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MOT SO YEU TO ,
THONG K€ VA XAC SUAT

Trong chuang nay, ching ta sé tim hiéu nhitng néi dung sau:
cac s6 dac trung do xu thé trung tdm cho mau sé liéu ghép nhom;
bién c6 hop va bién cé giao, bién cé doc lap, cac quy tac tinh xac suat;
tinh dugc xac suat cha bién cé trong mét so bai toan don gian.

s1 CAC $O DAC TRUNG DO XU THE TRUNG TAM
CHO MAU SO LIEU GHEP NHOM

Mot cube khdo st di ti€n hanh xdc dinh tuéi (theo nim) ctia 120 chiée 6 to. Két qua
diéu tra dudc cho trong Bdng 1.

Nhom Tén sé
[0:4) 13
[4:8) 29
[8:12) 43
[2;16) | 22
[16:20) 8
: n=120
(Ngudn: hups:/shutierstock.com) Beng |
Tr‘r?r ede s6 dée trung do xu thé trung tam 2
(s6 trung binh cong, trung vi, it phén vi, mét) cho mau sé  _
- Miéu ghép nhom ddé nhue thé nao cho thudn lgi? @

I. MAU SO LIEU GHEP NHOM
1. Béng tén s6 ghép nhom

Trong Bdng 1 & phin md déu, ta théy:
C6 13 6 td c6 do tudi dudi 4;
C6 29 6 16 ¢6 do tdi tir 4 dén dudi 8.
3
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Hay xdc dinh s8 6 O ¢6 do tudi:
a) Tu 8 dén dudi 12;

b) Tir 12 dén dudi 16;

¢) Tit 16 dén dudi 20.

E'Er
© * Mdu sé ligu ghép nhém 1a méu s6 liéu cho du6i dang bang tin s6 ghép nhém.
* M6i nhdm s6 liéu edm mot sO gid tri cha miu s6 liéu dude ghép nhém theo mot
tiéu chi xdc dinh ¢6 dang [a ; b), trong d6 a 1a dau muit trdi, b 1a dau miit phdi.
PO dai nhém 12 b - a. =
* Tdn s6 cia mot nhém 12 s& s6 liéu trong mau s 1iéu thude L BN P8
C ; g : C
vio nhém d6. Téan s6 ctia nhém 1, nhém 2, ..., nhém m ki la,:a,) | n
hiéu lin lugt 1a [ la, s a;) ,
* Bdng tdn s& ghép nhom dude 1ip nhu & Béng 2, trong d6
mau sb lidu gdm n s6 liéu dudc chia thanh m nhém ting véi 352} n,
m niia khoang [a, ; a,); [a,; a);..sla a2 G doé n

m+ 1

a <a.<..<a <a vin=n, +n,+..+n .
Z m m+ 1 | s m

1 Being 2

Vidul = Bdng 3 bi€u dién mau so liéu ‘ Nhénl_ :Tﬁnsﬁ'
ghép nhém duge cho dudi dang bang tan [0 :5) 11
s6 ghép nhém. Hiy cho biét: (5:10) 3
a) Mau s0 liéu d6 c6 bao nhiéu sd lidu; [10: 15) 45
bao nhiéu nhém; (15 20) 21
b) TAn s& clia mdi nhém. [20 : 26) 12

Gidi | n=120

s 3 s ar T
Tit Bang 3, ta thay: Being

= A g & Ay h/
a) Méu s6 1iéu d6 gom 120 50 li€u va 5 nhém. | ® Miu s5 lidu ghép nhém d Bdng 1 cb
b) Tan s0 cha ciac nhém 1. 2. 3. 4. 5 lan bao nhiéu sd liéu? Bao nhiéu nhém? Tim

ligt 1a: 11, 31, 45, 21, 12. tan 50 cua moi nhom.

2. Ghép nhém méu so liéu. Tén sé tich lu§
Mot truding trung hoc pho thong chon 36 hoc sinh nam ctia khoi 16p 11, do chiéu

¢a0 cla cdc ban hoc sinh d6 va thu dude miu sd liéu sau (don vi: centimét):

4
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160 161 16l 162 162 162 163 163 163 164 164 164
164 165 165 165 165 165 166 166 166 166 167 167
168 168 168 168 169 169 170 171 171 172 172 174

Tit miu s& liéu khong ghép nhém trén, hiy ghép cde s6 liéu thanh nim nhém theo cic
nita khoang ¢6 dd dai biing nhau.

Ii‘ir

T pé chuyén mau s6 liéu khong ghep nhom thanh mau s6 liéu ghép nhom, ta thuc
hién nhu sau:
« Chia mién gid tri clia miu s6 liéu thinh mdt s6 nhém theo tiéu chi cho trude.

« D&m s6 gid tri ctia miu s6 liéu thude mbi nhém (tn s6) va ldp bang tin s6 ghép nhém.,

Chii y: Khi ghép nhém sé lidu, ta thuding phin chia cde nhém c6 dd dai biing nhau va
ddu miit cia cdc nhém ¢6 thé khong phii 13 gid tri clia miu s6 ligu. Nhém cudi ciing ¢6

thé 1a [am 1L ”Hl]

Vidu 2 = Trong bai todn & Hoat dong 2, 1dp bing tin s& ghép nhém c6 nim nhém ting
vdi ndm nua khoang:

[160 ; 163), [163 ; 166), [166 : 169), [169 ; 172), [172 ; 175).

Gridi
Bing tan s6 ghép nhém nhu sau: \/_/V A
- > <2 MOt thu vién thdng ké sd ngudi dén
Nhém Tén s6 doc sdch vao budi t6i trong 30 ngay cla
thing vita qua nhu sau:
[160 : 163) 6
35 81 65 58 47 30 51 92 85 42
1169 1e6) 2 55 37 31 82 63 33 44 93 77 57
[166 ; 169) 10 44 74 63 67 46 T3 52 53 47 35
(169 ; 172) 5 Lip bang tin s6 ghép nhém ¢6 tim nhém
ting vdi tim nilia khodng sau: [25 ; 34);
11725 15) 3 [34 : 43); [43 ; 52); [52 : 61); [61 : 70);
T [70 2 79): [79 : 88): [88 : 97).
Bang 4

5P Trong Bing 4, ¢6 bao nhiéu s6 liéu véi gid tri khong vuot qud gid tri ddu muit phai:
a) 163 cua nhém 17 b) 166 ctia nhém 27 ¢) 169 cia nhém 37
d) 172 ctia nhém 47 e) 175 cia nhém 57
5
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Trong truding hgp tong quat. ta ¢6 dinh nghia sau:
Cho méu sd liéu gdm n s6 liéu duge ghép nhém nhu & Bdng 2.

P

Tan sé tich luy cha mot nhém
la s6 s& liéu trong mau s0 lidu

Nhém Tansé |  Tan sé tich luy

c6 gid tri nho hon gid tri diu mit [a,;a,) n of,=n,

phii clia nhém dé. Tin s6 tich luy la,; ay) n, of,=n +n,
ctia nhém 1, nhém 2, ..., nhém m - _

ki hiéu 1dn 1t 1a cf,, cf,, . cf,. (0,300 | |dy=n dnyttn,
* Bing tin s6 ghép nhém bao gdbm

ca tan s0 tich luy duge lip nhu & n

Bdng 5. Bing 5

Vidu3 © Trong bai todn 6 Hoat dong 2, ldp bing tin s6 ghép nhém bao gbm cd tin s6
tich luy ¢6 nim nhém dng vdi nam nida khoang: [160 ; 163), [163 : 166), [166 ; 169),
[169;172), [172; 173).

Gidi

Bing tin s6 ghép nhém bao gdm ¢d tin s6 tich luy p W
3

nhu G Bidng 6: 3 Trong bai todn & Luyén
- tip 2, ldp bang tin s ghép
Nhém Tén si Tén s tich luy nhém bao gém ci tan
s0 tich luy ¢6 tim nhém
[160 ; 162] 6 6 Ung vdi tdm nia khodng:
; [25:34),[34 ;43), [43 ; 52),
e ] % & [52:61).[61;70), [70:79),
[166 ; 168] 10 Ny 28 (79 ; 88), [88 ; 97).
[169;171] 5 33
[172; 174] 3 36
n =36
Bing 6

Il. SO TRUNG BiNH CONG (SO TRUNG BiNH)

1. Pinh nghia

CSEY Xét milu 56 ligu trong Vi du 2 duge cho dudi dang bang tin s6 ghép nhém
(Beang 7).

6
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a) Tim trung diém X ctia nita khodang (tinh
bing trung binh cdng cia hai diu muiit)
ting vdi nhém 1. Ta goi trung di€m x| 12
gid tri dai dién cua nhom 1.

b) Biing cédch wong ty, hily tim gid tri dai
dién cta bon nhém con lai. T d6, hay
hoan thién cdc s6 liéu trong Bdng 7.

¢) Tinh gia tri X cho bdi cong thic sau:
X+ My Xy +. o+ s X

xXx=
n

Gid tri X goi 1 56 trung binh céng ctia miu so liéu da cho.

Trong trudng hgp tong quat, ta ¢ dinh nghia sau:

Cho mau s6 liéu ghép nhém nhu & Bdng 8.

Vg
"~ o Trung diém x, cia nia khoang
(tinh bing trung binh cong cla hai
diu mut) ing véi nhém i 1a gid tri
dai dién ciua nhom dé.

F g

* S& trung binh ¢déng cia miu so liéu
ghép nhém, ki hiéu X, duge tinh
theo cong thiic:

n.x +HEI2 ST ¢ SR

- m

=
n

Vidu4 & Mot nha thue vit hoe do chiéu
dai cua 74 14 ciy (don vi: milimét) va thu
dugc bing tin s6 nhu Bdng 9.

Tinh chiéu dai trung binh clia 74 14 cdy trén
theo don vi milimét (lam tron két qua dén
hang phan trim).

Gidi

Chiéu dai trung binh cia 74 14 cAy méa nha
thuc vit hoc do xip xi la:

Boc ban moi nhat trén hoc10.vn

3 Gia tri P
Nhom dai diz‘:}] Tan 50
(40 : 47) .1:|='* n|=?
[47 ; 54) Xy = i My = ?
[54 ;: 61) x3=‘."' JIEI?
|61 ; 68) .r4=? u4='?
[68 ;75) Xg = ? ng = 7
n="7?
Bdang 7
Gid tri o
| Nhom dai dién Tén sb ‘
|
‘ [a,: a,) n
[m2 2 “3} 5 1y
|
[Hm ’ ﬂm + I) m nm
n =n| +.ii1 + ... +nm
Being &8
- Gia tri R
Nhom dai diéil Tan so
[5.45;5.85) 5.65 5
[5.85 ; 6,25) 6.05 9
[6,25 ; 6,65) 6.45 15
[6,65 ;7,05) 6.85 19
[7.05 ; 7.45) 7.25 16
[7.45 ; 7,85) 7,65 i
[7.85 ; 8,25) 8,05 2
n=74
Being 9
7
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5.565+9.6,05+15.6,45+19.6,85+16.7.25+8.7.65+2.8,05
74

Tri=

e b, B0 (mm). E @ Xic dinh s6 trung binh
cong chia miu s6 lidu ghép
nhom trong bai toin &
Luyén tip 2.

2. Y nghia

Nhu ta di biét, s6 trung binh cong ctia miu s6 liéu khong ghép nhém la gid tri trung binh
cOng cla céc s6 trong mau s6 liéu d6, né cho biét vi tri trung tim ctia miu s6 liéu va cé
thé ding dé dai dién cho miu sé liéu khi cdc s6 liéu trong mau it sai léch véi s trung
binh cing.

