix) trén
doan [a : b] 12 mdt dudng cong lién nét di tir diém (1.1 I A
M(a ; fla)) nim dudi truc hoanh dén diém N(b: f(b)) nim

phia trén truc hoanh (Hinh 17). Vi thé, trong khodng (a ; b) a2
dd thi d6 sé cit truc hoanh, tic 14 tdn tai it nhit mét diém 0 c[h
¢ e(a: b) sao cho fic) = 0. NG ciach khac, phudng trinh
fix) = 0 ¢6 it nhit mdt nghiém nam trong khoang (a ; b).
Trong triding hgp tong qudt, ta ¢6 dinh If sau:

Néu ham s6 v = fix) lién tuc trén dogn |a ; b] va fla) . ib) <0,

thi ton tqi it nhdt mor diém ¢ € (a ; b) sao cho fic) = 0.

'I-'“

'-:'“

t fla)

Hinh I7

Vida | Ching minh ring phuong trinh x° +x—4 =0 ¢6 it nhit mot nghiém.
(ricii
Xét haim s6 f(x) =x +x-4.Ta co: fi0) =-4; fi2) = 6. Suy ra f(0). fi2) < 0. Do fix)
lién tuc trén [0 ; 2] nén phudng trinh flx) =0 co it nhit mot nghiém thudc khoang (0 ; 2).
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BAI TAP CUOI CHUGNG il

Cho ham s& y= S(x) xdc dinh trén khoang (a ; b) vi Xy € (asb). Piéu kién cin va

du dé ham s& y = f(x) Iién tuc tmx la:

A, lim_f(x)=f(x). B. lim f(x)=f(xp).
I—}x'] .1'—3}0

C. lim f(x)= lm f(x) D. lim f(x)= lim f(x)=f(xp).
.‘FJF.TL'. .T—:i'.l."} .f—?‘.‘l-'[;. x—:r.t[,,

2. Tinh céc gidi han sau:

. 2n +6n+1 . 4nt =3n+1
ﬂ.} llmz—- b:’ lim 3 ) :
8n°+5 —3n" +6n° -2
2_ 2!1"1-]
c) ]imu; d) lim| 4 - :
8n—35 3"
4
2n+2 2+_3
e) hm—, g) lim—"
6.5
3. Tinh cdc gidi han sau: :
: Y Ix" —5x4-2 ;
a) lim (4.\:2—5I+6}; b) lim - T i - ¢) lim Vx-2
x—-3 x—>2 x=2 x—>4xl_]ﬁ
4. Tinh cic gidi han sau:
&5 T, 29 i S,
x—}—-mﬁ-x—z r—}+m5xu2
2 2
& i \V9x —x+l; Ol 1.1'91: —x+I;
r—-m 3Ix-2 ry+w Ix—2
1x2+4 _ 3x% 14
e¢) hm g) lim s
3= =27 2x+4 x—= =2 2x+4

2x+a néux<?2
5. Chohamsd f(x)=1 4 néu x = 2
~3x+bnéux>2
a) Vdia=0, b= 1, xét tinh lién tyc cta hiim s6 tai x = 2.
b) Véi gid tri ndo cha a, b thi ham sd lién tuc tai x = 27

¢) V@i gid tri nao cha a, b thi ham so lién tuc trén tip xac dinh?
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6. Tit dd cao 55.8 m ciia thip nghiéng Pisa nudc Y,
ngudi ta tha mot qua béng cao su cham xudng dit

(Hinh 18). Gia sti mdi lan cham dit qua bong lai
néy 1én do cao bing % dd cao ma qua béng dat
dugc tride d6. Goi S, 1a tong do dai quang duding
di chuyén ciia qua béng tinh tif lic thi ban diu
cho dén khi qua bong dé cham dat n lan. Tinh

lim S,,.

Hinh 18

7. Cho mét tam gidc déu ABC canh a. Tam gidc 4,8,C, c6 cdc dinh 1a trung diém cdc
canh clia tam gidc ABC, tam gide 4,B,C; ¢ cdc dinh la trung diém cdc canh cia tam
gidc AB\C,, ..., tam gidc A, , |B, . |Cp ;1 ¢0 cdc dinh la trung diém cdc canh cta
tam gidc A4,B,C,,. ... Goi p.py. ... Pp. ... Vi 81,55, ..., ... theo thi wf 1a chu vi
va dién tich cia cdc tam gide 4B8/C,.4B-.C5, ..., 4,B,C,. ....

a) Tim gidi han cua cdc day so (p,) va (S,).

b) Tim cdc tong py+ pr+...+ py+... VA S;+ 85 +...+ 8, +....

8. Mot thiu kinh hdi tu ¢6 tiéu cy 1a f. Goi d v d” 1dn lugt 1a khodng cdch tif mot
vit thit AB va tit anh A’B’ clia né téi quang tim O cua thdu kinh nhu Hinh 19.
Cong thic thfu kinnlal , 1 _ 1

d%d f
a) Tim biéu thic xdc dinh ham s8 &’ = @(d).

b) Tim lim ¢@(d), lim @(d)va dlimfga(d}. Gidi thich y nghia cta cdc két qua
—F

d=f* d=f"
tim dudc.
SRR TR T o P — =
' Ilr & Jr- i
B \ R — _-“""""---.._ : T
1 s "-I_L"'--__ ;
| ¥ “ o **N
L 4 !
- d s T
et e o L e A e R e L PR o e D A DU e ALt et
Hinh 19
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HOAT DONG THUC HANH
VA TRAI NGHIEM

CHU DE 1. MOT SO HINH THUC DAU TU TAI CHINH

I. NOI DUNG CHiNH CUA CHU bE

1. Mot s6 khai niém co ban

Piu tu tai chinh 14 viée mua mdt tai san tai chinh véi hi vong rﬁng no sé tao ra thu nhiap
hodc danh gid cao trong tuong lai va duge bdn vdi gid cao hon. Cé nhiéu hinh thic
dAu tu tai chinh, ching han: diu tv bit dong sin; diu i vang; diu ti chidng khodn.
Trong thyc tién ngay nay, ddu tu ching khodn 1a hinh thic ddu tu phd bién, bao gdm:
chiing khodn von — ¢o phiéu hoic chiing khodn ng — trdi phi€u (trong d6 ¢6 trdi phiéu
chinh phu, trdi phi€u doanh nghiép). Sau diy, ta sé gidi thiéu mot s6 khdi niém co ban.
a) VOn diéu 1¢ cta cong ty c6 phin dude chia thanh céc phin bing nhau, méi phin bing
nhau goi 1a ¢é phdn (Diém a, Khoan 1, Piéu 111, Luat Doanh nghiép 2020).

b) Gid tri ¢6 phin duge thé hién bing ¢é phiéu. Bén canh d6, ¢6 phiéu 12 mdt loai
chiing khodn (duge coi 1a thi sdn) va cling la di wigng giao dich trén sin ching khodn
(Khodan 1, Diéu 4, Luat Ching khodn 2019).

¢) Theo Khoan 2, Diéu 13, Luit Chiing khoan 2019, ménh gid m‘;phi@h (hodc chiing
chi qu¥) chao ban ra cong ching 1a 10 nghin dong. Nhu vy, ménh gia ¢6 phiéu la
10 nghin dong. Cdc san giao dich chiing khodn s& quy dinh mdc gid t6i thiéu ma nha
dau i phai bo ra khi tham gia giao dich ¢ phiéu.

d) Ménh gid trdi phiéu chio bdn ra céng ching 12 100 nghin déng va bdi s6 cha
100 nghin déng (Khoan 2, Diéu 13, Luit Chitng khoin 2019).

e) Lgi nhudn rong cuia doanh nghiép dudc hiéu 1a khoén tién chénh léch gitta téng doanh
thu ban duge trit di tdt ca cdc khodn chi phi, ké ci thué. Nhu viy, Igi nhudn rong chinh
14 tién lii cta doanh nghiép sau khi di déng thué.

g) C6 tite 13 khoan Igi nhudn rong duge trid cho mbi c6 phin bing tién mit hoic bing tii
sin khdc.

h) Mdi cong ty niém yét trén san giao dich chiing khodn déu duge Uy ban Chiing khodn
Nhi nude cip cho mot ma riéng, va thuong Ia tén viét tit cia cong ty dé.

Chéing han, Cong ty ¢6 phin Sita Viét Nam ¢6 mi 12 VNM (Vinamilk); Ngin hang
Thudng mai c¢6 phin Diu tu va Phit trién Viét Nam ¢é ma la BID (BIDV).

Hién nay, & Viét Nam cé hai SG giao dich ching khodn chinh thic 1a: S6 Giao dich
Chiing khodn Ha Ngi (HNX) co trang web la https://hnx.va/vi-va via Sd Giao dich Chiing
khodn TP.H& Chi Minh (HOSE) cé trang web 1a https://hsx.vn.

Danh sdch cdc mi chiing khodn giao dich (dugc sip x&p theo thi ty tit A — Z) ¢6 thé tim
ki€m tai hai trang web trén.
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2. Cac hinh thirc tra ¢o tic

C6 hai hinh thiic chi tra cd tic pho bién nhat, d6 li: trd bing tién va tra biing co phiéu.
« Tri ¢6 tic biing tién la viée doanh nghiép trd ¢6 wic biing tién truc 1i€p vio tii khodn
chiing khodn cho c6 déng.

Tai thi triding chiing khodn Viét Nam, khi mét doanh nghiép cong bé ti 18 tré ¢d tiic bing
tién, doanh nghiép dé dya trén ménh gid ¢4 phiéu, tic 1a 10 000 ddng/co phiéu.

« Tri c0 tic bing ¢ phiéu khd phd bién & nhiing doanh nghiép dang trong giai doan
ting trudng cao. BaGi lic nay doanh nghiép dang ¢6 nhu ciu cao dude git lai 1gi nhuin
d¢ md rong kinh doanh,

Vidul & Ngay 18/11/2020. Tong Cong ty C6 phan Van tai Dau khi ¢6 ma ¢é phiéu la
PVT chi tra ¢6 tirc nim 2019 nhu sau: bing tién véi ti 18 4%:; bing cd phiéu vai ti 18 15%
(Ngudn: hups:fipetroviemam.petrotimes.vn). Hay cho biét:

a) Mt ¢d phiéu PVT sé nhiin duge bao nhiéu tién.
b) M6t ¢6 déng nim giit 100 ¢6 phi€u PVT sé nhén dugc thém bao nhidu ¢6 phiéu méi.
Gidi: a) Mot ¢d phiéu PVT sé nhén dudc s6 tién la: 4% x 10 000 = 400 (d6ng).
b) Mot ¢6 dong nim gitt 100 ¢6 phiéu PVT sé nhén dugc thém s& ¢6 phiéu mdi la;

15% x 100 = 15 (c6 phiéu).
Chii ¥: Ti 1& trd ¢ tc s& duge tinh trén ménh gid 10 000 déng/co phiéu.
3. Gia cua cd phiéu
C6 bén loai gid cd phiéu.
a) Gid khdp l¢nh 1a gid c6 phiéu mi bén mua chip nhin mua mic gid bén bdn dang treo
ban hodc bén bdn chip nhiin bin thing vio midc gid ma ngudi bén mua dang chd mua.
b) Gid cao nhdt 1a gid khép 1énh 6 mae cao nhét trong phién giao dich.
¢) Gid thdp nhdt la gid khép 6 moc thip nhit trong phién giao dich.
d) Gid trung binh cia cd phi€u dude tinh biing trung binh cong ciia gid cao nhit va gid
thap nhat.
T4t ci cdc loai gid trén cia mdt mé co phiéu & mot phién giao dich ¢ thé tim kiém dugc
tai hai trang web la https://hnx.vn/vi-vn va hieps://hsx.vn hodc tai nhiing trang web clia
cdc cong ty ching khodn.

Vidu2 = Theo trang web https://stockbiz.vn/Stocks/VCB, mi c6 phiéu VCB clia Ngin
hang Thudng mai c6 phin Ngoai thuong Viét Nam (Vietcombank) trong phién giao dich
ngay 14/10/2022 ¢6 gid cao nhat 1a 68 500 dong, gid thip nhit 1a 67 300 dong. Hay hoan
thién bang s6 liéu thong ké sau:

Bdn vi tinh: 1 000 VND
Ngay | Giz cao nhit Gia thap nhat sid trung binh

14/10/2022 9 | 9 2
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Gidi: Ta ¢6 bang s6 liéu thong ké nhu sau:
(Don vi tinh: 1 000 VND)
Ngay | Gid cao nhat Gid thép nht Gia trung binh
14/10/2022 | 68,50 67,30 67,90
4. Pau tu chimg Khoan thong qua mua ban co phiéu

Vidy 3 © C6 Hanh du dinh ddu ti viio ching khodn cia doanh nghiép X. Mdi ¢ phiéu
ctia doanh nghiép d6 ¢6 gid trung binh tai mdt s6 thii diém duge thdng ké trong Bdng 1

Thai diém 14/10/2019 14/10/2020 14/10/2021 14/10/2022
(zid trung binh
mdi c6 phicu (dbng) 85 370 87 850 96 550 68 000

Bang |

Vio ngay 14/10/2019, ¢6 Hanh mua 10 000 ¢6 phiéu ciia doanh nghiép X.

a) $6 tién ¢d6 Hanh di ddu tu dé mua s6 ¢d phiéu néi trén 14 bao nhiéu?

b) Tinh s6 tién lai ¢6 Hanh thu dude néu ban toan bo 10 000 ¢o phi€u cta doanh nghiép X
vao cdc thai diém sau: 14/10/2020; 14/10/2021.