SO trung binh cdng ctia mau so liéu sau khi ghép nhém xdp xi véi so trung binh cong
clia miu s6 liéu khong ghép nhém ban ddu va ¢6 thé 1am dai dién cho vi tri trung tim
clia miu s licu.

lIl. TRUNG VI
1. Dinh nghia
S Trong phong thi nghiém, ngudi ta chia

99 mAu vit thanh nim nhém cin ci trén khoi Ot Ténsg | Tansd
lugng cha ching (don vi: gam) va lip bang tan e
s0 ghép nhém bao gdm ca tan s6 tich luy nhd | [27,5;32,5) 16 16
Beng 10. [32,5:37.5) 24 40
a) Nh6ém 3 i nhém diu tién ¢6 tin sd tich luy | [37.5;42,5) 20 60
I6n hon hodic bing [42.5 ; 47.5) 30 90
% = % = 49,5 c6 ding khong? [47.5:52.5) 9 99
n=99

b) Tim dau muit trdi r, 4 dai d. tan s0 n, cla

el Beng 10
nhém 3; tin s tich luy ¢f, ctia nhém 2. dng |

4 1!5_ )
¢) Tinh gid tri M, theo cong thiic sau: M, =r +[uJ sk

My
Gid tri M, dudc goi 1a trung vi ciia miu s6 liéu ghép nhém da cho.
Trong truding hop tong quat, ta ¢6 dinh nghia sau:
Cho mdu s& liéu ghép nhém bao gdm ca tin s tich lu§ nhu & Bang 5.
8
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] 7 - - - E s - & e - e n a
Gia st nhém k 12 nhém dau tién ¢6 tin s6 tich luy 16n hon hodc bing 5 tic 1a
. n n e ~ - - - Yy o -
efi i {:5 nhung cf, 25. Tagoir, d, n, lan lugt 12 dau mat trdi, d6 dai, tin s6 cha nhém k;
¢f, , latan so tich luy cta nhém & — 1.

et

Trung vi clia mau s0 liéu ghép nhém, ki hiéu M, . dugc tinh theo cong thiic sau:

n
5 fr
M, =r+|=—.4d.
My
Vidu5 | Saukhi diéu tra vé sé hoc sinhtrong [ TAnss |
100 16p hoc, ngudi ta chia mAu s6Tiéu 46 thinh i L [
nim nhém ciin ciif vao s6 lidng hoc sinh clia [36 : 38) | 9 9
moi 16p (don vi: h?c sinh}:;‘i I%p bing tin s [38 - 40) 15 24
gh@ép nhom bao gam‘ cii tan_ sO At;ch lu? nhhu (40:42) 25 49
Bdng 11. Tim trung vi cia méau sd liéu dé (1am -
w o _ [42 . 44) 30 79
tron két qua dén hang don vi). .
[44 : 46) | 21 100
Giai - & =
" i =](
S6 phin tii cia mau 13 7 = 100. Ta c6: gl
1 Bang 11
r_100_, i
2 2
ma cf, = 49 < 50 < ¢f, = 79. Suy ra nhém 4 la nhém dau tién ¢6 tan so tich luy I6n hon
hoiic bing 50.
Xétnhéom 4 lanhém [42 :44)cor=42.d = 2; n,= 30 va nhém 3 1a nhém [40 ; 42) ¢6
cf; =49. 2
ﬁ:p dung cong thiic, ta ¢6 trung vi ciia mau s& liéu 1a: : 5 Xic dinh trung vi cua
50— 49 _ méu sd liéu ghép nhém &
M, =42+[ ].2:-::42 (hoc sinh). Bing 1.
2.Y nghia

Trung vi ciia méu so liéu sau khi ghép nhom xdp xi véi trung vi ctia mau s6 liéu khong
ghép nhém ban dau v c6 thé diing dé dai dién cho mau sd liéu da cho.

9
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IV. TU PHAN VI

1. Dinh nghia
(% Gitio vién chi nhiém chia thdi gian s T
l 4 P ; Nhom Tén s x =
dung Internet trong mot ngay cua 40 hoc sinh tich luy
thanh niim nhém (ddn vi: phit) va lap bang tan [0 : 60) ' 6 &
s0 ghép nhém bao gdm cé tin s6 tich luy nhu (601 120) 13 19
Being 12.
i [120 : 180) 13 32
a) Tim trung vi M clia mau s6 li¢u ghép nhém (180 - 240) 6 38
do. ']:runghv; f'r'ffr-(‘.:l‘.}ll ool la ut phdn vi thit hai (240 : 300) 5 40
Q2 cuia mau sO ligu trén. A | !
B an P o e . n=40
b) * Nhom 2 1a nhém déu tién ¢6 tan so tich luy
Ién hon hoiic biing Béing 12

E = ? =10 c6 ding khong?

* Tim dau mit trdi s, 46 dii h, tén 6 n, cia nhém 2; tin s6 tich luy ¢f, cta nhém 1.

L,

10-c¢
Sau d6, hay tinh gid tri Q, theo cong thiic sau: Q) = S+[ h ] h.
Gia tri noi trén duge goi 1a #i2 phén vi thit nhdt QI ciia mau s6 liéu da cho.
¢) * Nhém 3 14 nhém déu tién ¢6 tin sd tich 1uy 16n hon hoiic bing

1_” _ % 30 ¢6 ding khong?

* Tim ddu mut trdi £, do dai /. tin s8 n, cia nhém 3; tin s6 tich lu§ ¢f, cta nhém 2.

3(}—%] !

113

Sau d6, hy tinh gid tri Q, theo cong thic sau: O, = r+[

Gid tri n6i trén dugc goi 1a n phan vi thit ba Q, clhia mau s0 li¢u da cho.

Trong trudng hdp tong quét, ta c6 dinh nghia sau:
Cho mau s liéu ghép nhém bao gdbm cd tin sé tich luy nhu & Bdng 5.
* Tt phéin vi thi hai ciia miu s6 liéu ghép nhom dudge xdc dinh nhu sau:

e

Tt phén vi thit hai Q, bing trung vi M.

10
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gEe P : 7 g : . . n .
* Gia sif nhém p 1a nhém diu tién ¢6 tan s6 tich luy 16n hon hoiic bing o tdc 1a
n -’3 . 5 " 1 -~ w " 5 F
ef ,<— nhung ¢f =2—.Tagois, h,n lan ludt 1 ddu mat trdi, do dai, tin sO clia nhém
r=l 4 r 4 ey n d '

P c;ﬁ,_ a tan sd tich luy cta nhém p — 1.

[&r
Ti phdn vi thit nhdt Q, dudc tinh theo cong thic sau:

n
— = i

Q]:5+ 4_

-"IP

* Gia sit nhém ¢ 12 nhém diu tién ¢é tan sd tich luy 16n hon hodc bing %". tic 1a
3 3 - . . 2 a2 -
of, < ; nhung ¢f, = -I— .Tagoit, |, n, 4n lugt 1a ddu mait trdi, dé dai, tin s6 chia nhém g;

cf, la tin s tich luy cia nhém g — 1.

F:Y = . -

Tit phén vi thit ba Q. dugc tinh theo cong thiic sau:

3n
——

r I
Q,=t+ i el

1
q

Vidu 6 & Bdng 13 cho ta bang tin s& ghép nhém s6 liéu théng ké cén niing cla
40 hoc sinh 16p 11A trong mdt trdng trung hoc phd thong (don vi: kildgam). Xdc dinh
i phén vi clia mau s6 liéu ghép nhom do.

Gidi Khém Tinsg | Tans®
tich luy

& 1 At & e
S6 phén i LLH;S[’MU 14 n = 40. (30 : 40) ) 5
'Tacﬁ:§=7=10 ma 2 < 10 < 12. Suy ra [40 ; 50) 10 12
nhém 2 la nhém déiu tién c6 tian so tich luy [50: 60) 16 28
I6n hon hogc biang 10. Xét nhém 2 la nhém [60 : 70) 8 36
[40 : 50) ¢6 5 = 40: h = 10: n, = 10 va nhém 1 [70 : 80) 9 38
li!. nhom [30 ; 40) ¢co {;f] =2 80 ; 90) 5 40
Ap dung cong thiic, ta ¢ ti phin vi thif nhat 1a: i 10

n=
10-2
Ql=4[]+[-0 .10 =48 (kg).
10 Being 13
11
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* Ta c6: %:%:20 ma 12 < 20 < 28. Suy ra nhém 3 12 nhém diu tién c6 tin s6

tich luy 16n hon hofic bing 20. Xét nhém 3 13 nhém [50 ; 60) c6é r = 50; d = 10;
n, = 16 va nhém 2 la nhém [40 5 50) ¢6 ¢f, = 12,

Ap dung cong thic, ta ¢6 ti phin vi thd hai la:

Q2=M£=50+[2ﬂ_]2

J .10 =55 (kg).

* Ta co: 3{ = ¥= 30 ma 28 < 30 < 36. Suy ra nhém 4 14 nhém diu tién c6 tan so

tich lu§ I6n hon hoiic biing 30. Xét nhém 3 1a nhém [60 ; 70) ¢6 ¢ = 60; [ = 10; n, = 8 va
nhom 3 1a nhom [50 5 60) 6 cf; = 28.

Ap dung cong thic, ta ¢6 tif phin vi thd ba li:

0. =6U+[30-28].IU=62,5 (kg). F/{Tlm o

' 56 ligu trong Bdng I (lam

Viy ti phin vi clia mau s6 liéu trén la: o cdc ket qui dén hang
0, =48 (kg) : 0, =55 (kg): 0, = 62.5 (k). e sl

2. Y nghia

Nhu ta di biét, d6i vdi miu so liéu khong ghép nhém di sip xép theo thii ty tit nhod dén
I6n, cdc diém Q. @,. @, chia mau s6 liéu dé thanh bdn phin, mdi phan déu chiia 25%
i tri.

Biing cich ghép nhém mdu sé liéu vi tinh todn ti phin vi ctia miu s6 liéu ghép nhém, ta
nhiin dudc ba gid tri mdi ciing ¢6 thé dung dé dai dién cho mau s6 liéu da cho.

Luu ¥ riing bd ba gid tri Q,, 0, Q, trong tit phin vi cla mdu s6 liéu sau khi ghép nhém
xdp xi véi bo ba gid tri trong tid phan vi ctia miu sé liéu khong ghép nhém ban dau.

-~
V. MOT
1. Pinh nghia
@ [ Quan sit bang tin s& ghép nhém bao gom ca tan so tich luy & Vi du 6 va cho biét:
a) Nhém nio ¢6 tin sO 16n nhit;
b) Pdu mut trdi va d6 dai ctia nhém ¢6 tin s6 16n nhit bing bao nhiéu.
Cho méu sd liéu ghép nhém nhu & Bang 2.
Gia st nhém 7 1a nhém ¢6 tin s6 16n nhét. Ta goi u, g, n lan lugt 14 ddu mat trdi, do dai,
tin s6 ctia nhém A oM lan luct 14 tin s6 cha nhém { = 1, nhém i + 1.
12
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¥

Mot cha mau s0 liéu ghép nhém, ki hiéu M, dude tinh theo cong thic sau:
n—n,
Mﬂ=u+[ Sl ).g.
20, —n, —n,,

Chii v: » Khi i =0 thi n,= (; * Khii=mthi n

+I=0'

Vidu 7 = K&t qua ki€m tra mon Todn cia I6p 11D nhu sau:
3 6 7 6 9 108 5 5 4 5 4 5 7 4 5 8 910
o s 5

3
6 7 5 84 9 5 6 5 6 8 8 7 9 79

L

-

a) Lip bang tan s6 ghép nhém clia mau s liéu rén cé \;y
bon nhém wng v6i bén nita khodng: [3 5 5), [5:7), % Tim mét ciia miu s8
[y [9 11y ligu trong Vi du 6 (lam
b) M6t ciia méu & liéu ghép nhém trén la bao nhiéu (lam “";’é‘ g ;F‘;t U (e A0
1).
tron két qué dén hang phin mudi)? .

Gidi y |

a) Bdng 14 1a bang tin s& ghép nhém cho két qué kiém tra ‘ Nhom Tén sd
mon Todn caa I6p 11D. F _[3 , 5]_' i 5

b) Ta thiy: Nhom 2 ting véi nifa khodng [5 ; 7) 1a nhém ‘ [5 :7) 18
¢6 tan 56 16n nhat véi u = 5: ¢ = 2: n, = 18. Nhém 1 ¢6 [7;9) 10
tan s6 = 5, nhém 3 ¢6 tén s6 n, = 10. [9:11) 7
Ap dung cong thiic, ta c6 mét ctia miu s6 lidu la; & 10

n=
18-35
Mﬂ=5+[2_]8_5_]0]'25¥6’2' Hﬂ:-'i'.f{fl-;
2. Y nghia

Nhui ta da biét, mot ctia mot mau s liu khong ghép nhém dic trung cho sé 1an lip di
Lip lai nhiéu nhit tai mét gid tri chia méu sé lidu d6. Vi the, ¢6 thé ding mét dé do xu thé
trung tim cta miu s& liéu khi miu s0 liéu ¢6 nhiéu gid tri tring nhau.

Bing cach ghép nhom mdu sd liéu va tinh todn mét ctia miu s6 liéu ghép nhém, ta nhin
dugc gid tri méi cling ¢6 thé ding dé do xu thé trung tim clia mau s6 liéu di cho.
Mot clia mau so lidu sau khi ghép nhém xdp xi véi mot chia mau s lidu khong ghép
nhém ban dau. Mot mau s6 liéu ghép nhém ¢6 thé ¢6 nhiéu mot.

13
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. BAI TAP

Mau s6 liéu dudi diy ghi lai toc do cua 40 6 t6 khi di qua mét tram do toe do
(don vi: km/h):

48.5 43 50 55 45 60 53 55,5 4 65
51 62,5 41 44.5 X7 37 68 49 46,5 53,5
61 49,5 54 62 39 56 47 50 60 61

49,5 52,5 37 47 60 55 45 47,5 48 61,5

a) Lap bang tin s6 ghép nhém cho miu so liéu trén c¢6 sdu nhém ng vdi sdu nifa
khodng:

[40 ; 45), [45 ; 50), [50 ; 55), [55 ; 60), [60 ; 65), [65 ; 70).
b) Xic dinh s6 trung binh ¢dng, trung vi, ti phin vi ctia miu s6 liéu ghép nhém trén,

¢) M6t clia miu s liéu ghép nhém trén 14 bao nhiéu?

2. Mdu s6 liéu sau ghi lai cin niing cta 30 ban hoc sinh (don vi: kildgam):

17 40 39 40.5 42 51 41.5 39 41 30

40 42 40,5 39,5 41 40,5 37 39.5 40 41

38,5 395 40 41 39 40,5 40 385 395 415
a) Lip biang tin s0 ghép nhém cho mau s6 liéu trén ¢d tdm nhom dng vdi tdim niia
khodng:

[15; 20), [20; 25), [25 ; 30), [30 ; 35), [35; 40), [40 ; 45), [45 ; 50), [50 ; 55).
b) Xdc dinh s& trung binh cdng, trung vi, ti phén vi cia méu s& liéu ghép nhém trén.

¢) Mot clia méu s6 liéu ghép nhém trén 12 bao nhiéu?

3. Bdng 15 cho ta bang tin s6 ghép nhém s6 Nhém | Tin 6 | Téan s6 tich luy
liéu thong ké chiéu cao cha 40 miu ciy & [30:40) | 4 4
mot vudn thue viit (don vi: centimét), [40 : 50) 10 14
a) Xdc dinh s6 trung binh ¢dng, trung vi, [50: 60) 14 28
tid phin vi etia mau s6 liéu ghép nhém trén. [60; 70) 6 34
b) M6t clia mau s6 lidu ghép nhom trén 13 179:80) 1 4 38

U-l':lhl.m L 50 l_l.]g pl'] m ren la [BU‘S}U] b 40
bao nhiéu?
n=40
Bdng 15
14
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< | BIEN CO HOP VA BIEN CG GIAO. BIEN C6 DOC LAP
ot - £ - - a
CAC QUY TAC TINH XAC SUAT
Gieo ngiu nhién mét xitic xic cin déi va ddng chit mot
lan (Hinh I). Xét cdc bién ¢ ngau nhién:

A: “Mit xuft hién cha xdc xdc ¢6 s chidm la s& chin™;
B: “Miit xudt hién ctia xtc xic ¢6 s6 cham 14 s6 chia
hét cho 3™;

C: “Miit xuit hién clia xic xdc ¢6 s6 chim 1a s& chin
hoiic chia hét cho 3".

(Ngudn: hups:/ishutterstock.com)
Hinh I )
Bién ¢6 C ¢d lién hé nhit thé nao

Ud'_f hai bién cd Ava B?

Trong muc nay, ta luén gi thiét phép thii T ¢6 khong gian miu la tip hdp Q gbm hiu
han phdan tif va cdc két qua cta phép thi 1a dong kha niing, cdc bién ¢d déu lién quan dén
phép thi do.

I. PHEP TOAN TREN CAC BIEN cO
1. Bién ¢6 hop

X¢ét phép thit “Gieo ngau nhién mét xtc xic cin déi va dong chat mét 14n”,
Goi Q 1a khong gian mdu cta phép thii d6. Xét hai bién ¢d A va B néu trong bi todn &
phin md diu.

a) Viét cdc tip con A, B clia tip hop Q wiong dng vdi cic bién cd A, B.

b) Pit C = A U B. Phét biéu bién ¢d C dudi dang ménh dé néu su kién.

o
[ Cho hai bién cd A va B. Khi dé A, B 1a cdc tip con cia khong gian méu Q. Pit
C=A v B, tacé C la mdt bién cd va dugc goi 1a bién cd hgp cha hai bién cd A
vaB kihiéulaA v B.

Chii ¥; Xét mot két qua thuin 1gi e cho bién ¢d C, tic la ¢ € C. ViC=A v B nén
a € A hoiic @ € B. Néi cich khic, a 1a mot két qua thuén 1¢i cho bién ¢6 A hoiic
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bién c6 B. Diéu d6 c6 nghia 12 bién c6 A hoiic bién ¢d B xdy ra. Vi viy. bién ¢d C c¢6 thé
phdt biéu dudi dang ménh dé néu su kién 13 “A xdy ra holic B xay ra” hay “C6 ft nhit mot
trong cdc bi€n cd A, B xdy ra”,

Vidu 1 = Trong hop kin o 10 qua bong mau xanh va 8 qua bong mau do, cic qua bong
c6 kich thudc va khéi lugng gidng nhau. Liy ngiu nhién ddng thdi 2 qua béng. Xét cic
bién cd:

A
<1 Mdt hop e6 12 chiée thé

cing loai, méi thé duge ghi mot
Chon phét biéu ding trong nhiing phdt biéu sau ddy:  trong cdc s6 1, 2, 3, ..., 12; hai

A - wir.. .  thékhdc nhau thi ghi hai s6 khéce
a) Bi€n ¢6 hop ciia hai bign ¢6 A va B 1a “Hai qud = b nghu nhién 1 chiéc thé

béng 1ay ra cing ¢6 mau d6 hodic mau xanh™; trong hop. Xét bién co A: “So

b) Bi€n ¢ hdp ciia hai bién ¢6 A va B 1 “Hai qua  XUél hién trén thé dugc rit ra
) p q 14 s6 chia hét cho 37 vi bién ¢cf

ik - 3 - " - - £l
A: "Hai qua bong lay ra ¢6 mau xanh™;

B: “Hai qué béng 1y ra ¢6 miu do™.

béng 14y ra ¢é mau khéc nhau™; B: “So%udt hitn trén the dude
¢) Bién ¢& hgp ciia hai bién ¢8 A va B 12 “Hai qua it ra la sO chia hét cho 47, Phit
bong ldy ra ¢6 cing mau”. biéu bién ¢6 A v B dudi dang
ménh dé néu sy kién.
Giai

Phit biéu a) ding; phat biéu b) sai; phat biu ¢) ding.

2. Bién ¢d giao
PP Dai vai cic tap hop A, B trong Hoat dong 1, ta dt D =A ~ B. Phét biéu bién ¢
D dudi dang ménh dé néu su kién.

Ta c6 dinh nghia sau:

ET-
Cho hai bién ¢6 A vii B. Khi d6 A, B la cdc tip con ctia khong gian méu Q. Diit
D =A ~ B, taco D 12 mot bién co va duge goi 14 bién ¢é giao cia hai bién ¢d A
va B, ki hiéu la A n B hay AB.

Chii ¥: Xét mot két qua thuéin lgi f chobiéncd D, ticla f € D.ViD =A ~ B nén
f € Ava f e B. N6i cich khdc, f 14 mot két qua thuén Igi cho ci hai bién ¢4 A va B.
Diéu dé c6 nghia 1 ci hai bién c6 A va B ciing xay ra. Vi viy, bién ¢d D c6 thé phét biéu
dudi dang ménh dé néu sy kién 12 “Ca A va B cling xdy ra”.

16
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Vidu2 = Mot hop ¢6 52 chiée thé cing loai, mbi
thé dugc ghi mdt trong cédc s6 1, 2, 3, ..., 52; hai thé - i
s . . g: - g xdic can doi va dong chal hai lan

khac rjhau thi ghi hai 6 khic nhau. Rat r'igau nhién ey (iép. Xét cdc bién ¢b A: “S§
1 chiéc thé trong hop. Xét bién cd A: “S6 xuat hién  chim xuét hién & l4n thi nhét 1a
trén thé dudc rit ra 12 s8 chia hét cho 3” vibiencg B: 50 1€” v B: “S6 chim xudt hign
“SG xuit hién trén thé duge rit ra 1a s6 chia hét :'é‘,‘" ‘;,Tml;?;?aph‘“ bjeg
B ek : : ién c6 A ~ B dudi dang mén
cho 47, Viét L:IJC ta;ﬂn con chia khong gian miu wicng 82 néu sitkién.
ting vdi cic bién cO A, B, A n B.

E 2 Gieo ngiu nhién mdt xic

Gidi
Tac6A=1{3;6;9; 12; 15;...;48; 51}; B={4; 8; 12; 16; 20; ...; 48; 52};
An B ={12; 24, 36; 48}.

3. Bién c6 xung khiic

Xét phép thii “Gieo ngau nhién mdt xidc xic can ddi va dong chit hai lan lién
tiép”. Goi Q 1 khong gian miu cta phép thii d6. Xét cic bién cd:

A: “S& chdm xuat hién & 1an gieo thii nhat 14 s6 187

B: “S& cham xudt hién & lin gieo thit nhét 14 s6 chiin”.

a) Viét cdc tap con A, B cta khong gian mau € tudng dng vdi cic bién cd A, B.

b) Tim tap hgp A n B.

Ta c6 dinh nghia sau:

Cho hai bién ¢6 A va B. Khi d6 A, B la cdc tdp con cia khong gian miu Q. Néu
A~ B =@ thi A va B goi 14 hai bién c6 xung khde.

Chii ¥: Xét mot két qué thudn Igi ¥ cho biéncd A, ticla ¥y e A. ViA ~ B= @ nén
¥ & B, tdc 14 ¥ khong 1a mdt két qua thuén 1gi cho bién ¢d B. Do d6, hai bién cd A va B
1a xung khic khi va chi khi néu bi€n ¢6 niy xdy ra thi bi€n ¢6 kia khong xdy ra.
Vidu 3 © Tung mot ddng xu cin d6i va dong chat hai 1an lién ti€p. Xét cic bién co:
A: “Pdng xu xuit hién mit S ¢ lan gieo thii nhat™;
B: “Pdng xu xudt hién miit N § 1dn gieo thii nhit”,
Hai bién ¢6 trén ¢6 xung khéc hay khong?
17
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Gidi O
Ta thiv: @ Gieo ngau nhién mot xiic xic
Y céin doi va dong chit hai lan lién

A={S5;5N}; B={NS;NN}. tiép. Hai bién cd sau cé xung
L khiic hay khong?
SuyraA ~ B= @. Do d6, A va B la hai bién c6 A: “Téng s6 chim trong hai ldn

xung khic. gieo nho han 5™

B: “Tong s6 chim trong hai lin
gieo Idn han 67,

II. BIEN cO POC LAP

“SEP Tung mot dong xu cin d6i v dong chat hai 14n lién tiép. Xét cdc bién co:

A: *DPdng xu xuit hién mit S & 1dn gieo thi nhat™;

B: *Pdng xu xudt hién miit N & lan gieo thi hai”.

D6i v6i hai bién ¢ A va B, hiy cho biét mot két qua thudn 1i cho bién ¢d niy ¢6 énh
hudng gi dén xdc sufit xay ra clia bién ¢6 kia hay khong.

Ta ¢6 dinh nghia sau:

" Cho hai bién ¢ A va B. Hai bién ¢ A vi B dudc goi 1a déc ldp néu viée xdy ra
hay khong xdy ra cta bién ¢d nay khong 1am anh hudng dén xdc suit xdy ra cia
bién ¢ kia.

Chui v: N&u A, B 1a hai bién ¢ doc 1ap thi mdi ciip bién ¢d sau ciing doc 1dp: A va B: A
va B A va B.

Vidu4 @ Mot hop ¢6 3 qua bong mau xanh, 4 qua K

béng I'ﬂﬁl.l dé; CéC qUé héng l:é kﬂ:h thUﬁC "-"ﬁ khﬁrl /4 Giﬁﬂ ngﬁu nhi&n lnﬁt x.jc xﬁc

lugng nhuv nhau. Lay béng nglu nhién hai lin lién  can d6i va ddng chat hai 14n lién

tiép, trong d6 moéi lan 1dy ngdu nhién mdt qui béng  tiép. Xét cic bién cd sau:

trong hop. ghi lai mau ctia qua bong 18y ra va bd lai  A: “S§ chilm xuit hién & lin gieo

qua béng d6 vao hop. thii nhdt la s& nguyén t67;

Xét cfc bigh o8 B: “S6 chim xudt hién ¢ lin gieo

; i ; thit hai 1a hgp s6™.

A: “Qud béng mau xanh dudc ldy ra & lan thd nhat™; e fp : S
y ) . ki -k Hai bién cd A va B co doc lap

B: *Qua béng mau do dude iy ra 6 1an thad hai™. khong? C6 xung khic khong?

a) Hai bi€n c6 A va B c6 doc lip khong? Vi sao? Vi sao?

b) Hai bién ¢6 A va B ¢6 xung khic khong? Vi sao?

18
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Gidi
a) Trude hét, bién ¢d B xay ra sau bién ¢d A nén viéc xdy ra hay khéng xay ra cua bién
¢6 B khong lam anh hudng dén xdc suat xay ra cta bién ¢ A.