¢) Néu ¢6 Hanh bdn toan by 10 000 cd phiéu cia doanh nghigp X vio thoi diém
14/10/2022 thi ¢6 Hanh sé bi 16 bao nhiéu tién?

Gidi: a) S6 tién c6 Hanh da du tu d€ mua 10 000 ¢6 phicu cia doanh nghiép X la:

85 370 x 10 000 = 853 700 000 (ddng).

b) SG tién 1di ¢6 Hanh thu duge néu bin toan bd 10 000 ¢d phiéu cha doanh nghiép X
viio thii diém 14/10/2020 1a: 87 850 = 10 000 — 853 700 000 = 24 800 000 [d&ng].
S tién 1di ¢6 Hanh thu dude néu bén toan b 10 000 ¢6 phi€u cha doanh nghiép X
viio thisi diém 14/10/2021 1a: 96 550 = 10 000 — 853 700 000 = 111 800 000 {dﬁng].

¢) S& tién ¢6 Hanh bi 16 néu bén toan bd 10 000 ¢d phiéu ciia doanh nghiép X vio thai
diém 14/10/2022 1a: 853 700 000 — 68 000 x 10 000 = 173 700 000 (ddng).

Il. OI1 Y TO CHUC CAC HOAT DONG

Yéu ciu: Thuc hanh tinh todn l¢i nhuin trong dAu tu ching khodn.
Tién trinh 1o chic cdc hoat ddng bao ¢dm: phin chuin bi; phin thuc hién: phin tong két.
1. Phéan chudn bi

“;:',-? B Gido vién thuic hién nhiém vu sau: Chia Iép thanh nhiing nhém hoc sinh va giao
nhiém vu cdc nhém tim hiéu thong tin vé mdt s6 ¢d phiéu clia doanh nghiép niém yét tén
thi truding ching khodn Viét Nam qua hai trang web 14 https:/hnx.on/vi-vn va hittps:/fhsx.oon
hodc tai nhiing trang wed cua cong ty chiing khoan.
M&i nhém hoc sinh trao déi, thio lufin d€ xédc dinh ré nhiém vu ctia nhém vi thuc
hanh tinh toan 1¢i nhudn trong dau ti ching khoan.
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a) Nhiém vy I: Xdc dinh c6 phiéu ctia doanh nghiép niém yét trén thi trniding ching khodn
Théng nhit céc cong viéc cin 1am sau diy:

« Lua chon ¢ phiéu cla doanh nghiép niém yét trén thi trudng ching khodn theo tiéu
chi sau: chon trong 30 mi ¢ phiéu cé von hod I6n dugc cic S6 Giao dich Chiing khodn
Ha Noi (HNX) va S6 Giao dich Ching khodn TP. Hé6 Chi Minh (HOSE) duta ra:

« J méi nim 2019, 2020, 2021, 2022, chon ra mot thdi diém, t:hfmg han: thai diém ngay
14 thang 10 ctia moi mot nidm ndi trén.

b) Nhiém vu 2: Tinh todn 1¢i nhudn trong diu i ching khodn

Thong nhét cdc cong viée cin lam sau diy:

« Xdc dinh gid trung binh ctia ¢6 phi€u d6 tai nhiing thai diém da chon ra.

« Tinh tong s tién diu tt mua 10 000 ¢6 phiéu di lua chon tai thai diém nim 2019.

« Tinh Igi nhuén thu dude sau khi ban 10 000 ¢o phiéu tai nhiing théi diém di lua chon
clia cdc nidm 2020, 2021, 2022.

2. Phén thuc hién

Gia stt m&i nhém hoc sinh mua 10 000 ¢6 phiéu ctia doanh nghiép di lya chon.

Béo céo ve Igi nhudin dau tu theo méu sau:

« Théi diém mua c6 phiéu: Ngily ... thang ... niim 2019

« S& tién dau i mua 10 000 ¢6 phiéu da lva chon: ..........

Thoi diém bin 14/10/2020 14/10/2021 14/10/2022
Sd tién thu duge sau khi bian 5 5 4
10 000 ¢6 phiéu (dong) : i ;
Lgi nhudn thu duge sau khi ban o 9 5
10 000 ¢6 phiéu (déng) :

3. Phan tong két
=Sk .am viéc chung cd 16p dé thuc hién cdc nhiém vy sau:

— Cdc nhém béo cdo 1¢i nhudn trong dau t ching khodn ctia nhém. Tit d6, cd 16p gop ¥
cho phuong 4n diu tu clia moi nhom.

— Téng két va nit kinh nghiém.

ll. DANH GIA

Hinh thiic danh gid cta hoc tip du dn.

1. Panh gia hoat dong ca nhin

« M&i cd nhin tu ddnh gid vio phi€u cd nhin.

« Nhom ddnh gid tiing thanh vién trong nhém vao phiéu ddnh gid cd nhén.

2. Panh gia hoat dong va san phidm cia nhom

« Nhom tu danh gid lai hoat dong cia nhém va cho diém vao phié’u danh gid hoat dong
ctia nhém.

« Gido vién va cic nhém ddnh gid, roi cho diém phin trinh bay cta tiing nhém vio phiéu
ddnh gid hoat dong nhom.
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PUONG THANG VA MAT PHANG
TRONG KHONG GIAN.
QUAN HE SONG SONG

Trong chuang nay, ching ta sé tim hiéu nhitng néi dung sau:
dudng thdng va mat phing trong khéng gian, cach xac dinh
mat phang, hinh biéu dién cia mét hinh trong khéng gian, hinh
chép va hinh tu dién; hai duong thang song song, duéng thang
va méat phang song song, hai mat phang song song, dinh i
Thalés trong khéng gian, hinh lang tru va hinh hép; phép chiéu
song song.

DUGNG THANG VA MAT PHANG

s1 TRONG KHONG GIAN

- - El =
I. KHAI NIEM MO DAU

Nhu ta da biét, diém va dudng thing 14 hai déi
tigng cd ban ciia hinh hoe phiing. Tif hai déi tugng
cd ban d6 va nhiing quan hé cd ban gitia ching,
ta xdy dung nén hinh hoc phing.

P&i véi hinh hoc khéng gian cling viy. Diém,
duecmg thang, mdt phang 1a ba d6i tigng cd ban cha
hinh hoc khéng gian. Tit ba déi tugng cd ban dé va

Kim tif thep nhd od dang hinh chip

nhiing quan hé cd ban gitia chiing, ta tao nén nhiing ti gidc déu ndm d san Napoléon

viit thé khdc nhau (nhu: hinh chép, hinh nén, ...) vi cua bdo tang Louvre, Paris

xdy dung nén hinh hoc khong gian dé nghién ciu (Nguon: hitps://shutterstock.com)
tinh chét clia nhitng hinh nhu vdy. Hinh 1

1. Mit phiing

@ (P Sin viin dong Old Trafford (Hinh 2) 6
thianh ph& Manchester, ¢6 biét danh 1a “Nha hit
ctia nhiing gidc md”, véi siic chifa 75 635 nguidi,
1a sdn vin djng 16n thii hai & Vuong quéc Anh.

Quan sdt Hinh 2 va cho biét, mit sin vin dong
thudng dudc lam phﬁng hay cong.

{Newan: https:shutterstock.com)
Hinh 2
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Nhdn xér: Mit sin véin dong cho ta hinh dnh mét phéiin
ctia mit phing trong khong gian.

Ngudi ta thuting biéu dién mot mét phiing biing mot y

hinh binh hanh va ddng céc chi cdi dit trong dfangoge 48
don () dé dat tén cho mit phang ay. Vi dy: mit phing
(P) (Hinh 3), miit phiing (Q), miit phiing (&), mét phing (A), ...

Hinh 3

=

Trong thic tién ¢é nhiéu vi du 5

minh hoa cho miit phéing. Chiing
han: tim gudng phing, mit bin,
bang treo tudng (Hinh 4), ... Cho
ta hinh dnh mot phan mét phéiing
trong khong gian.

“4 Neéu vi du trong thyc tién
minh hoa hinh inh clia mdt
phén mit phing.

Hinh 4

2. Piém thudc mat phing

@ ¥ Quan sit Hinh 1, néu coi mit sin Napoléon 1a mot phin ctia mit phing (P) thi
dinh cta kim w thép ¢6 thudc mét phing (P) hay khong?

Nhén xét: Vi mdi diém A va mit phiing (P), chi xdy ra mot trong hai kha niing sau:

« Diém A thudc mit phing (P), ta ki hiéu A € (P) "y
(Hinh 5a). A Al ; /,/’
« Diém A khong thu6c mit phing (P) hay A nim @ ﬁ >
ngoai (P), ta ki higu A ¢ (P) (Hinh 5b). aj Hinh 5 b)

3. Hinh biéu dién ctia mot hinh trong khong gian
a) Khai nié¢m

D¢ hinh dung duge kim tu thdp tai bio tang Louvre
& Hinh 1, ta vé trén mit phing nhui Hinh 6 minh hoa
kim ti thdp d6. Hinh 6 goi 1a hinh biéu dién cua
kim tu thédp kinh tai bao ting Louvre,

Mot cdch tdng quat, ta quy udc: Hinh 6
9 Hinh dugc vé trong mit phing dé gip ta hinh dung duge vé mdt hinh trong
khong gian goi la hinh biéu dién cha hinh khéng gian d6.

b) Quy tic vé hinh biéu dién ciia mot hinh trong khong gian
D¢ viée vé hinh biéu dién clia mot hinh trong khong gian dugc thuin Igi vi thng nhat,
ta quy udc nhu sau:
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9 1) Puding thing duge bi€u dién bdi dudng thing. Poan thing dudc bicu dién

bdi doan thing;

2) Hai dudng thing song song (hodic cdt nhau) dugc bi¢u dién bdi hai duding
thiing song song (hoic ¢it nhau);

3) Hinh biéu dién giit nguyén tinh lién thudc gitta diém véi dudng thing hoic
véi doan thing;

4) Nhitng dudng nhin thiy dudc vé bing nét lién, nhiing duting khong nhin thiy
dudc vé bing nét dit.

Chii ¥: Céc quy tic khic sé dude dé cip sau.

Vidul = Dya trén Hinh 7, v& hinh bi¢u dién ctia hop phan.,
Gidi
Hinh biéu dién cta hop phan ¢6 thé vé nhu Hinh 8. -

; 2 V& hinh biéu dién ciia mit
phing (P) va dudng thing a
Plaes 1405 Xuyén qua no.

Hinh 7 Hinh 8

Il. CAC TINH CHAT THUA NHAN CUA HINH HOC KHONG GIAN

Do thuic tién, kinh nghiém va quan sit, ngudi ta thita nhin mét s6 tinh chit cia hinh hoc
khong gian. Sau ddy, ta s& 1am quen vdi nhiing tinh chét thita nhin do.

@ &P Hinh 9 1a hinh dnh xa ngang trong mdn
Nhdy cao.
Quan sit Hinh 9 va cho biét ta ¢in bao nhiéu diém

dd dé gilf ¢ dinh duge xi ngang do. _I-.I_
Tinh chit 1

(Nguin: hitps:#shunierstock.com)
Hinh 9

-—

C6 mot va chi mdt dudng thing di qua hai diém
phéan biét cho trudec.

Quan sét Hinh 10. D6 1a hinh dnh bép cti vdi
kiéng ba chiin. “Kiéng ba chin” la vit dung bing sit,
¢6 hinh vong cung dudc gin ba chan, diing dé dit ndi
1én khi ndu bép. Bép cii va kiéng ba chén li hinh dnh
hét stic quen thude véi nhicu gia dinh ¢ Viét Nam. Vi sao &
kiéng ba chén khi diit trén miit dat khong bi cip kénh? Hinh 10
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Tinh chét 2 |

' : F “/ ‘B . /,
C6 mot va chi mot mét phing di qua ba diém T As
khong thing hing cho trudc. :{ =F /

Hinh 11
Nhu vay, mit phﬁng hoan toan xdc dinh khi biét ba di€ém A, B, C khong thfmg hang.
Mt phiing d6 dudc ki hiéu mp(ABC) hay don gidn 1a (ABC) (Hinh 11).

Tinh chit 3

Néu mot duding thing di qua hai diém phén biét cia mdt mit phing thi moi diém

ctia dudng thing déu nim trong mit phing dé.

Nhu viy, néu mjt duding thing d di qua hai diém phén

biét A, B ctia mit phing (P) thi moi diém ctia duding thiing ) ,/ i g 4
d déu niim trong mit phing (P). Khi d6, ta néi d nim »1.4
trong (P), hoiic (P) chia d, hodc (P) di qua d, ki higu 480 >

dc (P)hay (P) > d (Hinh 12). Hinh 12

Vidu2 = Hinh I3 minh hoa ngudi thd dang kiém tra
d6 phiing ciia mit san nha. Hay cho biét ngudi thg
kiém tra do phing ctia mit sin nha biing cdch nao.
Gidi Hinh 13

Ngudi thg diit thuide det dai 1én mit san nha & ¢dc vi tri khédc nhau, Néu thude d6 ludn dp
sdt mét san (khong bi cip kénh) thi miit sin 1a phing.