Miit khéc, ta ¢6: xdc suit clia bién ¢d B khi bién ¢& A xay ra biing F; xdc sudt cia bién

- w A e - - Iy, e 4 - - - -
¢0 B khi bién ¢6 A khong xdy ra cting bang - Do dé viée xdy ra hay khong xay ra

clia bién ¢d A khong lam dnh hudng dén xdc suit xdy ra cla bién ¢6 B. Viy hai bién
c6 A va B 1a doc lap.

b) Ta thay két qua (xanh ; do) 12 két qua thudn 1¢i cho cd hai bién c6 A va B. VithE A va
B khong li hai bién ¢6 xung khic.

lll. CAC QUY TAC TiINH XAC SUAT
1. Céng thifc cong xdc sudit

Chon ngiu nhién mét sé nguyén ducng khéng vugt qua 20. Xét bién cd
A: “S6 dudc viét ra 14 s6 chia hét cho 2" va bién ¢d B: “S6 dude viét ra 1a s6 chia hét
cho 77,

a) Tinh P(A), P(B), P(A U B) va P(A A B).
b) So sdnh P(A U B) va P(A) + P(B) — P(A ~ B).

Ta cé dinh Ii sau:

i.; i v A0 N
F Cho hai bién ¢6 A va B. Khi d6 P(A U B) = P(A) + P(B) — P(A ~ B).
Néu hai bién ¢d A va B 14 xung khiic thi A n B= &, suy ra P(A » B) = 0. Vi thé, ta ¢6
hé qua sau:
H¢ qud: Néu hai bién ¢ A va B 1i xung khic thi P(A U B) = P(A) + P(B).

Vidy 5 = Chon ngau nhién mot s& nguyén dudng ¢6 hai chii s6. Xét bién ¢6 A: *S6 duge
viét ra la s chia hét cho 87 vi bién ¢d B: “So dudce viét ra 1a sd chia hét cho 9. Tinh
P(A U B).

Gidi

Trong 90 s& ¢6 hai chii s8, ¢6 11 s6 chia hét cho 8, ¢6 10 sa chia hét cho 9 va c6 1 sé chia
: 4 11 1 1

hétchoca 8 vi 9. Vithé, tacé: P(A)= —, P(B) = —D, P(AAnB)= —.

90 90 90
11 10 1 20 2
ViyP(A U B)=PA)+P(B)-PAnB)= —+—-—="==,
ARl L s U e <
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Vidu 6 =~ Mot hop cé 12 chiéc thé cung loai, mdi
the dudc ghi mot trong cic sd 1.2, 3, ..., 12; hai the
khdc nhau thi ghi hai s6 khdc nhau. Rit ngiu nhién
I chiéc thé trong hop. Xét bién cd A: “S6 xuat hién
trén thé dudc rit ra 14 sO chia hét cho 3 va bién co
B: “SO xudt hién trén thé dude rit ra 14 sO chia hét
cho 5”. Tinh P(A U B).

Giai

Khéng gian méu ctia phép thit trén ¢6 12 phin wi, wic
la n(€2) =12.

S6 céc két qua thudn 1gi cho cdc bién cd A, B lan lugt
lan(A)=4,n(B)=2.Suyra

=
5 Mot hop c6 52 chiéc thé

cung loai, mdi thé duge ghi mot
trong cdc s0 1, 2, 3, ..., 52; hai
thé khéc nhau thi ghi hai s& khéc
nhau. Rit ngdu nhién 1 chiée thé
trong hdp. Xét bién ¢d A: “S6
xuit hién trén thé dugc rit ra 13
50 chia hét cho 77 va bién ¢d B:
“S6 xudt hién trén thé dudc rit
ra 1a sd chia hét cho 117, Tinh
P(A U B).

Trong céc s0 1, 2, 3, ..., 12, khong ¢6 s& ndo chia hét cho ¢ 3 va 5. Vi thé A, B 14 hai

bién ¢& xung khic. Suy ra:
P(AUH}=P(A]+P(B]=TI£+ %

2. Cong thiie nhéiin xdc sudit

@ (P Xét cdc bién cd doc 1dp A va B trong Vi du 4.

a) Tinh P(A), P(B) va P(A m B).

b) So séinh P(A ~ B) va P(A) . P(B).

Ta c6 dinh Ii sau:

Fﬁ .
“ Cho hai bién c6 A va B.
Néu hai bién cd A va B 14 doc 1ap thi P(A » B) = P(A) . P(B).

Chii v: Néu P(A ~ B) # P(A) . P(B) thi hai bién ¢c6 A va B khong doc lap.

i . , . O

Vidu 7 = Hai ban Hanh va Ha ciing choi tro choi 7 = ¢ Sl
g ) ] . 6 Mdt xudng sian xuéat co hai

bin cung mét céch dde lap. Mbi ban chi bin mot lan. méy chay déc lip vdi nhau. Xdc

Xic suit dé ban Hanh va ban Ha bin tring bia lin syﬁ't dé mdy I va mdy II chay tot

lugt 12 0,6 va 0,7 trong ldn bin ciia minh. Tinh xdc Ia[}elm;jt H’E ?‘8 :r:} ﬂ::;' Tm‘h =

B s | sudt cia bién ¢d C: “Ca hai mdy
sudt ctia bién ¢ C: “Ban Hanh va ban Ha déu bin

clia xudng sin xudt déu chay 61",
tring bia”.
20
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Gidi
Xét bién cd A: “Ban Hanh biin triing bia”, ta cé6: P(A) = 0,6.
Xét bién ¢6 B: “Ban Ha bin tring bia”, ta ¢é: P(B) = 0,7.
Ta thily A, B 1a hai bién ¢d ddc lap va C=A ~ B. suy ra:
P(C) =P(A) . P(B) =0,6 . 0,7 = 0,42.

Fidu 8 = Hai ban Trung va Ding cta I6p 11A tham gia gidi bong ban don nam do nha
truding 16 chiic. Hai ban d6 khong cling thudc mot bang diu loai vi méi bang diu loai chi
chon mét ngudi vao vong chung két. Xac suat lot qua vong loai dé vao vong chung két
ctia Trung va Diing lan It 1a 0,8 va 0,6. Tinh xdc suit clia cdc bién c6 sau:

a) A: “C4 hai ban lot vao vong chung két”;

b) B: “C6 it nhit mdt ban lot viio vong chung két™;

¢) C: “Chi ¢6 ban Trung lot vio vong chung két”.

Gidi

Xét cdc bién ¢d E: “Ban Trung lot vao vong chung két” va G: “Ban Diing lot vio vong

chung két”.

Tii gia thiét, ta suy ra E, G la hai bién ¢é doc lap va P(E) = 0,8; P(G) = 0.6.

) Do A = E ~ G nén P(A) =P(E). P(G)=0.8 . 0,6 = 0,48.

b) Ta thidy B=E U G, suy ra

P(B)=P(EuG)=P(E)+P(G)-P(EnG)=0,8+0,6-0,48=0,92.

¢) Xét bién ¢6 d6i G ciia bién ¢6 G. Ta thidy P(G)=1-P(G)=1-0,6=0,4 vaE, G la

hai bién c6 doc lap. Vi C=ENG nén P(C)=P(E).P(G)=0,8.0,4=0,32.

IV. TINH XAC SUAT CUA BIEN CO TRONG MOT SO BAI TOAN DON GIAN
1. Tinh xéc suét ctia bién c6 biing phuong phip t6 hop

Vidu9 = Mot dbi vin nghé c¢6 4 hoc sinh nam va 5 hoc sinh nd. Gido vién phu trich
d6i mudn chon ra mot ddi t6p ca gdm 3 hoc sinh sao cho ¢d ci nam vi nit cling tham gia.

a) Gido vién phu trdch ddi c6 bao nhiéu cich chon mét doi (6p ca nhu viy?
b) Tinh xdc suit ctia bién c& H: “Trong 3 hoc sinh chon ra ¢6 ¢ nam va ni”.

(ridi
Xét cic bién cd:

H: “Trong 3 hoc sinh chon ra ¢é ca nam va nd™;
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A: *“Trong 3 hoc sinh chon ra ¢6 2 hoc sinh 7

nam va | hoc sinh ni™; 7 Cho hai dudng thﬁng song
song d, va d,. Trén d lay
17 diém phén biét, trén d, ldy
20 diém phéin biét. Chon ngiu
Khid H=AuBvaAnB=3, nhién 3 diém, tinh xdc suit dé
cdc diém nay tao thanh 3 dinh
cia mdt tam gidc.

B: “Trong 3 hoc sinh chon ra ¢6 1 hoc sinh
nam va 2 hoc sinh ni™.

Do hai bién ¢d A v B 1a xung khiic nén
n(H)=n(A) + n(B).

a) SO cic két qua thudn 1¢i cho bién ¢6 A la:

5 4! 5!
— 1 = . — =
mA)=C}.Ch = S5 2 =6.5=30
S cdc két qua thudn 1di cho bién c6 B la:
B)= e - U O 10240
AE) 2G5 = Al S =

SO cdc két qua thuén loi cho bién ¢6 H 1a;
n(H) =n(A) + n(B) = 30 + 40 = 70.
Viy gido vién phu trach ¢6 70 cdch chon mdt ddi top ca nhu du dinh.

b) B6i vin nghé cé 9 hoc sinh. Méi cich chon 3 hoc sinh trong 9 hoc sinh @6 1a mot
16 hop chip 3 cta 9 phin td. Do d6, khéng gian miu € gdm cdc 16 hop chip 3 cla
9 phan ti va

3N
n(€) = Cy = T 84.
Vily xdc sudt ctia bién cd H la:
P(H) _nH) _70 =E,
n(Q) 84 6

2. Tinh x:c suft ciia bién ¢d bing cich sit dung so do hinh cay

“SW® Dé trang tri mot to gidy ¢6 dang hinh chif nhit, ban Thuy chia td gidy dé thanh
bdn hinh chii nhit nhd biing nhau. M&i hinh chit nhit nho dude t6 biing mot trong hai
miu xanh hofic ving. V& sd dd hinh ciy biéu thi cdc kha ning ma ban Thuy c6 thé to

miwu trang tri cho t& gidy do.

Vidu 10, Céu lac bd nghé thuit ciia mot tridng trung hoc pho théng gdm hoc sinh cla
cd ba khoi 10, 11, 12, mdi khéi ¢6 5 hoe sinh. Chon ngiu nhién 3 hoc sinh dé tham gia
biéu dién. Tinh xdc suit dé 3 hoc sinh duge chon chi thude hai khoi.
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Gidi

* Méi céch chon ra dong thai 3 hoc sinh trong ciu
lac bd cho ta mot to hgp chap 3 ctia 15 phan ti. Do
d6, khong gian mau Q gdm cdc t6 hgp chip 3 cia
15 phén tit va

VEM{*)I hop ¢6 5 vién bi mau
xanh, 6 vién bi miu &6 va 7 vién
bi mau ving. Chon ngdu nhién
5 vién bi trong hip. Tinh xdc

15 it 4€ 5 vién bi didge chon c6
w0 = ot 455 su jc chg
W= 31.12! G ba mau va s& bi mau do biing
, , . s0 bi miu ving.
* Xét bién ¢6 A: “Chon dude 3 hoc sinh chi thude

hai khéi™.
Sa dd hinh cdy bicu thi cdc kha niing thuén 1¢i cho bién ¢ A (Hinh 2).

Chon 3 hoe sinh (HS) chi & hai khdi

| |
_ /A

Cé 5 cdch chon

[ Chon | HS ldp 10: ]

-

€6 5 edeh chon

[ Chon 1 HS 16p 11: }

-

Co 5 cdch chon

{ Chon 1 HS ldp 12: ]

=

Chon Chon Chon Chon Chon Chon
2HS 16p 11:| [2 HS 16p 12: 2 HS 16p 10:| |2 HS 1p 12: 2 HS 18p 10:| |2 HS 16p 11:
Co C3 Cé C3 Cé Cs Cé C3 Cé C3 Cé C3
cdach chon cdch chon cach chon cach chon cdch chon cdch chon
5 ¥ A e O = 2 ¥ % A
b Y L Y 3 ¥
Co Cé Cé Cé Cao Co
5.C2=50| |5.€5 =50 5.C2=50| |5.¢2=50 |5.ci=50| |5.c2=50
cdch chon cadch chon cach chon cdach chon cdch chon cdch chon
Hinh 2

Nhu viy, s& két qua thudn 1di cho bién ¢6 A Ia: n(A) = 50 . 6 = 300.
Viy xdc suit clia bién 6 A 1a:
A 300 60
pray=t) AW, 60
n(€2) 455 91
23
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B siiTip

1. Tung mdt dong xu cin ddi va ddng chat hai 1an lién tiép. Xét cic bién ¢d:

A: “Lin thit nhit xuat hién mit ngita™;
B: “Lén thd hai xudt hién miit ngtia™;
C: “Ca hai lan déu xudt hién mit ngta™;
D: “Cé it nhdt mdt 1an xudt hién mit nglia’.
Trong hai bién ¢8 C, D, bién ¢d nio 1 bién ¢ hdp ctia hai bién ¢6 A, B? Bién ¢d nao
la bi€n ¢0 giao cha hai bién ¢d A, B?
2, Gieo ngau nhién mot xdc xic cin ddi vi dong chit hai 1an lién ti€p. Xét cdc bién ¢d:
A: “*S6 chdm xudt hién & ldn gieo thd nhét 16n hon 47';
B: “SG chim xuat hién & 14n gieo thit hai nhod hon 47;
C: “S6 chim xudt hién 6 lan gieo thid nhéit nhd hon 47,
Trong cdc bién ¢d trén, hiy:
a) Tim ciip bién c6 xung khic;
b) Tim ciip bién ¢o doc lap.

-

Chon ngéu nhién mdt 0 tyf nhién ¢6 hai chii s6. Tinh xdc sudt ctia bién ¢d M: “S6
nhién ¢6 hai chit s6 duge viét ra chia hét cho 11 hodc chia hét cho 127,

4. Mot hop ¢6 12 vién bi ¢6 ciing kich thude va khéi luong, trong d6 ¢6 7 vién bi mau
xanh va 5 vién bi mau vang. Chon ngiu nhién 5 vién bi ti hop dé. Tinh xdc sudt dé
trong 5 vién bi dugc chon ¢é it nhit 2 vién bi miu ving.

Hai ban Viét vd Nam cliing tham gia mdt ki thi triic nghiém mon Todn va mon
Tiéng Anh mét cich doc 1ip nhau. Dé thi clia m6i mén gom 6 mi dé khéc nhau va
cdc mon khac nhau thi mi dé ciing khidc nhau. Dé thi dugc sip x€p va phit cho hoc
sinh mot cdch ngdu nhién. Tinh x4dc suat dé hai ban Viét vi Nam c¢6 chung ding mot
ma dé thi trong ki thi dé.

E.ﬂ

6. Trong mot chi€c hop ¢ 20 vién bi ¢6 ciing kich thude va khoi ludng, trong do cé
9 vién bi mau do, 6 vién bi mau xanh va 5 vién bi miu vang. Ly ngiu nhién dong
thdji 3 vién bi. Tim xdc sudt dé 3 vién bi 14y ra c6 ding hai miu.
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BAI TAP CUOI CHUONG V

Ngudi ta ti€n hanh phong vin 40 ngudi vé mot miu 4o s mi mdéi. Ngudi diéu tra
yéu ciu cho diém miu do d6 theo thang diém 1a 100. K&t qua dugc trinh bay trong
Bdng 16.

Nhom - Tan s Tin s tich luy
[50 ; 60) 4 4
[60 ; 70) 3 9
[70 ; BO) 23 32
[80 : 90) 6 38
[90 ; 100) | 2 | 40
n=40
Beng 16

a) Trung vi ctia méu s& liéu ghép nhém trén gin nhit véi gid tri:

A. 74, B. 75. . 76. B 77.

b) Tt phin vi ciia miu s6 liéu ghép nhém trén (1am tron két qua dén hang don vi) la:
A.Q,~T1;0,~76:Q ~78. B.Q ~71:0,~75Q,~78.
C.Q,=70:0,~76; 0, ~79. D.Q,~70;0,~75 Q,~79.

¢) Mot ctia miu s6 liéu ghép nhém trén (lam tron két qua dén hang don vi) la:

A. 73. B. 74. C. 75 D. 76.

Chon ngau nhién hai s& khac nhau tii 21 s6 nguyén duong dau tién. Xac suit dé chon
dudc hai s ¢6 tong 14 mot s6 chin bing:
L B. £, B Bz,
21 441 21 2

Miu s6 liéu dudi ddy ghi lai dd dai quing dudng di chuyén trong mét tuin (don vi:
kilomét) ctia 40 chiéc 6 t6:

100 105 115 116 130 135 138 132 135 120

125 128 120 124 140 140 146 145 142 142

145 148 150 150 159 155 151 156 155 151

154 152 153 160 162 175 176 165 188 198
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a) Lap bang tin s& ghép nhém bao gdm cé tin s tich luy véi niim nhém tng véi
nim nufa khoang:

[100 ; 120), [120 ; 140), [140 ; 160), [160 ; 180), [180 ; 200).
b) Xdic dinh s6 trung binh cdng, trung vi, ti phén vi cua mau s0 liéu ghép nhom trén.

¢) Mot clia miu sd liéu ghép nhém trén 13 bao nhiéu?

4. Ban Diing va ban Huong tham gia d6i vin nghé ctia nha tridng. Nha trudng chon tif
do1 van nghé d6 mot ban nam va mot ban nut dé ldp tiét muc song ca. Xdc suit dudc
nhi trudng chon vio tiét muc song ca clia Ding va Huong lin lugt 1a 0,7 va 09.
Tinh xéc suit clia cdc bién ¢6 sau:
a) A: *Cé hai ban dudc chon vio tiét muc song ca’;
b) B: “C6 it nhit mot ban duge chon vao tiét muc song ca™;

c) C: “Chi co ban Hudng dudc chon vao tiét muc song ca’.

5. Hai ban Mai va Thi ciing tham gia mét ki kiém tra ngoai ngli mot cdch doc 1ip nhau.
Xic suit dé ban Mai va ban Thi dat wi diém 7 trd 1én 1an lugt 12 0.8 va 0,9. Tinh xdc
sudt clia bién cd C: “Ca hai ban déu dat tir diém 7 tréi 1én”™,

6. Mét ngudi cho ngau nhién 3 14 thu vio 3 chiéc phong bi da ghi dia chi sao cho mbi
phong bi chi chida mét 1a thu. Tinh xdc suit d€ ¢6 it nhat mot 14 thu dude cho vao
ding phong bi da ghi dia chi theo la thu dé.

7. Mot hop chita 9 qui cdu c6 ciing kich thude va khéi lugng, trong d6 ¢6 4 qud céu
mau xanh ddnh s6 tit 1 dén 4, ¢6 3 qua ciu mau vang ddnh s6 tir 1 dén 3, ¢é
2 qua ciu mau d6 ddnh s6 1 va 2. Liy ngdu nhién 2 qua ciu tit hop. Tinh xdc sudt dé
2 qua ciu dugc 1ay vira khdc mau vira khéc so.

8. Ban An vé trén dat mot bang gom 9 6 vudng nhu
Hinh 3. Sau dé, ban An cam 4 vién bi giéng nhau diit

ngiu nhién vio 4 & vudng trong bang d6. Tinh xdc
sudt dé bat ki hing nio vi cot no cia bing ciling ¢6
vién bi.

Hinh 3
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HAM ;'.6 MO
VA HAM SO LOGARIT

Trong chuong nay, chiing ta sé tim hiéu nhitng néi dung sau:
phép tinh luy thifa vdi s6 ma thuc; phép tinh [ogarit; ham s6 ma,
ham s6 légarit; phuong trinh, bat phuang trinh ma va légarit.

§1 ' PHEP TiNH LUY THUA V61 S6 MU THUC

O 16p duéi, ta 83 1am quen vdi phép tinh lu§ thita véi s6 mii ty nhién ctia mdt s& thyc va
cdc tinh chat cta phép tinh luy thita do.

Nhitng khdi niém luy thica vdi 6 mii nguyén, sé mii hitu ti
va 6 mi thue cia mot s6 thite duge xdy dung nhu thé nao?
Nhitng phép tinh luv thita dé co tinh chdr gi?

Al

I. PHEP TINH LUY THUA v6i1 s& M0 HOU Ti

1. Phép tinh luy thira véi s6 mii nguyén

a) Cho n 12 mdt s nguyén ducng. Vi a Ii s6 thuc tuy ¥, néu dinh nghia luy thita béc n
cla a.

b) Vi a la s6 thuc tuy ¥ khac 0, néu quy udc xdc dinh luy thifa bic 0 cia a.
Ta ¢6 dinh nghia sau:

1

n

Cho n 12 mdt s& nguyén duong. Vi a i s6 thuc y v khic 0, taco: a " =—.
a

Nhut viy, ta da xdc dinh dudc @", 6 d6 a 1a O thyc tuy ¥ khic 0 viim 1a mot sd nguyén.
Trong biéu thiic ™, ta 20i a 12 co 56, s6 nguyén m 12 56 mii.
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Chii ¥
c 0" va0 " (n nguyén dudng) khong cé nghia.
* Luy thifa v6i s6 mii nguyén c6 cic tinh chit tudng tu ctia luy thita véi s6 mil nguyén dudng.

Vidu 1 = Tinh gid tri cia biéu thiic: 2

12 6 I/E p .
A =[l] B (1 R R ) (1) 71 Tinh gia tri cia biéu thidc:

2 3 ! 12 I -5
Gidi M -‘{g) [2?}

Ta c6: i
e . +(ﬂ.4)“‘.25'2.[l] .

1 _3 L4 a2 a1 (1 32
A=(Z| -8P+027*.25 742457 | 3

-4
=2u¢+[1) BN B

8 (5) 252 243
=5 +5_4+3—5=23+1+3=12,

2. Can bac n
a) Pinh nghia

a) V6i a 1a s8 thyc khoéng dm, néu dinh nghia ciin bic hai cla a.
b) Vi a 12 s6 thuc tuy ¥, néu dinh nghia ¢in béc ba cua a.

Trong truding hgp tong quat, ta c6 dinh nghia sau:

ﬁ . Al :
r Cho s6 thuc a va sO nguyén dudng n (n = 2). SO b dudc goi 13 cdn bde n cta sé a
néu b" = a.

Vi du 2
.. W e . : 1 i 3
a) 86 — — ¢o la cin bic 5 cia — — hay khéng? ' }
2 32 "2 Cdc 382 vi—2 ¢6 1 ciin bic 6
by Céc s6 3 vit — 3 ¢6 1a ¢iin bic 4 ctia 81 hay khong?  cilia 64 hay khong?
Gidi
1Y 1 1 I
a)Do | — =~ — nén s0 — — laciin bic 5 cia - —.
2 32 2 32
b) Ta thiy: (-3)* =3* =81. Do d6 cdc s6 3 va — 3 1a ciin bic 4 clia 81.
28
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Nhiin xét
* Vi n 1é via € R: Cé duy nhiat mdt ciin bic n cta a, ki hiéu la %/E
* Vi n chiln, ta xét ba trudng hgp sau:
+) a < 0: Khang ton tai cin bic n clia a;
+) a = 0: C6 mdt ciin bic n cha a 14 86 0;
+) a > 0: C6 hai ciin biic n cla a 12 hai s6 d8i nhau, ki hiéu gid tri duong 1a fa, con
gid tri am 12 — ¥a.

b) Tinh chit

& 3,

a) Véi moi so thie a, so sanh: Va® valal: 3/::_3 va a.

b) Cho a, b 13 hai s6 thyc duong. So sénh: JJa.b va Ja . Vb

Tt dinh nghia, ta ¢6 cde tinh chit sau:

- p sl

e {a néu n leé
L ] a -—

|a| néu n chin:

Yz . 45 e R
o Way" =¥am; * Wa ="Ya.

(O mdi cong thiic trén, ta gia s cdc biéu thic xudt hién trong d6 13 ¢6 nghia).

-

=

Iidu 3 = Rit gon mdi biéu thic sau: R_V
5 .]- I_/c""f’ £ e . ;
a) 43 .3-81; b) ¥5v/5. 3 Riit gon mdi biéu thiic sau:
125 4
Cricti a) 3I— . 481
idi ) o1 ]

a) 3. Y-81=3-243 =Y(-3)° =-3. 9% i
e
b) Y55 =J(5)° =+5. ot

3. Phép tinh lu§ thira véi s6 mii hitu ti

“SEY Thuc hién cic hoat dong sau:
6
a) So sanh: 23 va 2% b) So sdnh: 23 va ¥2°.
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Ta c6 dinh nghia sau:

E‘.i m
Cho s6 thic a duong va s hituti r = —, trong d6m € Z, n € N, n = 2. Luy thita

n
m

clia a vdi s6 mil r xdc dinh béi: a" =a” =¥a™.

Nhén xét
1

. qn =%(HPU,HEN,HEZ).
* Luy thita v6i s6 mii hifu ti ctia s6 thuc dudng 6 diy dd cdc tinh chit cha luy thifa véi
sO mii nguyén.
|
» 1) -
Vidu4 © Tinh: a) [—} v b) 243
64

-

ﬂ. 1
%l:Rﬁt gon biéu thiic:

Gidi -;- . %
N=22"% v0.y50).