Tinh chat 4

' Tén tai bon diém khong ciing niim trén mot mét phiing.

Vidu3 & Giai thich tai sao:

a) Chin mdy énh c6 thé dit & hau hét cic loai dia
hinh ma van diing viing (Hinh 14).

b) Ban, ghé bon chin thudng hay bi ¢ip kénh.
Gidl Hinh 14

a) Gia d6 ba chiin cia may anh khi dit trén mit dit khong bi cip kénh vi theo
Tinh chit 2, ba diém khong thing hang nio ciing xéc dinh mdt mit phing.

b) Ban, gh& bén chin thudng hay bi ¢ip kénh vi theo Tinh chit 3, bén diém ¢6 thé khong
cling nim trén mot mét phing.
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H:‘nh 15 md td mt phin clia phong hoc.
Néu coi bdc widng chifa bang vi sin nhi 13
hinh anh ctia hai mét phing thi giao ctia hai
miit phiing dé la gi?

Tinh chat 5

i
=%
1 .

(Ngur’}n.' hitps:ifshutterstock.com)
Hinh 5

““Néu hai mit phing phin biét c6 mét diém chung
thi chiing c¢6 mot dudng thing chung duy nhit
chiia tit ca cdc diém chung cta hai mit phing dé. ’ [

Néu hai mit phing phin biét (P) va (Q) c6 diém
chung thi chiing ¢6 mot duding thing chung duy nhit L~ d |
d chia [5:1 ci cdc diém chung cta hai mét phiing dé. Afﬁ //,“
Duting thiing d d6 goi 1a giao tuyén cha hai mit phing g ."
(P) va (Q), ki hidu d = (P) A (Q) (Hinh I6). |l |
Vidu4 = Trong mit phang (P), cho hinh binh hinh Hinh 16

ABCD, ngoai mit phing (P) cho mét diém S. Hay
xdc dinh: : w
a) Giao tuyén ctia hai miit phing (SCB) va (SCD); 3 Trong Vi du 4, xdc dinh
b) Giao diém ciia mit phiing (SAC) véi dudng thing BD. giao tuyén ctia hai mit phing
Gidi. (Hinh 17) (SAGY VA (SED).
a) Vi$ va C cing thude hai miit phiing (SCB) v (SCD)

nén giao tuyén ciia hai mét phing (SCB) va (SCD) 1 3

duding thiing SC. 4
b) Goi O la giao diém clia AC va BD. Khi d6, vi O thude

mit phing (SAC) nén diém O la giao diém cia i

miit phiing (SAC) véi duting thing BD. D
Nhdn xét: Qua Vi du 4, ta thay:
« C6 thé xdc dinh giao tuyén ctia hai mit phiing bing cdch di tim hai diém chung ctia ching.

Pudng thing di qua hai diém chung d6 1a giao tuyén cin tim.
« Dé tim giao diém cia duting thing a va mit phiing (P) (véi gid thiét a cit (P)), ta ¢6
thé lam nhu sau:

Chon mét duting thing b thich hgp trong mit phing (P) va tim giao diém M cia hai
dudng thing a va b. Khi d6, M 1a giao diém cén tim.
Tinh chit 6
S

Hinh I7

Trén méi mit phing ctia khong gian, cic két qua da biét ctia hinh hoc phing déu diing,

8%
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Trén day 14 cdc tinh chit duge thita nhin khong chiing minh. Dya trén nhitng tinh chat
dugc thita nhin dé, ta ¢6 thé chiing minh dugc nhiing tinh chat khac.

1. MOT 6 CACH XAC PINH MAT PHANG

X ///” jl z":;l
Cho di€m A khéng thude duding thing d. Ly hai y
diém phan biét B va C thude dudng thing d (Hinh 18). P B £ d
a) Mit phing di qua ba diém A, B, C ¢6 di qua duding thing Hinh 18

d hay khong?
b) C6 bao nhiéu miit phing di qua diém A va duding thing d?
Dinh li 1

Cho diém A khong thude duding thing d. Khi d6, qua diém A va duding thing d
¢6 mot va chi mot mit phing, ki hiéu mp(A, d) hodc (A, d).

@ [P Cho hai duding thing a va b ciit nhau tai 0. Liy

: / B 4
diém A trén dudng thing a (A khdc 0), 1ay diém B trén y 4
dudng thing b (B khic O) (Hinh 19). £ X
a) Mt phiing di qua ba diém A, B, O ¢6 di qua hai didng Hinh 19

thing a va b hay khéng?
b) C6 bao nhiéu mit phiing di qua hai dudng thiing a vi b?
Pinh 1i 2

* Cho hai dudng thing a va b cit nhau. Khi d6, qua a va b ¢6 mot va chi mot mét phing,
ki hiéu mpla, b).

Nhén xét: Tit Tinh chat 2 va hai dinh If trén, ta thay

mit phﬁng hoan toan dude xdc dinh theo mét trong ;
4 Trong midt phing (P)

ba cich sau: b Wy
% - A cho fam glac - LEM
« Di qua ba diém khoéng th?mg hang. ) khong thube mit phing (P).
« Di qua mét duding thing va mét diém niim ngoai Hoi qua hai dudng thing AD
dudng thing dé. vii BC ¢6 xdc dinh duge mdt
« Di qua hai dudng thiing it nhau, mt phang khong?
Vi du 3

a) Cho diém A khong thude dudng thing d. Trén d 14y ba diém B, C, D doi mot khéc
nhau. Chiing minh riing bon diém A, B, C, D ciing thudc mdt mit phing.

b) Cho hai duding thiing a, b ¢it nhau tai . Puding thing ¢ khong di qua O v ciit cic
duding thiing a, b. Ching minh riing ba dudng thing a, b, ¢ ciing thudée mot miit phiing.

o0

Boc ban moi nhat trén hoc10.vn Ban sach mau



Gidi
a) (Hinh 20) Theo Pinh 1i 1, qua diém A va duding thing d
c6 mit phing (@). Do B, C,D e dnén B, C, D € (@).

Viiy bon diém A, B, C, D cing thude mot mit phing. 4

b) (Hinh 21) Theo Pinh i 2, qua hai duting thing a, b cé
mit phing (). Gia st dudng thing ¢ cit hai dudng
thiing @, b 1an lugt tai cdc diém A va B. Do ¢ khong di
qua O nén A khic B. TacoA € a, Be bnénA, B € ().
Suy ra ¢ nim trong mit phﬁng (). Viy ba dudng
thiing a, b, ¢ cling thudc mdt mit phiing.

IV. HINH CHOP VA HINH TU DIEN
1. Hinh chop

=S¥ Hinh 22 1a hinh anh ctia mot hop qua luu niém
c6 dang hinh chép i gide déu S.ABCD. Quan sdt Hinh 22
va tri 181 cédc ciu hoi:

a) Dinh § ¢6 nim trong miit phiing (ABCD) hay khong?
h) M&i miit cia hop qua luu niém c6 dang hinh gi?
Trudc hét, ta quy ude nhu sau: Tl nay, khi néi dén “tam
gidc”, ta ¢6 thé hidu la hinh gdm ba canh ciia n6 hoiic 1a

hinh gdm ba canh va cdc di€ém nidm trong tam gidc do.
Pai véi da gide cling nhu thé.

*ﬂ -
mng miit phﬁng (P), cho da gidc A A,...A (n = 3). Lay

di€ém S niim ngodi (P). NGi § véi cdc dinh A, A, ..., A
ta dudc n tam gidc: SA A,, SA A, ..., SA A, Hinh gom
dagiac A A,...A vantam gidc SA A,, SAA,, ..., SA A,
2oi la hinh chép, ki hi¢u S.A A,.. A .

Chii y
« Trong hinh chép S.A A,...A
— Diém S goi la dinh;
- ba giic AA,. A 201 1a mdr ddy;

C D

Hinh 20

A
Hinh 22

&

A
Hinh 23 ?

— Cac canh cia mit diy goi la canh ddy, cac doan Ihﬁng SA P SA 2 s SA" goi la cac

canh bén:
— Céc tam gide SA A, SAA,. ..., SA A goi la cac mdr bén.

Doc ban méi nhat trén hoc10.vn
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« Néu ddy ciia hinh chép 1a mdt tam gidc, i gidc, ngil gidc, ... thi hinh chép tucng ting
201 12 hinh chop tam gide, hinh chép ni gidce, hinh chdp ngii gidc, ... Hinh 23 minh hoa
cho hinh chop ngi gidc S.A]A_.,Aﬁﬁﬁ,

Vidué = Cho hinh chdp S.ABCD ¢6 day la hinh binh hinh. Goi M, N lian lugt 1a trung
diém cta cdc canh SA, BC.
a) Xdc dinh giao diém ctia miit phing (DMN) véi cdc dudng thing AB, SB.
b) Xdc dinh giao tuyén ciia miit phing (DMN) vdi cdc mit phiing (SAB) va (SBC).

Gidi. (Hinh 24) \)

‘/_!

“ '8 Cho hinh chép SABCD
¢6 ddy 12 hinh binh hanh.
Goi M, N lin lugt 1a trung
di€m ciia cdc canh SA va AD.
a) Xdc dinh giao diém cia
mit phing (CMN) véi cic
duding thiing AB, SB.

b) Xdc dinh giao tuyén ctia
mit phing (CMN) vdi mdi
mit phing (SAB) va (SBC).

Hinh 24

a) Trong miit phfmg (ABCD) c6 DN cit AB tai P. Vi P € DN nén P € (DMN). Do d6, P 1a
giao diém ctia miit phing (DMN) véi AB.

Trong miit phing (SAB) ¢6 MP cit SB tai E. Vi E € MP nén E € (DMN). Do d6, E la
giao diém ctia mit phing (DMN) véi SB.

b) Vi M va E cing thude hai mit phing (DMN) vi (SAB) nén giao tuyén ctia mit phing
(DMN) véi mit phiing (SAB) 1a dudng thing ME.

Vi N va E ciing thude hai mét phing (DMN) va (SBC) nén giao tuyén ctia mit phang
(DMN) véi mit phing (SBC) 14 duding thing NE.

2. Hinh tir dién

[ Hinh 25 1a hinh dnh cia khéi rubik tam gidc

(Pyraminx). Quan sdt Hinh 25 vi tra 16i céc céiu hoi:

a) Khoi rubik tam gidc ¢6 bao nhiéu dinh? Cic dinh c¢6
cling niim trong mét mét phing khong?

b) Khdi rubik tam gidc ¢6 bao nhiéu mét? Moi mit clia
khoi rubik tam gidc 1a nhiing hinh gi?

Hinh 25
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cr bon diém A, B, C, D khong cling nim
trong mdt mit phing. Hinh gdm bdn tam gidc
ABC, ACD, ABD va BCD goi la hinh it dién
(hay ngiin gon la rif dién), ki hiéu 1a ABCD.

Chii ¥ C Hinh 26
« Trong hinh td dién ABCD (Hinh 26)
—Cic di€ém A, B, C, D goi la cic dinh.
= Céac doan thﬁng AB, BC, CD, DA, CA, BD goi la cac cgnh. Ha1 canh khong c6 diém
chung goi 1a hai canh déi dién.
—Cidc tam gidgc ABC, ACD, ABD, BCD goi la cic mdt.
—Binh khong nim trén mdt mit goi 1a dinh doi dién v6i mit do.
« Hinh tif dién c¢6 cdc miit 1a tam gidc déu 1a hinh ni dién déu.
« Mdi hinh chép tam gidc 1a mét hinh td dién. Ngude lai, néu ta quy dinh rd dinh va
miit ddy trong mot hinh td dién thi hinh ti dién d6 trd thanh hinh chop tam gidc.
Vida 7 | Cho td dién ABCD. Ciic diém M, N, P 14n

lugt thudc cic canh AB, AC, AD sao cho: P
AM 1 AN 2 AP 1 6 Cho tit dién ABCD. Cic

4B 3 AC 3 AD 2 diém M, N, P lan lugt thude

) X4c dinh E, F Eiddiot 1 siao HE : ; ciac canh AB, AD, BC sao cho:
a) Xac dinh E, F, G lan lugt 1a giao diém coa cic
2 . 2 AM | AN 2 BP 3
dudng thang MN, MP, NP véi mit phing (BCD). =—, -
RO | A AB 3'AD 3 BC 4
b) Chiing minh ring cac diem E, F, G thang hang.
Gidi. (Hinh27) 4 a) Xéc dinh E, F lin luot
la giao diém cha cdc
duding thing AC, BD véi
mit phing (MNP).

b) Chiing minh ring cic
dudng thing NE. PF va
CD cuing di qua mot diém.

w

G 2 Hinh 27

a) Trong mat phﬁng (ABC), go1 E la giao diém ctia MN va BC. Vi E € BCnén E € (BCD).
Do dé, E 1a giao diém ctia MN véi mit phing (BCD).
Trong mit phiing (ABD), goi F 1a giao diém ctia MP va BD. Vi F € BD nén F € (BCD).
Do do, F la giao diém ctia MP véi miit phfing (BCD).
Trong miit phfing (ACD), goi G 1a giao diém ctia NP va CD. Vi G € CD nén G € (BCD).
Do d6, G l1a giao diém cta NP vdi mit phing (BCD).

b) Do E, F, G ciing thudc hai miit phiing phin biét (MNP) va (BCD) nén theo Tinh chit 4,
cdc diém E, F, G déu thude giao tuyén ctia hai mit phiing (MNP) vii (BCD). Viy ba diém
E, F, G thing hang.

Q3
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Nhdn xér: D€ chiing minh ba diém thiing hang, ta c6 thé chi ra ba diém d6 ciing thudce
hai mit phiing phéan biét.

B siitir

1. Khi trit widng, dung cu khong thé thiéu clia ngudi
thd la thude det dai (Hinh 28). Cong dung cta
thudc det nay la gi? Gidi thich.

2. Hinh 29 12 hinh dnh cta chiin gidy biing g6 ¢6 bén
miit phéin biét 1a cdc tam gidc. V@ hinh biéu dién Hinh 28
cta chin gidy bing gb do.

3. Cho ba duting thing a, b, ¢ khong ciing nim trong
mot mit phiing va ddi mot cit nhau. Ching minh
ring ba duong thiing a. b, ¢ cing di qua mét diém,
hay con goi 1a ba dudng thing déng quy. Hinh 29

4. Cho hinh chép S.ABCD ¢6 AC cit BD tai O va AB cit CD tai P. Diém M thude canh
SA (M khéc S, M khic A). Goi N 1a giao diém clia MP va SB, I 1a giao diém cta MC
va DN. Chiing minh ring S, O, I thing hang.

5. Cho hinh chép S.ABC. Cic diem M, N lan ligt thude cic canh SA, SC sao cho
MA =2MS, NS = 2NC.

a) Xdc dinh giao diém ctia MN véi mit phiing (ABC).
b) Xidc dinh giao tuyén clia mit phiing (BMN) véi miit phiing (ABC).
6. Cho hinh chép i gide S.ABCD c6 ddy khong la hinh thang. Goi M 14 trung diém ctia SA.
a) Xdc dinh giao diém cha CD vdi mit phing (SAB),
b) Xdc dinh giao tuyén clia hai miit phiing (SAB) vi (SCD).
¢) Xdc dinh giao tuy&n clia hai mit phing (MCD) va (SBC).

7.  Cho hinh ti dién ABCD. Goi [ 1a trung diém canh CD. Goi M, N lan lugt la trong
tam cac tam giac BCD, CDA.

a) Chiing minh riing cdc diém M, N thude mit phing (ABD).

GM _GN _1
GA GB 3
¢) Goi P, Q lin lugt 1a trong tim cdc tam gidc DAB, ABC. Chiing minh ring céc
GP GQ l
duding thing CP, DQ cung di qua diém G va —— —

04
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52 | HAI DUONG THANG SONG SONG
TRONG KHONG GIAN

Trong thuc t€, ta quan sit thiy nhiéu hinh anh
g¢i nén nhiing duding thing song song vdi
nhau. Chiing han cic ¢ét treo cdf clia t6 chiic va
cdc nude thanh vién ASEAN (Hinh 30).

Hai dwong thing song
song trong khdng gian
cé tinh chdt gi?

(Nguén: hitps://shutterstock.com)
Hinh 30

l. VI TRi TUONG DOI CUA HAI DUSGNG THANG PHAN BIET
Trong muc nay, n€u khong néi gi thém, ta luén gia st hai dudng thing I phin biét.

i
&

a) Hiy néu céc vi trf tuong d6i cha hai duding thing trong mit phéng.

b) Quan sat hai ducng thﬁng a va b trong Hinh 31a, 31b va cho biét cic duding thfmg do co
cling niim trong mot miit phing khéng.

a) Hinh 31 2

« Hai ditong thing a va b é Hinh 31a ciing ndm trong mot
mdit pheng.

e Hai duwomg thdng a va b ¢ Hinh 31b khéng ciing ndm
trong mot mdt ;Jhﬁng.
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Nhdn xét: Cho hai dudng thiing a va b phén biét trong khong gian. Khi d6 chi xay ra mot
trong cic tridng hgp sau:

Truemg hgp 1: C6 mdt mit phiing chita a va b, Khi dé ta n6i a va b dong phdng (Hinh 32a).

f
:_,,' v b / I{.' /jr / 7
4P ' o o

\ 4
Lo
a) Hinh 32 2

Truomg hgp 2: Khong cé mit phing nao chia a va b. Khi d6 ta néi a va b chéo nhau,
hay a chéo vdi b (Hinh 32b).

Khi hai duding thiing @ va b (phén biét) ddng phiing, ta di biét ¢6 hai kha niing xay ra:
o a vi b ¢6 mot diém chung duy nhat 7. Ta néi a va b ¢t nhau tai I vi ki hidu laa ~ b= {1).
Ta con ¢é thé vi€t a ~ b = I (Hinh 33a).

Hinh 33

« a vi b khong ¢6 diém chung. Ta néi a v b song song véi nhau vir ki hiéu 1a a // b (Hinh 33b),

Hai dudng thing song song 13 hai duting thing ciing nim trong m6t mit phing
va khong co diém chung.

Nhén xét: Cho hai dudng thing song song a vi b. C6
duy nhét mét mit phing chifa hai duting thing d6, ki
hiéu l4 mp(a, b).

Vidul = Cho hinh chép S.ABCD ¢6 didy ABCD la
hinh binh hanh (Hinh 34). Hiy xét vi tri tiong déi cta
mdi cip dudng thfing sau: AB va CD; 5A va BC.

Giai
ABCD la hinh binh hanh nén AB va CD song song

vdi nhau.

Do bon diém S, A, B, C khong ciing niim trén mét miit
phiing nén hai dudng thing SA va BC chéo nhau.

Hinh 34

06
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1 Quan sdt mot phin
ciin phong (Hinh 35),
hiy cho biét vi tri
tiong ddi cua cdc ciip
dudng thing a va b; a
vicibvic.

Hinh 33

Il. TINH CHAT
M
=S¥ Trong khong gian, cho diém M va dudng thing d .
khong di qua diém M (Hinh 36). Néu du dodn vé so duting
thiing di qua diém M va song song vdi dudng thiing d.

d

Hinh 36

Dinhlil

*ﬁ
Tmng khong gian, gua mdt diém khong nim trén duding thiing cho trude, ¢6 mot

va chi mot duding thiing song song véi dudng thing da cho.

Chitng minh

Trong khong gian, gid sit M 1a di€m khoéng nim trén

dudng thing d.

-~ Khi d6 diém M va duding thing d xdc dinh duy nhét mét ;/ﬂ" M /f
miit phiing (P) (Hinh 37). Trong mét phing (P), theo tién dé &, d y

Euclid vé duding thing song song, ¢6 mot duding thang d” di
qua M vi song song vdi duding thiing d. Nhu vy, trong khong Hinh 37

gian, ton tai duding thing d’ di qua M va song song véi d.

— Trong khéng gian, gia sit d” 1a mot duding thing di qua M va song song véi d. Do d”/ d
nén d” vid nim trong ciing mét phing (Q). Khi d6, mit phing (Q) ciing di qua diém M
va dudng thiing d, suy ra mit phing (Q) tring véi mit phing (P). Do viy, dutng thing
d” nim trong miit phf’mg (P). Trong mit phﬁng (P), hai dudng thﬁng d’, d” cung di qua
M va song song véi d nén d’ va d" tring nhau. Viy dinh li duge chiing minh.

2P Cho ba miit phiing (P). (Q). (R) doi mot ciit nhau theo ba giao tuyén phén biét a,
b, ¢, trong d6 a=(P) ~ (R). b=(Q) " (R), ¢ = (P) " (Q).

97

Boc ban moi nhat trén hoc10.vn Ban sach mau



Doc ban méi nhat trén hoc10.vn

— Néu hai duding thing a va b ciit nhau tai diém M thi duding thing ¢ ¢6 di qua diém M
hay khong (Hinh 38a)?

— Néu duding thing a song song véi dudng thing b thi dudng thing a ¢6 song song véi
duding thing ¢ hay khong (Hinh 38b)?

-

a E b

Hinh 38

Dinh 1i 2 (vé giao tuyén ctia ba mét phing).

Néu ba miit phing d6i mét cit nhau theo ba giao tuyén phén biét thi ba giao
tuyén dy hoiic ddng quy, hoidic doi mot song song véi nhau.

Tii Dinh Ii 2, ta suy ra hé qua sau:
H ¢ qui: Néu hai mit phiing phan biét 1dn lugt chida hai dudng thiing song song thi giao
tuyén chia ching (néu c6) ciing song song vdi hai dudng thing d6 hoic triing véi mot
trong hai dudng thing d6 (Hinh 39).

. ™ A

F K,
F. . &

. B -
) l‘.z d ‘\‘x,\ //.- d .‘H'-,__ -/‘_./ \

-1

[ - 4

S N
(- 4

a)l b )
Hinh 39

Vidu 2 © Cho hinh chép S.ABCD c6 diay ABCD la hinh
thang véi AB # CD. Xdc dinh giao tuyén cha hai miit
phiing (SAB) va (SCD).
Giai. (Hinh 40)
Hai miit phiing (SAB) va (SCD) ¢6 diém chung 1a S va lin A B
lugt chida hai duding thiing AB va CD song song vdi nhau
nén giao tuyén ctia hai mit phang dé la duting thang d di D 5
qua S va song song véi AB va CD. Hinh 40

o8
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Vidu3 | Cho hinh chép S.ABCD c6 ddy ABCD 1 I‘/V

hinh binh hanh. Goi M, N lan lugt la trung diém ctia | 2 Cho hinh chép S.ABCD
cdc canh SA, SD va P 1a mét diém nidm trén canh AB ¢6 ddy 13 hinh binh hanh.
(P khic A va B). Budng thing CD cit miit phing Xdc dinh giao tuyén cia
(MNP) tai diém Q. Chiing minh riing duding thing MN cdc ciip miit phing (SAB)
song song vdi duding thing PQ. va (SCD); (SAD) va (SBC).

Gidi. (Hinh 41)

Ba mit phing (SAD), (ABCD), (MNP) d6i mét cit
nhau theo cic giao tuyén AD, MN, PQ.

Trong tam giac SAD ta ¢6 MN la dudng trung binh
nén MN // AD, do dé theo Dinh li 2 ta suy ra ba dudng
thing AD, MN, PQ d6i mot song song. Viy dudng
thiing MN song song véi duding thing PQ.

Trong miit phiing, hiy néu vi tri tuong d6i cia
hai dudng thiing phan biét cling song song vdi duding
thiing thii ba,

Pinh li 3

Hinh 41

i

Trong khéng gian, hai dudng thiing phan biét cling song song vdi dudng thing
thi ba thi song song vdi nhau.

Khi hai dudng thing a va b ciing song song vdi dudng thing ¢, taki hiéu a // b // ¢ va goi
la ba duding thing song song.

Vidu4 = Cho ti dién ABCD. Goi M, N, P, O, R va § lan luot 14 trung diém cila cdc
doan thiing AB, CD, BC, AD, AC va BD. Chiing minh riing;
a) MP If ON va MP = ON;

b) Cac doan thﬁng MN, PQ, RS cung di qua trung
diém G cia mbi doan.

Gidi. (Hinh 42)
a) Trong tam giic ABC ta ¢6 MP la dudng trung binh
nén MP /| AC va MP =%AC (1).

Trong tam giac ACD ta ¢6 QN la dudng trung binh

nén ON // AC va ON =%AC‘ @).
Tu (1) va (2) suy ra MP // QN va MP =0ON. Hinh 42
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b) Tit két qué cdu a) ta ¢6 i gide MPNQ 1a hinh binh

hanh nén MN, PQ cit nhau tai trung diém G cua

3 Cho hinh chdp S.ABC.

mé&i doan. Goi M, N lan lugt 1a trung
Li luiin tudng ty ta ciing cé td gidc MSNR la hinh diem cla cdc doan thing
binh hinh nén MN, RS ciit nhau tai trung diém G 34, kSC‘ Ay -::Fc ",‘é‘“ £y
1a moi d Viy MN, PQ, RS cing di qua trun 2 M0 TR % o
COL TRULON. ey S i gdq & thing AB, BC sao cho
diém G cta moi doan., BP BQ o L
ore s e
ring MN song song véi PQ.

B siitir

I. Quan sit phong hoc ctia 18p va néu 1én hinh 4nh cta hai dudng thing song song,
ciit nhau, chéo nhau.

2. Quan sdt Hinh 43 va cho biét vi trf wong doi
ctia hai trong ba ¢t tuabin gié ¢é trong hinh.

3. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh
hanh. Goi M, N, P 1an lugt 1 trung diém cia cdc
canh SA, AB, SD. Xdc dinh giao tuyén ciia mdi
cdp mit phﬁng sau: (SAD) va (SBC); (MNP) va (Nguon: hups://shunierstock.com)
(ABCD). Hinh 43

4. Cho i dién ABCD. Goi G, G, lan lugt 1a trong tim cia cdc tam gidgc ABC, ABD.
Ching minh ring dudng thiing G, G, song song vdi dudng thing CD.