" [Lf:ﬁ_l_: [L}Zi_ Ui dh

64 64 40 3

L |

2
by 243 5 =3243 2 =3 2 =3 =32 - -

Il. PHEP TiNH LUY THUA V31 SO MU THUC

1. Pinh nghia

Ta da dinh nghia luy thita v6i s6 mii hitu ti. D€ dinh nghia luy thita vdi s6 mii thuc tuy ¥,

ta con phai dinh nghia luy thita véi s mii vo ti. :
" n r 3

GEPP Xeét 5516 i 2 =1,414213562... | 3

Xét day s6 hiu t r, = 15 ry = 14 ry = 141 ' |] :

r,=1414;7,=14142;r = 141421;...valimr =42, | 2 |14 4.655536722...
Biing cdch tinh 3" tiong \ng, ta nhin duge Bang I | 3 | 1.41 4,706965002.. .
ghicicday sS(ryva 3*)voin=1,2,....6.Ngwdi | 4 1)414 [4,727695035...

ta ching minh dugc ring khi n — 4o thi day sd
(3" )dan dén mot gidi han mi ta goi 1a 3“5.

h

1,4142 | 4,728733930..,

1,41421 | 4,728785881..

Néu du dodn vé gid tri ctia s6 32 (d&n hang phin trim).
Being 1

30

Boc ban moi nhat trén hoc10.vn Ban sach mau



Cho a la s6 thifc duong, ¢ 12 56 v6 ti. Ta thifa nhin ring ludn ton tai ddy s6 hiu ti ()
¢é gidi han 13 @ va diy sO (a™) twiong dng c6 gidi han khong phu thude vio viée chon
diy s6 (r).

ue
[ Cho a la s6 thyc duong, o 1a s6 vo ti, (7,) 1a day so hitu ti va limr, = . Gidi han
ciia day s6 (a™) goi 1a luy thita ciia @ véi s6 mil e, ki hiéu a®, a® =lima™ .

Nhdén xéi: Tt dinh nghia ta ¢6; 1“ =1, Va € R,

" n i ",, - lﬂr"
Vidy5 | Xét ddy s6 hitu ti r, = 13 r, = L& ] ] 10
ry=141r, = 1414 r, = 14142, r, = 1,41421; ... va lim 2 |14 25.11886432...
T = V2. | 3 [1.41 25.70395783...
Biing cdch tinh 10" tuong ting, ta nhéin dugc Bang2 | 4 1414 25,94179362...
ghi cdc day s6 (7 ) va (107)véin=1,2, ..., 6. 5 14142 |2595374301...
Néu dy dodn vé gid tri cita s 10V (0én hang phdntwim), | 6 | 141421 | 25,95434062...

— h'un,s, 2
(ricii

T Bang 2, ta dy dodin 10¥2 ~ 25,05,

\_i’

5 So sdnh lﬂ‘r vi 10.

2. Tinh chat
@ (P Néu nhiing tinh chit cha phép tinh lu§ thita véi s& mil nguyén ctia mot sd thuc
dudng.

Nguidi ta chiing minh dudc ring luy thita véi s6 mi thuc ciia mot so thuc didng c6 day
du céc tinh chét nhu luy thifa véi s6 mi nguyén.

ii‘&r
~ » Cho a, b 12 nhiing s6 thyc duong; «, A 1a nhiing s6 thuc tuy ¥. Khi d6, ta c6:

P
ﬂﬁi- ﬂ'ﬁ =ﬂ&2+ﬁ: (ab]&f =Iﬂ-r:t!. bch E =£1
e b il
= =g F; (@*) =a®,

aP

*Néua>1thia*>a’ @a>p.
NéuO<a<lthia®*>a” S a<p.
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H\E:—I a?—ﬁ
Vidu 6 | Rit gon biéu thic: P = ' (a>0).
3442
(aj”"@]

HJE-'_I .a?—\lrg H«‘E+I+T—\rﬁ_ e

o
—:ﬂ.

G%ﬂfuﬁzanhhﬁdzg

Giai

Viia>0,tacd: P=

Vidu 7 = Khong sit dung mdy tinh cim tay, hay so sdnh V
cic so: 3‘JIrtE va 3, 6 Khong st dung mdy
- tinh cim tay, hiy so sinh
idi
cdc 58 228 va 242,
Tacé 3=+/9.Do 8 <9 nén V8 <+/9.
Vicd s6 3 16n hdn 1 nén 3"@:: o2

3. St dung mady tinh cim tay dé tinh lu¥ thita véi sd mii thue
Ta ¢6 thé sit dung mdy tinh cAm tay dé tinh luy thita vdi s6 mii thyc. Cu thé nhu sau (1ay
két qué véi 4 chii s6 d phin thap phén):

Phép tinh ‘ Niit dn Két qua

127 |(0E0O0EDEEEE ~ 05787

6 OHELEE | ssasi6
b7 BeEERE 2.1746

-

lidu 8 & Ding mdy tinh cdm tay dé tinh (lam tron két V
qua dén hange phin trim): 7 Ding mdy tinh cim tay
: n. S dé tinh (lam tron két qua
a) 0,777 b) 1,4 : dén hang phin trim):
Gidi a) (=274
a) 0,7 ~ 5,95. b) 1,422 20,82, b) (/3 - ¥,

Vidu 9 = Trong miu ctia mot sinh vit di chét T nim, ti s6 R clia carbon phdng xa con lai
T

vi carbon khong phéng xa con lai c6 thé dudc udc tinh biing cong thiic R=A . 2, 7 8033

Trong d6 A la ti s6 ctia carbon phéng xa va carbon khong phéng xa trong ¢ thé sdng
(Ngudn: R.1. Charles et al., Algebra 2, Pearson).

Tinh dai luong R theo A trong miu sinh vat da chét dé sau 2 000 nim; sau 4 000 nim;
sau 8 000 nim (1am tron két qua dén hang phin trim).
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(ridi

2000

Pai lugng R trong miu sinh vit di chét désau2 000 ndm la: R=A . 2,7 BOSY O TR A
4000

Pai lugng R trong méu sinh vit di chét d6 sau4 000 nim1a: R=4.2,7 %% 20,61 . A.
8 000

Pai lugng R trong méu sinh vit 34 chét d6 sau 8 000 nim a: R=4.2,7 %" 20,37 . A.

. BAI TAP

1. Tinh:

4 2
[ YO i ey i L5 i 5%
a) |i=—= el | b),| — o] (B 3| R
256 ) 49 125

) (43 _gBi-1y 9288

2. Cho a, b 12 nhiing s& thuc duong. Viét cdc biéu thiic sau dudi dang luy thita véi s6

mu hiiu ti;
I 4

| 1 ]
a) a3.a: b) bgibﬁ%: c) a-":%; d}{f’};:bﬁ.

3. Riit gon mdi biéu thic sau:
T L 5 I

4
3 _ 43 pIngyn NP
8) -T2 (a>0, ax1); b) u(a}{},b}ﬂ),
il T ) ?.,i /
a*-a* a*+a’ a"p’
4. Viét cdc s6 sau theo thi tf ting dén:
-2 -1 1
a) 1"~ 371 L . b) 2 022°; 4 . 52,
2 2
5. Khong st dung mdy tinh cim tay, hiy so sdnh cdc s6 sau:
2) Va2 va 351 b) 16 va 472, ¢) (0,2 va (0,2)%.

6. Dinh ludt thif ba ctia Kepler vé quy dao chuyén dong cho biét cich ude tinh khoing
thoi gian P (tinh theo nidm Trdi PAt) md mot hinh tinh cin dé hoan thanh mot
quy dao quay quanh Mit Troi. Khoang thdi gian do dudge xdc dinh bdi him s6

3

P =d?, trong d6 d 12 khodng cdch tit hanh tinh d6 d&n Miit Trdi tinh theo don vi
thién viin AU (1 AU la khoang cdch tit Trdi Dét dén Mt Troi, tic 12 1 AU khoang
93 000 000 dim) (Neudn: R.I Charles et al., Algebra 2, Pearson). Hoi Sao Hoa quay
quanh Miit Tri thi mat bao nhiéu nim Trai DAt (lam twon két qua dén hang phin
trim)? Biét khoang cdch tif Sao Hoa dén Mit Tréi 1a 1,52 AU,
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§2 PHEP TiNH LOGARIT

Chi s6 hay d6 pH ciia mét dung dich dugc tinh theo
cong thic: pH = — log[H*] véi [H*] 1a ndng dd ion
hydrogen. Nguti ta do didc ndng dd ion hydrogen
clia mot coe nude cam 13 107, nude dita 13 10~ (ndng
d6 tinh biing mol L™ 1),

Lam thé nao dé tinh duge dp pH ciia cdc nutde cam,
miédc dita da?

I. KHAI NIEM LOGARIT
1. Pinh nghia
a) Tim x trong mdi truding hop sau: 3'=9; 3" = é :

b) Cé bao nhiéu so thuc x sao cho 3" =57

T

[ - =
o)V - Co diing mot 56 thye & sao cho 3% =5.58 & goi la logarit co 563
a'q;-..ff,; Y Cctda 5, ki hiéu la log, 5.

ﬁ/"? -
[ Cho hai s& thuc dudng a, b vdi a khdc 1. S6thuccdé | .
|

a“ = b dugc goi 12 ldgarit co sé a cua b va ki hiéu og, b xdc dinh khi va

la log, b, nghia la chi khi
c=log b a =b. a>0,a#1vab>0.
Vidul @ Tinh:
a) lngzs; b) t{}g3é.

Gidi P
1 Tinh:

a) log,8=3 vi 23=8.

1
b log =23 tel, 1) log,81: b) log,,
23 -
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2. Tinh chat
S Choa>0,a= 1. Tinh:
a) log 1; b log, a; c) log, a“; d) a'«® véi b > 0.

Iﬁ'
~ Vi s0 thuc dudng a khic 1. s0 thuc dudng b, ta cd:

log, 1=0; log a=1; log, a“ =c; ' = p,
Vidu 2 © Tinh: >,
« 2 Tinh:
iz . log, 7
) log; 5 BEA, w) log, V165 b) 36",
Gidi

|
a) logg QE =logs 5% =

log, 7

by 47 =(22) = (2"e7)" =72 =49,
3. Logarit thap phan. Logarit tu nhién
[ﬂ? N = " .
* Logarit cd 88 10 cla sd thye dudng b dudce goi 14 Iégarit thdp phan cha b va ki

hiéu 14 log b hay Ig b.
* Logarit ¢d s0 e clia sd thuc dudng b dudc goi 12 I6garit t nhién ctia b va ki higu

li In b,
Vidu 3 © Tinh: a) log 0,0001; b) Ine”. 7
Gidi /"3 Gii bai todn dudc néu
¢ phin md dau.
Ta co:
a) log0,0001 =log10 * = -4, b) Ine” =2.

Il. MOT SO TINH CHAT CUA PHEP TINH LOGARIT
1. Logarit cia mot tich, mot thuong
GSEP Chom=2",n=2",

a) Tinh log,(mn); log, m+log, n va so sanh cic két qua dé.

b) Tinh log, (ﬂ], log, m—log, n va so sinh céc két qua do.
n
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o
[ Vi ba sd thuc dudng a, m, n via # 1, ta c6:
* log, (mn)=log, m+log n;

L [%): log, m-log, n

Vidu4 = Tinh:
a) log,9+log 4 b) log 100 ~log, 20.
Gidi
Ta co6:

a)log 9 +log 4=log (9.4)=log 36=2.
b) log, 100 -log, 20 = lagSE—zt-}i-]n— =log.5=1.

Chii y': Véi n sO thue dudng bj, bz, e D "

ﬁl’[‘f{ co:

1
1 — |=-log_b
{}gﬂ'[b] ﬂga
a@=0,a=1,b>0).

« 4 Tinh;

a) In(y/5 +2) + In(\/5 - 2);

b) log 400 —

log 4,

¢) log, 8 +log, 12 + lug4§.

log, (bb,..b)=log b +log b, + ... +log, b, (a>0,a#1).

2. Logarit cia mét luy thia
ZSEY Choa>0,a+1,b>0, a 1amdt s5 thuc.

.y
a) Tinh a “®«” va g“ ™",

b) So sdnh log, b“ va alog_b.

[ Choa>0,a=1,b>0. Vdi moi so thuc «, ta cé; Choa>0,a+1,b>0,

log, b* =alog, b.