5. Cho hinh chép S ABCD c6 diy ABCD la hinh thang vé1 AB 1a day 16n vaAB =2CD.
Goi M. N lin lugt 1a trung diém cila cdc canh SA va SB. Chiing minh ring duding
thing NC song song véi dudng thing MD.

6. Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh binh hianh. Goi M, N, P, Q lan luigt la
trung diém ctia cdc canh AB, BC, CD, DA; I, J, K, L 1an ligt la trung diém ctia céc
doan thing SM, SN, SP, SQ.

a) Ching minh riing bon diém 1, J, K, L ddng phiing va i gidc /KL 1a hinh binh hanh,
b) Ching minh ring IK // BC.
¢) Xac dinh giao tuyé’n cua hai mit phﬁng (IJKL) va (SBC).

7. Cho i dién ABCD. Goi 1, J lin lugt 14 trung diém cla cdc canh BC, CD. Trén canh
AC liy diém K. Goi M la giao diém ctia BK va Al N la giao diém clia DK va AJ.
Chiing minh riing duding thing MN song song vdi duiing thing BD.
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§3 DPUGNG THANG VA MAT PHANG SONG SONG

Trong thuc tién, ta thudng gip nhiéu d6 ding, vét
thé gdi nén hinh anh duong thing song song vdi miit
phiing. Chiing han, thanh barrier song song véi miit
dutng (Hinh 44).

Thé nao la dwimg thing
song song vdi mdt phing trong
khong gian?

I. DUGNG THANG SONG SONG VI MAT PHANG

a) Trong Hinh 44, thanh barrier vi mit duting gdi nén hinh anh dudng thiing d va mit
phiing (P). Cho biét dudng thing d va mit phing (P) ¢6 diém chung hay khong.
b) Cho duting thing d va mit phiing (P). Hay cho biét cdc khi ning ¢6 thé xay ra d6i vdi

s0 diém chung ctia d va (P). 3

- P2 ] \ G} i =
dc [P dr(P)=A d /! (P)
i) k) C)
Hinh 45

Nhén xét: C6 ba khi niing c6 thé xay ra ddi véi s6 diém chung ciia d va (P) (Hinh 45) la:
o d va (P) cé tit hai diém chung tré lén. Khi d6 dudng thiing d ndm trong mit phiing (P)
hay (P) chita d va ki hiéu la d < (P) hay (P) = d (Hinh 45a).

o d va (P) c6 mét diém chung duy nhar A. Khi @6 ta néi d va (P) cdt nhau tai diém A va
ki hiéulad ~ (P)={A} hay d ~ (P) = A (Hinh 45b).

o d Vi (P) khong c6 diém chung. Khi d6 ta néi d song song véi (P) hay (P) song song véi
d va ki hiéu la d // (P) hay (P) // d (Hinh 45¢).

wdng thing duge goi 1a song song v6i mit phing néu chiing khong c6 diém chung.

Vidy 1 = Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh (Hinh 46). Chiing
minh riing AB // (SCD).
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Gidi A
Néu dudng thing AB vi mit phing (SCD) ¢6 diém chung 1a M thi
diém M niim trén ca hai mit phing (ABCD) va (SCD), suy ra diém
M nim trén CD. Do d6 M 1a diém chung ctia hai dudng thiing AB
va CD. Dicu nay khong xay ra vi AB // CD. Viy AB I/ (SCD). A

i E 1 Quan sit cic xa

ngang trén sin tdp thé
duc ¢ Hinh 47. Hay cho
biét vi tri tiong ddi cia
cic xi ngang dé vdi

Hinh 46

(Ngudn: hitps:/ishuttersiock.com)

Hinh 47 S
Il. DIEU KIEN VA TINH CHAT
Cho dudng thﬁng a khéng nim trong miit phf’mg Q e
(P) va a song song vdi du-:‘jr!g thing @’ nim trong (P) AN a“—{“.
(Hinh 48). Goi (Q) la mit phiing xdc dinh bdi hai hitng ~ _p ;
thing song song a, a’. Hinh 48

a) Gia stf @ ¢t (P) tai M. Pudng thiing a ¢6 ciit duding thiing a” tai M hay khong?
b) Néu vi trf tuong ddi clia duting thing @ va mét phing (P). Vi sao?
Dinh li 1 (dau hi¢u nhén biét mot duding thing song song véi mdt mit phing) (Hinh 49):

14

Néu dudng thing a khéng niim trong mit phing (P) _
vil a song song vdi duting thiing @’ niim trong (P) thi | f—ay
a song song véi (P). .

Hinh 49

Vidu2 = Cho hinh chép S.ABCD. Goi M, N lan lugt 1a
trung diém ciia cdc canh SA, SC. Chiing minh riing duting p
thing MN song song vdi mit phing (ABCD). ¢ 2 Cho ui dién
Gidgi. (Hinh 50)
Vi M, N lan lugt 1a trung diém ciia
cdc canh SA, SC nén MN la dudng
trung binh ciia tam gidc SAC. Suy

ra MN // AC. Do AC = (ABCD), nén W\
theo Dinh If 1, ta c6: MN // (ABCD). e

ABCD. Goi M, N, P
lin lugt 1a trung diém
clia cic canh AB, AC,
AD, Cic duong thing
MN, NP, PM c6 song
song véi miit phiing
(BCD) khong? Vi sa0?

@ &P Cho dudng thing a song song vdi mit phiing (P). Cho mit phing (Q) chifa a vi
¢t (P) theo giao tuyén b. (Hinh 51)
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a) Gia sif a ciit b tai M. Pudng thiing a ¢6 cit mit phiing 0

(P) tai M hay khoéng? e
b) Néu vi tri tudng d6i ctia hai duding thiing a va b. Vi sao? P ff:f
: 3 ¥ = A
ﬂil’lh li 2 [Tf[‘lh chit cua dufjng thi‘ing s50ng song vidi Hinh 51

miit phing) (Hinh 52):

Cho duding thiing @ song song vdi mit phiing (P). Néu |_.»- B 7

mat phﬁng (Q) chia a va ciit (P) theo giao tuyén b / /|

thi b song song véi a. £ |
Hinh 52

Vidu3 = Cho ti dién ABCD. Trén canh AB 1dy mot A
diém M. Goi (R) 12 miit phing qua M va song song véi P
hai dudng thing AC va BD. Xic dinh giao tuyén cla M
miit phiing (R) véi mit phiing (ABC).
Gidi. (Hinh 53) B
Ap dung Pinh li 2, ta ¢é: Miit phing (R) di qua M va song
song vdi AC, ma AC < (ABC) nén miit phiing (R) cit mit E
phéing (ABC) theo giao tuyén p di qua M va song song Vi AC.

'4/ .
@ % Cho hai miit phing (P), (Q) ciing song song vdi 3 O Vidu 3. xéc dinh giao

duding thing a va (P)N(Q)=b (Hinh 54). ug_'é'nﬂ Cﬁaéﬁ;;hﬁ;ﬁfﬂg)
- 2 . s : : ,1 vdi cic m n :
a) Lay mot diém M trén duong thang b. Goi b, b” lan (BCD). {ACI?]. &

lugt 1a cic giao tuyén ctia miit phfing (M, a) v6i (P) va

D

Hirnh 53

mit phiing (M, @) véi (Q). Cho biét b* va b” ¢6 triing !__!_.‘
val b hay khong. =
b) Néu vi tri tuong d6i clia hai duding thing a va b. Vi sao? M \\B‘
Trong trudng hop tdng qudt, ta cd hé qua clia Pinh 1f 2: b a

' Néu hai mit phing phan biét ciing song song vdi

mdt dudng thing thi giao tuyén cta ching (néu cd)
ciing song song véi dudng thing dé. Hinh 54

Chii ¥: Cho hai duting thiing chéo nhau. Khi d6 c6 duy nhilt mot mét phing chia dudng
thiing nity va song song vdi duding thing kia.

Vidu 4 = Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hinh. Goi M, N lin lugt 1a
trung diém cia cic canh AB, SB. Chiing minh riing;
a) C6 duy nhit mot mit phiing (R) 13 mit phing chita MN va song song véi AD.
b) Puding thing AD song song vdi giao tuyén d clia hai mit phing (SBC) va (R).
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Gidi. (Hinh 55)

a) Do MN v AD li hai dudng thiing chéo nhau nén theo
chi ¥ trén, c6 duy nhit mét mét phéing (R) chiia MN
va song song vai AD.,

b) Ta thiy N Ia diém chung hai miit phing (SBC) vi (R).
Ngoai ra, AD // BC va BC < (SBC) nén AD // (SBC). Ma gt
AD /I (R) nén theo hé qua cta Dinh Ii 2, giao tuyén d Hinh 55
clia hai miit phiing (SBC) va (R) song song véi AD. Viy
AD/l d.

o
“ 4 Trong Hinh 56, hai mat
tiding cha cin phong gdi nén
hinh dnh hai miit phiing (P)
va (Q) cit nhau theo giao
tuy€n b, mép cot gdi nén hinh
inh dudng thiing a. Cho biét

High's6 duding thing a c6 song song
vdi giao tuyén b hay khong.
. BAI TAP N e
Trong phong hoc ctia 16p, hay néu nhiing hinh anh vé diiéng thing song song vdi
miit phing.
2. Trong Hinh 57, khi cit banh sinh nhit, mit cilt
va mit khay dung bdnh 1dn lugt ggi nén hinh dnh /

miit phiing (@) vii mit phing (P); mép trén vi mép f
dudi cha 4t ciit lan lugt ggi nén hinh dnh hai dudng
thing a va b trong d6 a song song v6i milt phiing p
(P). Cho biét hai dudng thiang a, b ¢6 song song véi Hinh 57

nhau hay khong.

3. Cho tit dién ABCD. Goi G la trong tim ctlia tam gidc ABD, diém I niim trén canh BC
sao cho BI = 2IC. Chiing minh riing /G song song v6i mit phiing (ACD).

4. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan lidt la trung
diém ciia AB va CD. Chiing minh riing duting thing MN song song véi giao tuyén d
ctia hai mit phiing (SBC) vi (SAD).

5. Cho hai hinh binh hanh ABCD vi ABEF khong cing nim trong mdt mit phing.
Goi M, N lan lugt la trong tim cla hai tam gidgc ABF va ABC. Chiing minh riing
duding thang MN song song vdi mét phang (ACF).

6. Cho hinh chop S.ABCD c6 ddy ABCD 14 hinh binh hanh. Liy diém M trén canh AD
sao cho AD = 3AM. Goi G, N lin lugt 12 trong tdm cha tam gidc SAB, ABC.

a) Tim giao tuy&n cha hai mit phﬁng (SAB) va (SCD).

b) Chitng minh riing MN song song véi miit phiing (SCD) va NG song song véi
miit phing (SAC).
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S4 HAI MAT PHANG SONG SONG

Trong cudc song, ching ta bit gip rit nhidu dd
diing, viit thé ggi nén hinh 4nh cla cic mit phing
song song, ching han nhu gid dé do (Hinh 58).

Lam thé nao dé nhin ra
dugie hai mdt phang song song?
Hai mdt phdng song song
thi ¢é tinh chdt gi?

I. HAl MAT PHANG SONG SONG Hinh 58

@ tP Trong khong gian cho hai mit phiing phin biét (P) va (Q).

NE&u (P) vi (Q) ¢6 mdt diém chung thi ching c6 bao nhiéu diém chung? Cdc diém chung
d6 6 tinh chét gi?

Nhiin xét

Dai v6i hai mit phiing phén biét (P) va (Q) trong khong gian, ¢6 hai kha niing xiy ra:

e Hai mit phiing (P) va (Q) c6
diém chung., Khi dé, ching
cdt nhau theo mot dudng thing

l::; I.'- . f /"f}.-
(Hinh 59a). - \ — _{ﬁ Y
« Hai miit phiing (P) va (Q) khéng /j; \ / d -
¢6 diém chung. Khi d6, ta noi A
ching song song véi nhau, ki higu L y
(P) Q) hay (Q) /] (P) (Hinh 59b). ’ B

a) Hinh 59

Ta ¢6 dinh nghia sau:

Hai miit phiing dudc goi 1a song song véi nhau néu ching khong c¢6 diém chung.

-

Trong thic tién ¢ nhicu hinh anh vé hai mét phiing V
song song. Chiing han: cdc mit clia gid dé d6 1 Néu vi du trong thyc tién
& Hinh 58 cho ta hinh dnh nhiing miit phing minh hoa hinh 4nh hai mit
song song. phéng song song.
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Vidul = Cho hinh chép S.ABC. Goi M. N, P
lin Iugt 1a trung diém cla cdc canh SA, SB, SC
(Hinh 60) . Chiing minh ring (MNP) // (ABC).

Criaii

Néu hai mit phiang (MNP), (ABC) c6 mot diém
chung thi ching c6 dutng thing chung d. Vi
MN I/l AB nén d /| AB hoic d tring véi AB. Tudng ty,

do MP /I AC nén d // AC hoic d tring véi AC. Diéu
nay 14 khong thé xay ra vi AB cit AC tai A. Hinh 60

I1. DIEV KIEN VA TINH CHAT P
/__><'5
AR a 7

(“SB» Cho hai mat phing phan biét (P) va (Q).
Miit phing (P) chida hai duding thiing @, b ciit nhau r
vira, b cing song song véi méit phiing (Q) (Hinh 61). ‘ y
Hai mit phing (P) v (Q) c6 diém chung hay khong?

Hinh 61
Pinh 1i 1 (ddu hiéu nhin biét hai mit phﬁng song song):

I Néu mit phing (P) chia hai dudng thing cit nhau a, b va a, b cling song song

véi mit phiing (Q) thi (P) song song véi (Q).

Vidu2 = Cho hai hinh binh hinh ABCD, ABMN
khéng cling niim trong mét mit phing. Chiing minh
riing (ADN) // (BCM).

Gidi. (Hinh 62)

Vi ABCD Ila hinh binh hanh nén AD // BC. Ma AD
khong thude miit phiing (BCM) suy ra AD // (BCM).
Tuong e, do ABMN la hinh binh hianh nén AN // BM,
suy ra AN // (BCM). Ma AD, AN cit nhau vi nim Hinh 62

trong miit phiing (ADN) nén theo Pinh Ii 1, ta cé:
(ADN) /I (BCM).

M

: b o ; 2 Cho ui diégn ABCD. Ci
Cho miit phiing (Q) va dim M nim ngodi gy N por 41 o
mit phing (Q). la trung diém cia BC, €D,
DB, AM, AN, AP. Ching

a) Trong mit phin vé hai duding thing a’, b’ ciit
: g w3t pheng () iy minh ring (1K) // (BCD).

nhau. Qua diém M ké cdc dudng thing a va b lan
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lugt song song véi a’, b’. Goi (P) 1a mit phing xéic

dinh bdi hai duding thing (cit nhau) a va b (Hinh 63). o
Mit phing (P) c¢6 song song vdi mit phing (Q) gr{ - MG 7
hay khong?

b) Xét miit phiing (R) di qua diém M va song song véi y =
miit phiing (Q). Hai mijt phiing (R) vi (P) ¢6 tring ‘ =
nhau hay khong? _

Pinh li 2 (Tinh chit v& hai mit phiing song song):

Qua mot diém nim ngoai mot mit phing cho trude ¢6 mot va chi mot mit phiing
song song vdi mit phiing di cho.

Tt dinh 1i trén, ta ¢6 thé ching minh dudc cdc hé qué sau:
Hé qua 1. Néu dudng thing a song song vdi mit phing (Q) thi ¢6 duy nhiat mot mit
phiing (P) chita @ va song song véi mit phing (Q).

Hé qua 2. Hai mit phiing phin biét cling song song véi mit phing thid ba thi song song
vdi nhau.

PP Cho hai miit phiing song song (P) vi (Q).

Miit phing (R) ciit mit phiing (P) theo giao tuyén a.

a) Miit phing (R) ¢6 cit mit phing (Q) hay khong?
Tai sao?

b) Trong truding hop miit phiing (R) cit mit phing (Q)
theo giao tuyén b, hity néu nhin xét veé vi tri tudng déi
gitta hai giao tuyén a va b (Hinh 64).

Hinh 64

Pinh1i 3

Cho hai mit phiing song song (P) va (Q). Néu mit phing (R) cit méit phiing (P) thi ciing
cit mit phing (Q) va hai giao tuyén cilia chiing song song véi nhau.

Vidu 3 = Cho hinh chép i gidc S ABCD. Liy cic diém M, N, P lan lugt 1a trung diém
clia cic canh SA, SB, SC.

a) Chiing minh riing (MNP) // (ABCD).
b) Gia st miit phiing (MNP) ciit SD tai Q. Chiing minh riing Q 1a trung diém cta SD.
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Gidi. (Hinh 65)

a) Vi MN la dutng trung binh cia tam giic SAB nén
MN Il AB.
Vi AB < (ABCD) nén MN // (ABCD).

Chiing minh tudng tf ta cd: NP // (ABCD).
Mi MN cit NP nén theo Dinh i 1 ta cé:
(MNP) I/ (ABCD). [
by Vi Q 1a giao diém cia SD va (MNP), M 1a diém g Himes ©
chung ciia hai mit phing (SAD) va (MNP) nén MQ
12 giao tuyén clia (MNP) va (SAD). ?
hai ] P
Do (MNP) I (ABCD), MQ = (MNP) ~ (SAD), 3 (%")“mj; el i
= (SAD) ~ (ABCD) nén theo Pinh Ii 3, ta ci: Pudng thing sl T mﬁi
MQ /I AD. phiing wén theo thit w tai A,
T : AD 1 . A B. Eniting thi'i:ng, b song song
rong tam gidc SAD, JF1a trung/ie oty SE e BN S5 g L
MQ /{ AD nén Q la trung diém cha SD. miit phing (P) va (Q) lAn lugt
tai A, B’. Ching minh ring
lIl. DINH Li THALES AB=A'B'.

“SEP Cho ba mit phing song song (P). (Q), (R).
Hai cdt tuyén bit ki @ vii @’ c¢iit ba mit phing song song
lan Iuot tai cic diém A, B, Cva A’, B, C". Goi B, 1a

giao diém ctia AC’ véi mit phiing (Q) (Hinh 66). Z/\
a) Néu vi tri tuong ddi cia BB, va CC’; B\B* va AA’. g A
b) C6 nhin xét gi vé cidc t s0; _/ _\ _'
AB BC . CA AB, BC . CA
, vil ; ; Vil . _é /
AB,’ BC' C4’ 4B’ BC Gl A / T
c) Tit két qua ciu a) va ciu b), so sdnh cic ti s6: ) .
1, AC
AB BC . CA y. o

i vil :
A'B B'C’ CA’

Hinh 66
binh li 4 (Dinh 1i Thaleés) inh

' Néu a, b 12 hai cit tuyé&n bit ki ciit ba mit phing song song (P), (Q), (R) l4n luct

tai cdc diém A, B, Cva A’, B, C’ thi
AB  BC CA
A'B' B g g F i
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Vidu4 = Mot ké dé dd bing g6 ¢6 mam ting dudi
(ABCD) va mim tAng trén (EFGH) song song vdi nhau.
Bace thd mdce do dude AE = 80 em, CG = 90 cm va
muén déng thém mot mam ting gitta (JJKL) song song
vdi hai mam tang trén va dudi sao cho khoing cich
El = 36 cm (Hinh 67). Hay gidp bédc th¢g mdc tinh
do dai GK dé diit mam ting gita cho ké dé dd ding vi tri.
Gidi
Ta c6 cdt tuyén EA ciit ba miit phiing song song (EFGH),
(IJKL), (ABCD) lan ligt tai E, I, A; ¢t tuyén GC ciing
cit ba miit phing trén theo thit tu tai G, K, C. Ap dung dinh

li Thales trong khong gian, ta co: -EI AE _80 ﬁ

gk CC490 '[9
Suyra GK = gEI -5 .36 =40,5 (cm).

Viy do din GK =405 em.

lalu e § 4

Hinl 67

e
| =
" 4 Ban Minh cho riing: Néu

a, b 1a hai cdt tuyén bt ki
cit ba mit phiing song song
(P), (). (R) 1an luot tai cic
diém A, B, Cva A, B, C’

hi AB _A'B’ _ AC

BC BC AC
Phdt biéu ciia ban Minh
et ding khong? Vi sao?

Ban Chung cho riing: Néu miit phiing (P) chiia hai duding thiing a. b va a. b cling song
song véi mit phing (Q) thi (P) lubn song song vdi (). Phét biéu ciia ban Chung ¢

ding khong? Vi sao?

2. Trong mit phing (P) cho hinh binh hanh ABCD. Qua A, B, C, D lin ligt vé bon
duding thiing a, b, ¢, d d6i mot song song vdi nhau vit khong niim trong miit phiing (P).
MOt mit phfing ciit a, b, ¢, d lin lugt tai bon diem A”, B’, C’, D", Chiing minh rﬁng

A'B'C’D’ la hinh binh hanh.

3. Cho ui dién ABCD. Lay G., G, O, I4n lugt 14 trong tAm cha cdc tam gidc ABC,

ACD, ADB.
a) Chuing minh ring (G, G,G,) / (BCD).

b) Xic dinh giao tuyén ctia mit phiing (G,G,G,) v6i miit phing (ABD).

4. Cho hai hinh binh hainh ABCD va ABEF khong cling nim trong mjt mit phing.

a) Ching minh riing (AFD) // (BEC).

b) Goi M la trong tim cta tam gidc ABE. Goi (P) 1a miit phﬁng di qua M va song

AN

song véi mit phing (AFD). Liy N 14 giao di€m cta (P) va AC. Tinh e

Boc ban moi nhat trén hoc10.vn
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§5 HINH LANG TRU VA HINH HOP

Trong thuc tién, ta thudng gip nhiéu db ding, vit thé gdi nén hinh inh hinh ling try,
hinh hop. Chéng han: Khung lich dé ban (Hinh 68); Thip d6i Puerta de Europa & Madrid.,
Tiy Ban Nha (Hinh 69), ...

(Nguon: https:/ishutterstock.com) (Ngwon: https:/ishutterstock.com)
Hinh 68 Hinh 69

" Hinh ldng tru va hinh hop la
 hinh nhit thé nao? :

I. HINH LANG TRU
1. Pinh nghia

@ (P Cho hai miit phing song song (P) va (P’).
Trong miit phing (P), cho da gidc A A,... A . Qua cdc

dinh A, A, ..., A V€ cdc duing thing song song vdi

nhau vi ciit mit phiing (P') lin ligt tai A, A, ..., A

(Hinh 70 minh hoa cho trudng hgp n = 5).

a) Cic 1l gidc A\ AAALAAAA, ., AAAAR
nhiing hinh gi? : LN .

b) Cic canh tuong ing cua hai da gidc A A,... A va Hinh 70
A/A). A c6 dic diém gi?

Ta c6 dinh nghia sau:

“Hinh gdm hai dagidc A A,...A ,A’A,"...A "vacic hinh binh hinh A A, AA ', A A A A,
o A AAA Qe goi 13 hinh lang try, ki higu A A A, A AA)... A
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Chii y: Néu ddy cta ling tra 12 mot tam gidc, tf gidc, ngd gidc, ... thi hinh ling try tiong
ting goi la hinh lang try tam gidc, hinh lang try td gidc, hinh lang tru nga giac (Hinh 71), ...
Trong hinh ling tru A A,...A A A’ .A'
— Hai da giac A]Aj...A" va Al ’A,,'...A"’ goi la hai
mdt day;

Cic hinh binh hanh A A,LAJA', AAAA ..
A A A'A’ gol 1a cdc mdr bén;
— Céc canh cia hai mit day goi la cac cgnh ddy;
~ Ciéc doan thing A A ", A,A,", ..., A A’ goi 13 ciic
canh bén;
— Cdc dinh cta hai mit ddy goi 1a cdc dinh cia
hinh ling tru.

2. Tinh chét
73 Tit dinh nghia hinh ling tru, nhin xét diic diém cdc miit bén, canh bén va hai miit ddy
cua hinh ling tru.

Hinh 71

« Céc canh bén ctia hinh liing tru song song vi biing nhau.
e Céc miit bén cha hinh ling tru 1a cdc hinh binh hanh.
« Hai miit ddy clia hinh ling tru la hai da gidc ¢6 cic canh tudng ting song song va biing nhau.

Vidul = Cho hinh ling tru tam gidc ABCA'B'C’. A'

Goi M va M’ 1an Iudt 1a trung diém ciia céc canh BC va w c’

B’C’. Chiing minh riing:

a) AA' [ (BCC'B): b) AM I/ A'M’.

Gidi. (Hinh 72) P

a) Trong hinh ling wru ABC.A’B'C’, ta c6: AA" [/ BB’ va C
BB' = (BCC'B’), suy raAA" [/ (BCC'B’). B M

b) ViMM’ // BB’, MM’ = BB’ va BB’ // AA", BB’ = AA’ L

nén MM’ Il AA", MM’ = AA’. Suy ra AMM’A’ 1a hinh
binh hanh. Vay AM [/ A’M".
1 Cho mét s6 vi du vé nhiing

il. HiHH Hép do ding, vit thé trong thue &

¢t dang hinh ling try.
1. Pinh nghia

V& hinh ling tru ABCD.A’B'C’D’ ¢6 ddy ABCD 14 hinh binh hanh.

11
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I Hinh hop la hinh ling tru ¢6 ddy 1a hinh binh hanh.

Trong mdi hinh hop, ta goi:

— Hai miit khong ¢6 dinh chung 14 hai mdr doi dién;

— Hai canh song song khéng niim trong mét mit 14 hai canh doi dién:
— Hai dinh khong thude cling mat mit 1a hai dinh déi dién:

Poan thiing néi hai dinh déi dién la diong chéo. .

Vidu2 & Hay liét ké cdc ciip mit déi dién, cdc ciip A’ / "
canh @6i dién va céc ciip dinh d6i dién cta hinh hop :
ABCD.A'B'C’'D’ (Hinh 73).

Gidi D
Trong hinh hop ABCD.A’B’C’D’ ¢6: A

. Hinh 73
— Ba cdp mit doi dién: (ABCD) va (A'B'C'D’);

(ABB'A’) va (DCC'D’); (ADD’A’) va (BCC'B’).