Vidu5 | Tinh:
a) ngEQZ : b) logs15-2log, \.E
Gidai
Ta co:
a) log, 9% =2log,9=2log;3" =2.2.log,3=4.

b) log, 15~ 2log v/3 = logs 15— log,(+/3)’

Vdi moi $6 nguyén duong
nz2, tacod:

1
log, Up== log, b.
n

f’ ® Tinh:

2log, 5 -

=logs15-log:3= Il:ng.S i =log;5=1.
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3. Déi co sb ciia 16garit

Cho ba s0 thyc duong a, b, c véia# 1, ¢ # 1.

a) Biing cich sit dung tinh chét b = "% !’, chiing o ring log.b=log b. log_a.
log b

b) So sinh log b va L
log,.a

o
[ Véi a, ¢ 1a hai s6 thuc duong khéc 1 va b 1a s6 thuc duong, ta cé:

Nhédn xér: Véia>0vaaz=1,b>0vab=1,c>0, e =0, ta co nhiing cong thdc sau:

*log . b. log,c=log, c;

* log, b= .
log, a

* log ab=llﬂgﬂb,
a o

'E ' i u
I.r’n!u ] Tinh: lﬂgq 3. 6 Tinh: Si"FI?:SM

Gidi E -

Taco: logy3=1log,, 3 =%lng3 S %

Ill. SUDUNG MAY TiINH CAM TAY BE TiNH LOGARIT

Ta c6 thé sit dung mdy tinh cim tay dé tinh 16garit. Cu thé nhu sau (1iy két qua vdi 4 chil
0 G phén thép phén):

Phép tinh Niit 4n Két qua
logl,2 |[eg(1)(L](2])(=) 0.0792
0,35 |(In){0)(JB)BE)E) ~ 1.0498
log3 |Mg8(5)()(3)(=] 0.6826

Chii ¥: V1 may tinh khong cé phim thi d€ tinh log, 3, ta ¢6 thé diing cong thic
d6i cd 56 dé dua vé co s6 10 hoiic cd sb e.
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Vidu 7 = Sii dung mdy tinh cam tay dé tinh d6 pH trong méi truéing hdp sau (lam tron

két qua dén hang phin mudi):
a) Bia ¢6 [H*] = 0,00008;
b) Rugu c6 [H'] = 0,0004.

Gidi

a) pH = — log[H"] = - 1og(0,00008) ~ 4,1.

(Neudn: Gidi tich 12 Ndng cao, NXBGD Viét Nam, 2021)

%
“ 7 St dung mdy tinh cim tay
dé tinh: log, 19; log,, 26.

b) pH = - log[H*] = - log(0,0004) = 3.4.

BAI TAP

1.

=
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Tinh:

a) log,, 12°; b) log, 50,25 ¢) log,a*(a>0,a#1).

I log¥l ] o
| —=| 5reas0]
) (10) “

Tinh:

a) 89827,

Cho log, b =2. Tinh:

ava .

a) log (a’h*); b)log, —:
' “bib

b'ﬁ
c) lngﬂ{zh] + ]ngﬁ_ [?]

Cho hai s6 thuc dudng a, b thod man «’b* =100. Tinh gid tri cta biéu thdc
P=3loga+2logh.

Trong nudi trong thuy san, dd pH ctia méi trudng nude sé anh hudng dén sic khoé va
su phdt trién ctia thuy san. D6 pH thich hgp cho nudc trong dim nudi tom sd la tif 7,2
dén 8,8 vii 16t nhit la trong khodng tif 7,8 dén 8,5. Phin tich nong d6 [H*] trong mdt
dim nudi tdom st, ta thu dudgc [H]= 8.10" 8 (Ngudn: hups:finongnghiep.farmvina.com).
Hoi d6 pH clia dim d6 ¢6 thich hgp cho tém s phat trién khong?

Mot vi khudin c6 khoi luong khoang 5. 10~ '* gam v et 20 phit vi khufin d6 tw nhén
ddi mét 1an (Ngudn: Cau hai va bai tp vi sinh hoe, NXB BHSP, 2008). Gia st cdc vi khuan
dudc nudl trong cac diéu kién sinh trudng td1 wu va moi con vi khuin déu ton tai
trong it nhit 60 gio. Hoi sau bao nhiéu gid khoi lugng do &€ bo vi khudn niy sinh
ra sé dat t6i khéi luong cta Trdi Dat (1dy khéi lugng cia Trdi Dt 1a 6 . 1077 gam)
(lam trdn két qua dén hang don vi)?
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§3 HAM SO MU. HAM SO LOGARIT

Mot doanh nghiép gtii ngén hang 1 ti ddng vdi ki han 1 nam, i suat 6,2%/nam. Gia s
trong sudt n nim (n € N*), doanh nghiép d6 khong riit tién ra vi s6 tién 1di sau mdi nim
sé dudc nhip vio von ban diu. Biét ring lii suit khong thay doi trong thdi gian nay.

Mai lién hé giita sé tién doanh nghiép dé cé dugc (cd gac va lai)
vdi sO ndm giti ngédn hang goi nén ham sé nao trong todn hpe?

l. HAM $6 MU
1. Pinh nghia
P Xét bai todn & phin mé ddu.
a) Tinh s& tién doanh nghiép d6 c6 duge sau | niim, 2 nim, 3 nim;
b) Du dodn cong thiic tinh s tién doanh nghiép dé ¢ duge sau n nim.
Nhén xét: Tuong dng mdi gid tri x véi gid tri y = (1,062)" xédc dinh mot ham s6, ham s6
d6 goi 12 ham s6 mii ¢o 58 1,062.
F‘a.' n Ay -— & =
Cho s6 thyc a (a > 0, a # 1). Him s6 y = " dugc goi 1a ham s6 mii cd s6 a.

Tap xdc dinhclahimsdmiiy=a' (a>0,a= 1) 1a R

Vidul = Trong cic haim s0 sau, hiim sO nao 14 ham s6 mi?

¥ X l
a)y =x"; b) y=(/3)"; = d) y=x".

Gidi ;y

Trong céic ham s6 da cho, chi ¢6 ham s6 y = (\E ) lacé 4 Cho hai vi du vé ham
dang y = a* v6i a=+/3 nén y=(/3)" 12 ham s& mi. 56 mil.

2. Do thi va tinh chat

7P Cho ham s6 mi y = 2",

a) Tim gid tri y tidng ting vaéi gid tri cia x trong bing sau:

[« [ -1 ] o | 3
y | 2 ? ? ?
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b) Trong mit phing toa do Oxy, hiy biéu dién cic diém
trong bang gia tri d ciu a.
Bing cdch lam wiong w, 1dy nhiéu diém (x: 2 véixe R
vi ndi lai, ta dude d6 thi ham s& y = 2° (Hinh 1).

¢) Cho biét toa d6 giao diém cta db thi ham s6 y = 2 véi
truc tung vi vi tri cia do thi hiim s6 d6 so vdi truc hoanh.

d) Quan sat d6 thi him s6 y = 2*, néu nhéin xét vé:

e lim 2', lim 2%;
X—p—ea A=yt

* Su bién thién cua ham s6 y = 2* va lip bang bién
- s - o -
thién cua ham so do. Hinh 1

Nhdn xét: Db thi ham s6 y = 2* 12 mot dudng cong lién nét, ¢t truc tung tai diém c6 tung
dd bing 1, nim ¢ phia trén truc hoanh vi di 1én ké tlf trdi sang phai.

Cho ham s& mil y = [%Jx .

a) Tim gid tri y tidng dng va4i gid trl cua x trong bang sau:

X ‘—3_ -2 | =1 ‘ If]_ 1

y | 780 | 2 | &l 2

b) Trong miit phiing toa 6 Oxy, hay biéu dién cdc diém (x: )
trong bing gid tri ¢ ¢du a.

Biing cich lam tuong ty, 1dy nhiéu diém [x[%) ]

. n e . X P .-r" 1 4
val x € R va nd lai, ta duge do thy ham so y =(E]

(Hinh 2). Hinh 2
¢) Cho biét toa dd giao diém cta dd thi ham sd y = [El] vdi truc tung va vi tri ciia dd
thi hiim s0 d6 so véi truc hoanh.

X
d) Quan sét do thi him s6 y= [%] , néu nhin xét vé:

* lim l ., lim l :
x—-w| 2 x—+m| 2

* Su bién thién cia haim sG y = [%] vi1 lap bang bién thién clia him s6 do6.
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T

Nhdn xét: DO thi ham s6 y = % la mot duding cong lién nét, ciit tryc tung tai diém c6
tung dd biing 1, niim & phia trén tryc hoinh va di xudng ké i trdi sang phai.

Trong trudng hop tong quat, ta c6 nhin xét sau (Hinh 3):
Yo

D6 thi ham s6 y = @ (a > 0, a # 1) 12 mdt dudng cong lién nét, cit truc tung tai
diém c6 tung dd bing 1, nim & phia trén truc hoanh va di 1én néu a > 1, di xuéng
néul<a<l.

y=da
(a>1)

i) b)
Hinh 3

Nhén xét: Chohaimso miiy=a* (a> 0, a # 1).

y=a (a>1) y=a (0<a<l)
» Tip xdc dinh: [&; tdp gid tri: (0 ; + o0). » Téip xdc dinh: [&; tdp gid tri: (0 ; + o).
* Tinh lién tuc * Tinh lién tuc
Hamséy=a*(a>1)lahamsd liéntuc, Ham s6 v = a* (0 < a < 1) 1a ham sd
trén K. lién tuc wrén K.
* GiGi han dic biét * Gidi han diic biét
lim a* =0, lim a' =+c0. lim a' =+e0, lim a* =0.
I—3=—tn X2 X == K=t
* Su bién thién * Su bién thién
Ham s6 dong bién trén [R. Hiam s6 nghich bién trén &,
* Bing bién thién * Bing bién thién
x — o0 0 + oo X — oo 0 + o0
I + w + o 1
¥Y= -‘ITT / ¥y= a_T \
0 0
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Chii v: Tit tinh lién tuc va sy bién thién cia him s6 mi, v 4 y=da'
ta c6 thé chiing minh dude ménh dé sau:

Véi mbi N > 0, duding thing y = N ciit @b thi him s6 mii -
yv=a'(a>0,a#1)tai mét vi chi mot diém (Hinh 4). N6i ! /
cdch khdc, ta ¢6: V6i mbi N > 0, ton tai duy nhat sd thuc el
a sao cho a“ = N.

=y

o &

Hinh 4
Vidu2 = Lap bang bién thién va vé do thi ham so:
=3

E 2 Lip bang bién thién vi
v& do thi ham so y = [%J i

Gricit

Vihim s0 y = 3" ¢6 co s0 3 > | nén ta ¢6 bing bién thién
nhu sau:

x - 0 + o0

+ o0

y=3" /
{} - —

D4 thi clia ham s6 y = 3" 1a mot duding cong lién nét di
qua cédc diém A[—l . ]5] B0 : 1), C(1:3),D2:9)
(Hinh 5).

=y

Vidu3 = Trong Vit li, su phiin ri cia cic chat phong xa P
i {inft 5

dugic cho bdi cong thic: m(t) = mﬂ[%}r strong d6 m, 1a

khdi lugng chét phéng xa ban diu (tai thii diém ¢ = 0), m(t) 14 khéi higng chit phéng
xa tai thoi diém ¢ vi T 14 chu ki ban 13 (Neuén: Gidi tich 12, NXBGD Viét Nam, 2021).
Hat nhén Poloni (Po) 1a chit phéng xa ¢ ¢6 chu ki bén rd 14 138 ngiy (Nguon: Vir Ii 12,
NXBGD Viét Nam, 2021). Gia sii lde dau ¢6 100 gam Poloni. Tinh khoi Iugng Poloni con
lai sau 100 ngay theo don vi gam (1im tron k&t qui dén hiang phin mudi).

Giai

Khdi lugng Poloni con lai sau 100 ngay 1a
100

m(100) =100 . [%]”E ~ 60,5 ().
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Il. HAM SO LOGARIT
1. Pinh nghia
@ &P Tim gid tr1 y tudng dng vdi gid tri cla x trong bang sau:

X | 2 4 8

y=log, x ? ? ? ?

Nhén xé1: Tuong ding moi gid tri x duong véi gid tri y =log, x xdc dinh mdt ham s6, hiam
6 d6 2oi 12 ham s& logarit co s6 2.

Ta ¢6 dinh nghia sau:

[ﬁy e .

Cho s6 thuc a (a >0, a = 1). Him s6 y=log o X dudc got la ham s logarit co 0 a.

Tdp xdc dinh clia ham s6 logarit y=log_x(a>0.a=1)1a (0; +o0).

i - - A “ o L, 5 A Ca -
Vidu4 @ Trong cic ham so sau, ham s0 nao la ham so 16garit?

a) y=log 5; b) y=log e; ‘;h B

5 ‘3 Cho hai vi du vé ham
e 2 @ p=x S6 16gat.
Gidi . r.

Trong cde him s0 di cho, chi ¢6 ham s0y =log; x 1a c6
dang ham s0 logarit v = log, x (véia=5>0vaa=l).

Viy ham s6 y =log, x 12 ham s6 16garit.

2. Do thi va tinh chat

Cho ham s6 16garit y = log, x.

a) Tim gid tr y tWdng dng véi gid tr) cia x trong bang sau:

x 0,5 I 2 4 8

by ? ? 7 7 ?
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b) Trong mit phiing toa dd Oxy, biéu dién cdc diém (x ; y) trong bing gid tri & ciu a.
Biing céch lam tuong ty, 13y nhiéu diém (x ; log, x)
vdi x € (0 ; + o0) va néi lai, ta duge dd thi ham
s0 y=log, x (Hinh 6).

¢) Cho biét toa d6 giao diém cta do thi ham so

y=log, x véi truc hoanh va vi uf cua do thi
ham s6 d6 so véi truc tung.

d) Quan sdt dd thi ham sOy= log, x, néu nhin xét vé: Hinh 6

i % I x:
* Iim lo 3 lim lo 5
x—0* o

* Sui bién thién ctia ham s6 y =log, x va lip bang bién thién ctia ham sé do.