— Séu ciip canh doi dién: AB va D'C’; BC va A’'D"; y
CDvaB'A"; DAvaC'B'; AA’ va CC"; BB’ va DD’. 2 Hay liét ké cdc dudng
A N ..o i 1 ;. chéo cla hinh  hdp
;)Btsﬁj;ap dinh ddi dién: Ava C'; BvaD’; Cva A’ ABCDA'B'C'D’ (Hinh 73).
va B,

2. Tinh chat

@ %Y Néu nhin xét gi vé hai mit phiang chida hai mat doi dién cta hinh hop.

Hinh hdp 1a mot hinh ling tru nén hinh hop c6 céc tinh chit cta hinh ling tru, ngodi ra:

l  Céc miit cia hinh hop 14 cédc hinh binh hanh.

« Hai miit phiing 14n lugt chita hai mit d6i dién ctia hinh hép song song véi nhau.

Nhdn xét: Ta ¢ thé coi hai mat doi dién bat ki chia mot hinh hop 13 hai mit ddy ciia no.
lVidu3 = Chiing minh ring bén dudng chéo ctia hinh hp cit nhau tai trung diém

moi duding.

Gidi

Cho hinh hop ABCD.A’B’C’D’ ¢6 cic dudng chéo A'C; AC’; BD" va B'D (Hinh 74).

12
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— Tt gidc ACC’A’ ¢6 AA’ I/ CC” vi AA’ = CC’ (tinh
chit hinh hop) nén wi gidc ACC'A’ 14 hinh binh
hanh. Goi I 14 giao diém clia hai duting chéo AC’
va A'C. Khi d6 7 1a trung diém ciia mdi duding chéo
AC’vaA'C.

— Tuong tu, hai td gidc A'B'CD va BCD’A’ cling la

cdc hinh binh hanh nén 7 la trung diém cia B’D va
BD’. Viy ciic duding chéo ctia hinh hép ciit nhau tai

trung diém mdi dudng. ks

3 Cho hinh hép ABCDA'B'C'D’.
Chiing minh riing b6n mit phing
(ABC'D’), (BCD'A’), (CDA’B),
(DAB'C’) cung di qua mot diém.

Hinh 74

Psiirar
1. Cho hinh hép ABCD.A'B’'C’'D".
a) Chiing minh riing (ACB") // (A’C’D).
b) Goi G, G, lan lugt la giao diém clia BD’ vdi cdc mit phing (ACB’) va (A'C’'D).
Chiing minh ring G, G, lan lugt la trong tdm ctia hai tam gidc ACB’ va A’C’D.
¢) Chiing minh riing BG, = G, G, = D'G,.
2. Cho hinh hop ABCD.A’B’C’D’. Goi M, N, P, Q lin lugt 13 trung diém clia cdc canh
BC,AA’, C’'D’, AD’. Chiing minh ring;
a) NQ [/ A'D" va NQ = %A'D';
b) T giac MNQC la hinh binh hanh;
c) MN Il (ACD');
d) (MNP) I/ (ACD").
3. Cho hinh liing tru tam gidc ABC.A’B’C’. Goi E, F lan lugt 1a trung diém cia cde
canh ACvaA'R’.
a) Chiing minh riing EF // (BCC'B’).

b) Goi I 1a giao diém ctia dudng thing CF véi mit phing (AC’B). Ching minh ring
[ la trung diém doan thing CF.
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SG PHEP CHIEU SONG SONG.

Trong cudc song, ching ta thudng gip béng ning cla
cdc vat rén mit dat khi udi ning. Chiing han, bong
ning cha chi€c mdy bay trén dudng bing (Hinh 75).
Vi cdc tia niing dugc coi 1a song song véi nhau nén
béng ning clia mdt vit gdi nén hinh anh cla vit d6 qua
phép chiéu song song trén miit dit.

9.
?j;? Thé nao la phép chiéu song song?
“;(EQ ; Phép chiéu song song co tinh char gi?
L5 M

|. PHEP CHIEU SONG SONG

1. Pinh nghia

Cho mit phing (P) va dudng thing ¢ cit
miit phing (P).

Qua méi diém M trong khong gian, ¢6 bao nhiéu duding
thiing song song hoic tring véi duting thing £? Pudng

thing dé v mit phiing (P) ¢6 bao nhiéu diém chung?
(Hinh 76)

Ta c6 dinh nghia sau:

HiNH BIEU DIEN CUA MOT HiNH KHONG GIAN

{V gu(}: 1 higps:fshutterstock.com)
Hinh 75

\
X

Hinh 76

Cho miit phiing (P) va duding thing € cit mit phing (P). Phép diit tudng ting mdi
diém M trong khong gian véi diém M’ ciia mét phiing (P) sao cho MM’ song song
hoiic triing véi £ goi 1a phép chiéu song song 1én mit phiing (P) theo phuong £.

Mt phﬁng (P) goi 1a mdt phdng chiéu, duding thing £ goi 1a phuong chiéu, diém M’ goi
la hinh chiéu song song (hodc dnh) cha diém M qua phép chiéu song song néi trén.

Cho hinh .%. Tép hgp " gdbm hinh chiéu song song cla tit ca cdc diém thude .# goi la
hinh chiéu song song (hoiic anh) ctia hinh . qua phép chiéu song song néi trén.
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Vidul = Cho hinh hip ABCD.A'B’C'D’ (Hinh 77).
Xéc dinh dnh ctia cde diém A', B’, C", D’ qua phép chiéu
song song 1én mit phing (ABCD) theo phudng A’A.

Gidi

Vi ABCD.A'B'C’'D’ la hinh hop nén cac canh AA’, BB’,
CC’, DD’ song song vdi nhau. Do d6, cic diém A, B, C,
D lan lugt 1a dnh cha A’, B’, C°, D’ qua phép chiéu song
song lén mit phﬁng (ABCD) theo phudng A'A.

2. Tinh chat %

Ta di biét: Hinh chiéu song song cla mit dudng thing 12 /'I Cho Hinh hop
mot diém néu duding thing dé song song hoic tring véi ABCDA'B'C'D c6 A'C’
phuong chiéu £. Tuong tu nhu vay, hinh chiéu song song clit B'D’ tai O’ Xic dinh

ciia mot doan thﬁng ciing 1a mét diém néu doan thﬁng do dnh cua @' qua phép
song song (hodc nim trén) phudng chiéu £. chiéu song song lén

P o =3 ey » mit phing (ABCD) theo
Vi thé, trong cdic tinh chat dudi ddy, ta chi xét hinh chi€u  phygng A°A.
song song clia cdc cdc dudng thing hodic doan thing :
khéng song song va khong tring (hodic niim trén) phudng
chiéu 2.

@ »» Hinh 78 mo ti béng ning cliia mot lan can ciu

duting bd trén mit dudng, wic la hinh chiéu cta lan can

qua phép chiéu song song 1én miit duting. Thanh lan can
g¢i nén hinh anh dudng thing ndi cdc di€ém A, B, C, 4 d6
B niim gitia A va C. Goi cdc diém A’, B, C’ lin lugt la
béng ning cha cdc diém A, B. C trén mit dudng.

Quan sit Hinh 78 va cho biét:

a) Cic diém A’, B', C’ ¢6 thing hang hay khong. Néu ¢d,
Hink 78

diém B’ c6 nim giita hai diém A’ va C" hay khong;
b) Béng niing ciia thanh lan can 12 hinh gi.
Trong trudng hop tong qudt, ta c6 dinh If sau:

« Phép chiu song song bién ba di€m thing hing thanh ba di€m thing hing va
khong lam thay d6i thit of ba diém do.

« Phép chiéu song song bién dudng thiang thinh dudng thing; bién tia thanh tia;
bién doan thing thanh doan thing.
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@ &P Hinh 79 mo ta béng ning cia chiéc thang gb
trén biic tudng, tic 1a hinh chiéu cua chiéc thang do qua
phép chiéu song song lén birc twomg. Cac thanh gE: ngang
201 nén hinh dnh cdc dudng thing song song vdi nhau.
Quan séit Hinh 79 va cho biét béng clia cdc duong thing
song song do ¢o la cdc duomg thang song song hay khong.
Trong truding hop tong qudt, ta ¢6 dinh i sau (Hinh 80,
Hinh &1):

)

« Phép chi€u song song bién hai duding thing
song song thanh hai dudng thing song song hoic
tring nhau.

« Phép chiéu song song khong lam thay doi ti s6
d6 di cia hai doan thiing niim trén hai dudng thing
song song hoiic ciing niim trén mot duding thing. J

Hinh 79
(Neuon: https://shutterstock.com)

Hinh 80

Vidu2 = Cho mit phing (P), doan thing AB va
dudng thing £ cit mit phing (P). Gia sl dudng
thing AB khong song song vdi £. Néu cich xdc
dinh hinh chi€u song song ctia doan thiing AB trén
mit phing (P) theo phucng £.

Gidi

Hinh 81

Goi A’, B’ lan lugt 1a hinh chiéu song song ctia A, A

B trén miit phiing (P) theo phuong £.

Khi d6, hinh chiéu song song ctia doan thing AB
trén miit phiing (P) theo phuong £ 1a doan thing A’B’
(Hinh 82).
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-

Vidu3 & Cho mit phing (P), tam gidc ABC va dudng ?
thﬁng £ cit miit phfing (P) sao cho cac dudng thﬁng AB, 2 Cho miit phiing (P), hinh
BC, CA déu khong song song hoic tring véi duding thing £, binh hanh ABCD va dudng

Xdc dinh hinh chiéu song song clia tam gidc ABC trén thing £ cit mit Phﬁrﬂg (P).
Xac dinh hinh chiéu song

mit phiang (P) theo phudng ¢ trong moi tridng hdp sau: sotig clia Hinh Winh haak

a) Mit phiing (ABC) khong song song véi ¥; ABCD trén mit phing (P)
b) Mit phiing (ABC) song song hoiic chiia £, theo phudng £ biét riing miit
s phiing (ABCD) khong song
G song vdi £.
/

/A
LP / -
i) b)
Hinh 83

Goi A’, B’, C’ 1an lugt 1a hinh chiéu song song ctia ba diém A, B, € trén miit phing (P)

theo phudng £.

a) Hinh chiéu cta tam giac ABC trén mat phﬁng (P) la tam giac A'B'C" (Hinh 83a).

b) Ba diém A", B’, C’ thudc giao tuyén ciia hai mit phing (ABC) va (P) nén ba diém
A’, B’, C’ thing hang va ¢6 mot diém niim gidia hai diém con lai. Gia st diém B’
nim gitta hai diém A’ va C’. Khi d6. hinh chiéu song song clia tam gidc ABC trén
miit phiing (P) 1a doan thang A'C’ (Hinh 83b).

Chii ¥: D61 v6i hinh chiéu song song clia duding tron, ngudi ta chiing minh duge ring:

Hinh chiéu song song ciia mét dudng tron trén mét mit phing theo phudng ¢ cho tride

la mét dudng elip hodic mot dudng tron, hodc dic bigt co thé 12 mot doan thﬁng.

II. HINH BIEU DIEN CUA MOT HINH KHONG GIAN

1. Khai niém

(SY» Cho khdi rubik khong ¢6 diém chung nio voi

mit phing (P) va duding thiing £ cit miit phiing (P). Hay

xdc dinh dnh clia khéi rubik qua phép chiéu song song 1én

miit phiing (P) theo phudng £ (Hinh 84).

Hinh biéu dién ctia mdt hinh . trong khong gian la P
hinh chi€u song song clia hinh . trén mot mit phiing

theo m{t phuong chi€u nao d6 hodc hinh dong dang

vdi hinh chieu do.

Hinh 84
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Chii ¥: Mudn vé ding hinh biéu dién clia mot hinh khong gian ta phdi dp dung céc tinh
chét cta phép chiéu song song.

Vidu+4 = Trong cic Hinh 83a, 85b, 85¢. hinh nao biéu dién cho hinh ldp phuong?

i) b) 5/

Hinh 85
Gidi
« Hinh 85a 1a hinh biéu dién cua hinh lip phuong.
* Hinh 85b khong la hinh biéu dién cta hinh ldp phudng vi trong hinh nay c6 hai canh
ddi cia dy trén khdng song song vdi nhau.

* Hinh 85¢ ciing ¢6 thé 1a hinh biéu dién ctia hinh lap phudng. Tuy nhién hinh biéu dién
nay khéng tét vi khong gitip ta hinh dung dugc hinh trong khong gian.

2. Hinh biéu dién cia mot s6 hinh khdéi don giin

Cac hinh sau diy thudng dudc sii dung lam hinh biéu dién cua: hinh tid dién
(Hinh 86a); hinh hop (Hinh 86b); hinh hop chit nhét (Hinh 86¢); hinh ling tru tam giac
(Hinh 86d).

i) b)

c) i)

Hinh 86
Chii y

1) » Mot tam gidc bit ki bao gid ciing ¢6 thé coi 1a hinh biéu dién clia mot tam gidc c6
dang tuy ¥ cho trude (c6 thé 1a tam gide déu, tam gidc cén, tam gide vudng, ...).

« M6t hinh binh hanh bit ki bao gid ciing ¢6 thé coi 1a hinh biéu dién cla mot
hinh binh hanh wy ¥ cho tride (¢d thé 1a hinh binh hanh, hinh vudng, hinh thoi,
hinh chu nhdt, ...).

» Mot hinh thang bat ki bao gid cling c6 thé coi la hinh biéu dién cho mdt hinh thang
tu¥ ¥ cho trude, sao cho ti s6 d dai hai ddy ciia hinh bi¢u dién phai biing ti s d0 dai
hai ddy cia hinh thang ban dau.
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+ Ta thuing dung dudng elip 1am hinh biéu dién cia
dudng tron, tim cua elip biéu dién cho tim cla d
duding tron (Hinh 87).

2) Phép chi€u song song n6i chung khong gid nguyén ti
s0 ciia hai doan thiing khong niim trén hai dudng thiing
song song (hay khéng cting niim trén mét duding thing)
vit khong giti nguyén d6 16n cia mét gée. Tit do suy ra
néu trén hinh . ¢6 hai doan thing khéng niim trén hai
duting thiing song song thi ti s6 chia chiing khéng nhit
thi€t phi giii nguyén trén hinh bi¢u dién. Ciing nhu vy,
dd 16n ctia mot géc trén hinh # khong nhat thiét duge
git nguyén trén hinh biéu dién.

lBAI TAP N

Trong cédc Hinh 88a, 88b, 88¢, hinh nao 13 hinh biéu dién cho hinh ti dién?

o B

Hinh 88

2. Cho hinh hép ABCD.A'B’C’D’. Xic dinh anh cla tam gidac A'C’D’ qua phép chiéu
song song lén miit phang (ABCD) theo phudng A'B.

3. V& hinh biéu dién cla cdc vt trong Hinh 89 va Hinh 90.

Hinh 89 Hinh @0

4. V& hinh biéu dién cia:
a) Mot tam giac vudng ndi tiép trong mot duding tron;
b) Mot luc gide déu.
1e
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BAI TAP CUOI CHUGNG IV

1. Trong khong gian, hai dudng lhfing song song véi nhau khi va chi khi:
A. Hai duding thing ciing nim trong mot mit phiing va khong cé diém chung.
B. Hai dudng thing khong ¢6 diém chung,
C. Hai duting thiing ciing niim trong mét miit phing.
D. Hai duting thing ciing song song vdi duong thing thir ba.
2, Cho hai duding thing phéan biét a va b trong khong gian. C6 bao nhiéu vi tri tiong
doi gitta a va b?

A. 1, B. 2. 2 3, D. 4.

Tad
:

Trong khong gian, duting thing song song vdi mit phing khi va chi khi:

A. Buting thiing d6 song song vdi mot duding thing thude mit phing,

B. Puding thing va mit phiing khong ¢6 diém chung.

C. Puding thing do khong c6 diém chung véi mot duding thing thude mit phing.
D. Dudng thing d6 khéng ¢6 diém chung véi hai duong thing thude miat phing.
4. Trong khéng gian, hai mit phiing song song vdi nhau khi va chi khi:

A. C6 mdt mit phiing chita hai duding thiing phéin biét ciing song song vdi mét phiing
con lai.

B. Hai miit phiing ciing song song vdi mét duding thing.
C. Hai mit phing cling song song vdi mit phing thi ba.
D. Hai mit phfing khéng c6 diém chung.

Cho ui dién ABCD. Goi M, N lin lugt 13 trung diém cla cdc canh AB, BD. Biém P
thudc canh AC sao cho PA =2PC.

i_.lt

a) Xdc dinh giao diém E cta duong thing MP véi mit phiing (BCD).
b) Xdc dinh giao di€ém Q cua dwong thiang CD véi mit phing (MNP).
¢) Xic dinh giao tuyén ctia mit phiing (ACD) vdi mit phiing (MNP).

d) Goi /la giao diém cia MQ va NP, G la trong tim cta tam gidac ABD. Chiing minh
ring C, I, G thiang hing.

6. Cho hinh chép S.ABCD co day la hinh binh hanh. Goi M, N lan lugt 1a trung diém clia
cde canh BC, SD. Xdc dinh giao tuyén cha mit phing (AMN) v6i m6i mét phiing sau:

a) (SCD); b) (SBC).
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7. Cho hinh chép S.ABCD c6 day ABCD la hinh thang (AB // CD) va AB = 2CD. Goi
M, N lin lugt 1a trung diém cdc canh SA, SB. Ching minh riing:

a) MN If (SCD);
b) DM {/ (SBC);
¢) Ly diém [ thube canh SD sao cho ;—; = —i— Ching minh ring: SB // (AIC).

8. Cho hinh ling try tam gidc ABC.A’B’'C". Liy M, M’ 1an lugt 12 trung diém cdc

doan thing BC, B’C’; ldy céc diém G, G', K lan lugt thude cic doan AM, A'M’, A'B
AG AG AK 12

sao cho = = =—,
AM A'M A'B 3

a) Chiing minh riing C'M // (A’BM").

b) Chiing minh ring G'K // (BCC'B").

¢) Chiing minh riing (GG'K) // (BCC’B’).

d) Goi (&) la mét ph&ng di qua K va song song voi mét phing (ABC). Miit phing («)

ciit canh CC” tai diém 1. Tinh %

9, Cho hinh hép ABCD.A’B’C’D’. Goi M, N lin luct la trung diém clia AB, C’'D’,
a) Chiing minh rﬁng (A'DN) [l (B’CM).
b) Goi E, F lin lugt 1a giao diém ctia dwong thang D'B véi cic mit phiing (A'DN),
(B’CM). Chitng minh rling D'E = BF =%EF.

10. Mot khéi g6 ¢6 cde mit déu 1a mot phan cha mit
phiing véi (ABCD) # (EFMH), CK // DH. Khéi
gd bi hong mdt géc (Hinh 91). Bdc thg moc
muén lam dep khoi g6 bing cich cit khai gb
theo miit phiing (R) di qua K va song song vdi
miit phing (ABCD).

a) Hay gitp béc thg mdc xdc dinh giao tuyén ctua
mit phing (R) vdi cdc mit cia khéi gb dé cit
dudc chinh xdc. _
b) Goi I, J lin lugt 1a giao diém DH, BF véi Hinh 91

mit phiing (R). Biét BF = 60 cm, DH = 75 cm,
CK =40 cm. Tinh F.J.
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BANG GIAI THICH THUAT NGU
THUAT NGU' GIAI THICH

cip sO cong mét diy s& (hitu han hodic v6 han), trong d6 k& tit s§ hang thit hai, 49
moi 56 hang déu biing tong cia s& hang ding ngay trude né véi mot
s0 khong ddi d, wic la: u_ =u__ +d véin=> 2. 56 d dugc goi la cong
sai cla cip s6 chng

ciip 50 nhan mot diy si (hitu han hodic v6 han), trong d6 ké tif so hang thi hai, 53
méi 56 hang déu bing tich cia s& hang diing ngay tnide né vdi mdt
s6 khong ddi ¢. tdc la; u=u_, .qgviinz=2 Sa ¢ duge goi 1a cong
boi clia cdp sd nhin

diy s6 hiru han danh sdch hitu han cic s6 dude viét theo mét thid ti nhét dinh

diiy s6 vo han danh sdch vi han cdc s6 dudge viét theo mot thit w nhit dinh

£ B

dudng thing song duting thing dugc goi 12 song song vdi mit phing néu ching khang 101
song vii mat phing  ¢6 didm chung.

giéi han cia day s6  ddy s6 (u ) ¢6 gidi han 0 khi n din t6i dudng vé cyc néu [u"|c{‘= thé 60
nhé hon mot s& dudng bé tuy ¥, ké tit mdt sd hang nio 46 trd di,
kihigu lim w =0

n—++9

gidi han hin han cia  cho khoang K chiia diém x, vt ham 55 f(x) xde dinh trén K hodc trén 66

ham s6 tai mot diém K \{xy}. Ta néi ham s0 fix) ¢6 gidi han 12 6 L khi x dén t6i - néu

vdi diy s6 (x ) bt ki, x, € K\[xg} va x, =2 xp.1aco f(x,)—> L.

Kihi¢u: lim f{x)=L hay f(x)— L khi x— x,.

X — Il'l

hai dudng thing hai duding thing ciing ndm trong mot mit phing va khong cé diém 96
song song chung
hai mat phing hai mit phiing khong c6 diém chung 105
song song
ham si lién tuc tai ham sé y = f{x) xdc dinh tén khoang (a ; b) vax e (a ; b) duge goi 13
mot diém 12 lién tuc tai x, n€u lim f(x)= f(x,)

]

hinh biéu dién ¢tia  hinh bicu dién cia mot hinh .# trong khong gian la hinh chiéu song 117
mit hinh trong song ctia hinh % trén mdt mijt phiing theo mot phuong chiéu nao dé
khéng gian hodc hinh dong dang v6i hinh chiéu dé
phép chiéu song song cho mat phing (P) va dwomg thing € cit mat Phing (P). Phép dat 114
twong img moi diém M trong khong gian véi diem M ' clia mat phing
() sao cho MM’ song song hodc tring v £ goi1 la phép chiéu song
song lén mat phing (P) theo phwrong £.
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BANG TRA CUU TUNGU

G

ciip s8 cong

ciip s0 nhin

cong thiic bién ddi tich thanh téng
cting thifc bién ddi tong thanh tich
cong thiic cong

cong thifc ha bic

cong thdc nhiin dén

diy s6

diiy s0 bi chiin

diy s6 bj chiin dudi

diy s b chin trén

diy s6 gidm

diy sd tiing

diy sd vo han

dinh Ii Thalés

duding tron lugng gidc

gid clia ¢6 phiéu

gid tri lugng gidc cla mit s6 goc
ddic biét

2id tri higng gide cia gée hugng gidc
gidi han hitu han cia diy s6

gidi han hitu han cGa him s

tai mat diém

gidi han hitu han cia ham sd

tai v cule

gidi han v6 cue cha ham sd
tai vo cyc

gidi han mét phia

goc¢ lugng gide
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49
53
18
19
16
18
18
43
47
47
47
46
46
44

108

82

12

9
39

[414]

6Y

71

68

hai mit phﬁng song song
hiim s6 chin

ham s 1é

ham s6 lién tue tai mét diém

him s6 lién tyc trén mét khodng
hodc mit doan

ham s& tudin hoan

ham s y = cos.x

hiim s0 y = cotx

haim s v = sinx

ham s& y = tanx

hé thic Chasles

hinh chép

hinh hip

hinh ldng tru

hinh ti dién

phudng trinh cos x = m

phudng trinh cot x=m

phuong trinh sin x = m

phudng trinh tan x = m

phuong trinh niong dudng

0 hang tong qudt cha cip sd cong
s0 hang tong qudt ciia cip s6 nhin
tong ciia cdp s& nhin lii vé han
ti’:"r‘rng n s0 hang diu cia mot cip
s0 cong

tong n s6 hang diu clia mét cip
0 nhin
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105
22
22
73

74

23
26
29
24
27

91
11
110

35
38
33
37
32
50
54
63

a0

35
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NHA XUAT BAN DAI HOC SU PHAM
Pia chi: Tang 6, Toa nha 56 128 dudng Xuan Thuy, quin Cau Gidy, TP. Ha Noi
Dién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdch nhiém xudt ban:
Giam déc —Téng bién tap: NGUYEN BA CUONG

Chiu trdch nhiém té chirc ban thdo va ban quyén néi dung:
CONG TY €O PHAN DAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Ch tich H6i déng Quan tri: NGUT NGO TRAN Al
Tong Giam déc: VU BA KHANH

Bién tap:
LE HUY DAN - NGUYEN THI NGAN - BAO ANH TIEN - PHAM THI DIEU THUY
Thiét ké sdch:
PHAN THI LUONG
Trinh bay bia:
NGUYEN MANH HUNG
Sira ban in:
LE TRUNG DUNG = VU MANH HUY

TOAN 11 -TAP MOT

Ma s&:
1511 F—
In ... cudn, khé 19 x 26,5cm, tai ......
Blachl sz
S6 xdc nhan dang ki xuat ban: .-../... [~/ ...
Quyét dinh xult ban s&: ... /...-..ngay .. /... /...
In xong va nop luu chiéu

Boc ban moi nhat trén hoc10.vn Ban sach mau



Mang cudc séng vao bai hoc
Puwa bai hoc vao cudc séng

o7/
./ oan 11 la cudn séach gido khoa danh cho hoc sinh
I6p 11, thude bb sach gido khoa “Canh Diéu’, thuc hién theo
“Chuang trinh Gido duc phé théng 2018".
Sach gém hai tap va chuyén dé hoc tap dudc bién soan
dap Ung yéu cau phat trién pham chat va nang luc cla
hoc sinh. Cac hoat dong hoc tap dugc té churc theo tién
trinh tir d& dén kho, huéng dén viéc kham pha, phat hién,
thuc hanh, van dung giai quyét van dé trong thuc tién,
pht hgp vdi trinh dé nhan thuc cua hoc sinh. Sach duogc
trinh bay hap dan, khai goi su td& mo, kich thich hing tha,
tao dung niém tin trong hoc tap mén Toan & hoc sinh.
Sach la san pham tam huyét cda tap thé tac gia - nhing A
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phé théng.

SACH KHONG BAN