Nhan xét: DB thi ham s y = log, x 1a mot dudng cong lién nét, cit truc hoanh tai diém
c6 hoanh do bing 1, niim & phia bén phai truc tung va di 1én ké tit trdi sang phai.

Cho ham s logarit y =log, x.
2

a) Tim gid tri y tiong dng véi gid tri clia x trong

bing sau:
x Jos [0 2 [ 4 B
vy | 7 M| 7| 7 |a2 i

b) Trong miit phiing toa dd Oxy, hily biéu dién céc
diém (x ; y) trong béing gid tri ¢ cdu a.

Hinh 7

Biing cdch lam tudng tu, 1dy nhiéu diém (,r ; log, x) véi x & (0 ; + 20) va ndi lai, ta

¥

dugic do thi ham sé y = log, x (Hinh 7). "

2

c) Cho biét toa 6 giao diém cia d6 thi ham s y = log, x vdi truc hoanh v vi tri clia @b
gy ; 2

thi hiim s8 d6 so vdi tryc tung.
d) Quan sdt do thi ham s6 y =log, x . néu nhin xét vé:

7
* lim log, x, lim log, x;
x—=0" 5 EF >
* Su bi€n thién cta ham s6 y = log, x va lip bang bién thién cha ham sd d6.
2
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Nhén xét: PO thi ham s6 y =log, x 12 mit duding cong lién nét, it truc hoanh tai diém

2

c6 hoanh d6 biing 1, nfim & phia bén phai truc tung vi di xudng ké tif trdi sang phai.

Trong trudng hop tong quat, ta c6 nhin xét sau (Hinh 8):

P

D6 thi ham sd y =log_ x (a >0, a# 1) 1a mot dudng cong lién nét, cit truc hoinh

tai diém ¢6 hoanh do bing 1, nim & phia bén phéi truc tung va di 1én néu a > 1,

di xuéngnéu0<a<l.

0 1 a ¥
y = log x
(a=1)

i)

: {] i I i - .;.
T x=log %
D<a<l)
B

Hinh &

Nhén xéi: Cho ham s6 16garit y=log, x via>0,a #1.

y=log, x véia> I

y=log x v6i0<a<l

* Tap xdc dinh: (0 ; + o0); tip gid tri: R,

* Tinh lién tuc
Hams8 y =log, x (a>1)1aham s6 lién
tuc trén khodng (0 ; +90).

* Gidi han dic biét

lim log, x=-o, lim log x=+ .
x—0" X—F+ o

* Su bién thién
Ham s6 ddng bién trén (0 ; +o0).
* Bing bién thién

* Tdp xéc dinh: (0 ; + s0); tip gid tri: R.

* Tinh lién tuc
Ham s6 y =log, x (0 <a < 1)1a ham s6
lién tuc trén khoang (0 ; +oc).

* Gidi han dac biét

lim log, x=+c¢, lim log, x=— .
x—=0 X—p+ oo

* Sy bién thién
Ham s6 nghich bién trén (0 ; +o0).

* Bing bién thién

X 0 1 + oo X 0 1 + oo
+ oo + o0
/ X
v=log, x }-‘=logax
L — 00
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Vidu5 = Lap bang bién thién va vé do thi ham s&: r/
4 Lip bang bién thién va

g ]ngl_r. vé do thi him s
Gial y=log, x.
Vi ham s6 y = Ing_,’,r c6 cd 56 3 > | nén ta cé !
bang bién thién nhu sau:
x 0 | + a0 4 L
+ a0 2 . '
0 I + 4
y = logx | B N i
- o0 0l /] 3 I | 9 [x
T A
D4 thi clia ham s6 y = log .x 1a mdt duding cong i

L o . .3 ] Hinh 9
lién nét di qua cic diém A Ay 1|, B(1 ; 0),

C(3: 1), DO : 2) (Hinh 9).

Vidu 6 = Loc xody la hién tigng mot ludng
khong khi xoay tron md rong ra ti mot
ddm may dong xudng téi mit dat (Hinh 10).
Ciic con 16¢ xody thuding cé sic tan phd rit
Ién. Toc dd cha gid (don vi: dim/gid) gin tAm
clia mot con 16¢ xody dude tinh béi cong thife:
5=93log d + 65, (Nguon: Ron Larson, Intermediate
Algebra, Cengage) trong d6 d (don vi: ddm) la
quing duding con 16¢ xody di chuyén dugc.

Hinh 10
(Nguin: htips:/shutterstock.com)

Hay tinh tdc do cla gié ¢ gin tim (1am tron
két qua dén hang ddn vi) khi cdn 16¢ xody di
chuyén dude quing dudng la:

a) 5 dim; b) 10 dam.

Gidi

a) Toc do cla gié & gan tim khi con 16¢ xody di chuyén duge quing duting 5 dim la:
§ =93log5+65 ~ 130 (dam/gi0).

b) Téc do cia gié ¢ gan tim khi con 16¢ xody di chuyén duge quang dudng 10 dim la;
5§ =93logl0+65=158 (dim/gid).
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. BAI TAP

Lép béng bién thién va vé db thi ham s&:

a)y=4" b) y=log, x
4

2. Tim tip xdc dinh clia cdc hiim sd:
ayy= 125 b) y=logs(2x-3); ¢) y= lugl[—,r2+4)‘
5
3. Trong cic ham sd sau, ham s nio ddng bién, haim s& ndo nghich bién trén khodng
xdc dinh ctia ham s6 d6? Vi sao?

3) Y26 )
a) y=[£] : b) }-=( J - c)y=log_x; d) _vzlﬂgdﬁ.x,
v2

2 3

4. Ta coi niim iy lam mdc dé tinh diin s6 ciia mdt ving (hodic mdt qudc gia) 12 nim 0.
Khi dé, ddn s clia quéc gia d6 & nam thi ¢ 1a ham s6 theo bién t duge cho bdi
cong thic: § = A.e”. Trong d6 A 1a din s6 cta ving (hodc qudc gia) d6 & niim 0 va
r 12 ti 1€ ting déin s6 hiing ndm (Ngudn: Gidi tich 12, NXBGD Viér Nam, 2021). Biét
ring din s& Viét Nam niim 2021 udc tinh 13 98 564 407 ngudi va ti 1€ ting déin s6
0.93%/nim (Nguén: htps:/idanso.org/viet-nam). Gid st ti 1& ting din s& hiing nim
14 nhu nhau tinh tif nim 2021, néu du dodn din s6 Viét Nam nim 2030 (lam tron
két qua dén hang don vi) .

5. Ciéc nha tim If hoe st dung mo hinh haim s& mii dé md phong qud trinh hoc tip cla
mdt hoc sinh nhu sau: fir) = c(1 — e *), trong d6 ¢ 1a 16ng s6 dan vi kién thic hoc sinh
phii hoe, k (kién thific/ngiy) 12 t6¢ do tiép thu ctia hoe sinh, # (ngy) 1a thai gian hoe
va fir) 14 s6 don vi kién thic hoc sinh da hoc dudc (Ngudn: R.I. Charles et al., Algebra 2,
Pearson). Gia stf mdt em hoc sinh phai tiép thu 25 don vi kién thic mdi. Biét riing
tée do tiép thu ctia em hoc sinh 13 k = 0,2. Hoi em hoc sinh sé nhd dudc (khoéing)
bao nhiéu don vi kién thiic mdi sau 2 ngay? Sau 8 ngay?

6. Chi s6 hay @6 pH cia mt dung dich duge tinh theo cong thic: pH = — log[H™].
Phén tich ndng dé ion hydrogen [H*] trong hai mau nudc song, ta cé két qua sau:

Méu I:[H']=8.10 7; Mdu 2: [H*]= 2.10°.
Khéng diing mdy tinh ¢im tay, hdy so sianh d§ pH ctia hai miu nudc trén.

7. Mot ngudi gii 10 triéu dong vao ngin hang theo hinh thic 1ai kép co ki han la 12 thang
vdi ldi sudt 6%/Mmiam. Gia sl qua cdc niim thi l&i suit khong thay ddi va ngudi dé
khong gtii thém tién vio mbi nim. Dé biét sau y (nam) thi tong s tién ca von va lai

¢6 dudc 1a x (dong), ngudi dé sit dung cong thiic y = log, [%J Hoi sau bao nhiéu

nim thi ngudi do cé dudc tong s tién ca von va lai 1a 15 triéu dong? 20 triéu ddng?
(Lam tron két qua dén hang don vi). 47
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5.4 PHUONG TRINH, BAT PHUONG TRINH MU
VA LOGARIT

Din s6 duge ude tinh theo cong thiic § = A . ™, trong d6 A la dén s6 cla ndm l1dy lam
moe tinh, § 13 din s6 sau £ niim, r 1 ti 1& ting din s6 hing nim.

Hoi sau bao nhiéu nam, dén sé sé gdp doi dan s& ciia ndm
lay lam méc tinh?

I. PHUONG TRINH MU VA PHUONG TRINH LOGARIT

1. Phuong trinh mi

Trong bai todn & phin md déu, gid sti » = 1,14%/nim.,

a) Viét phuong trinh thé hién dén s sau f nim gip d6i dan s0 ban diu.

b) Phudng trinh viia tim chigc ¢ An 13 gi va niim & vi tri ndo cta luy thita?

Fy A — —— W
~  Phuong trinh mii 14 phuodng trinh ¢6 chida iin ¢ s6 mii ca luy thita.

Vidu1 | Trong cdc phuong trinh sau, phuong trinh nao | w
la phudng trinh ma? 1 Cho hai vi du vé phuong
2. ol
a) 5% =25 b) 2¢ =3, ¢) x* =4, oA
Gidi

Ta thdy: Hai phuong trinh 574 _ 25 va 25 =31 nhiing phucng trinh mii.

a) V& db thi ham s6 v = 3" va duding thing v = 7.

b) Nhén x€t vé s6 giao diém cia hai do thi trén. Ti d6, hay néu nhan xét vé sé nghiém
ctia phudng trinh 3* = 7.

ﬁ .
[ Phudng trinh mi ¢d ban in x c6 danga*=b(a>0,a#1).
* Néu b < 0 thi phuong trinh v6 nghiém.
* Néu b > 0 thi phuong trinh c6 nghi¢m duy nhat x =log_b.

Nhdn xét: Véi a>0, a#1, b>0 thi a’" =b& f(x)=log, b.
48
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Vidu 2 = Gidi méi phudng trinh sau:
a)4¥ 3 =5; b) 10**!1 =2, 10°=8.
Gidi
Ta co:

a) 4% 3=5c2x-3 =log,5< 2x =3+]ng45¢::+,r=%(3+]ng45).
Viy phuong trinh ¢é nghiém la x = %{3 +log, 5).

b) 10**'-2.10°=8&10.10-2.10°=8 8. 10" =8 &10°=1 Sx=logl =x=0
Viy phudng trinh ¢6 nghiém la x = 0.

Vidu3 | Giai phuong trinh 4"~ 2 = 2%+,
Gidi
Ta c6: 4.1'—2 o 23.1'+ 1 &5 22{.1‘— 2) = 211;.1. 1
@2{.‘."2]:3x+ |
S x—-4=3x+1x=-5.

Chii ¥

*Véia>0,a#lthid™W =a®" & fix) = glx).
* Céch gidi phuong trinh ma nhu trén thudng duge goi la phudng phdp dia vé ciing co sé.

. &
Vidu+ = Giai phuong trinh dua ra trong Hoat dong 1 | A
(lam tron két qua dén hang don vi). ;ﬁml mi phuong trinh
Gidi aj9i6=F - g3,

Goi A 12 diin s6 ban diu. Phuong trinh thé hién dinsésau  b) 16° % = 0,25 .27,
¢ ndm gip doi dan s ban dau la:

A, MMt 94 o NI 500114, 1=ln2 1= .

~ 61,
0,0114

Viy sau 61 nim dén s6 sé gap doi din s6 ban dau.

2. Phuang trinh logarit
Chi s0 hay do pH cia mot dung dich dugce tinh theo cong thic: pH = — log[H']

(trong d6 [H*] chi nong do ion hydrogen). Po chi sé pH clia mdt miu nude song, ta ¢é
két qud Ja pH = 6,1.
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a) Viét phuong trinh thé hién nong do x ctia ion hydrogen [H"] trong miu nuée song dé.
b) Phudng trinh vifa tim dudc ¢ an 14 gi va ndm & vi tri ndo cha lo6garit?

e

&
Phuong trinh 16garit 1a phudng trinh ¢é chida 4n trong bicu thie dudi dau 16garit.

Vidu5 = Trong cdc phuong trinh sau, phudng trinh nio la phudng trinh l6garit?

a) log,(x+1)=2; b) log, (x* +x+1)=3; c) log, 2=3.
Gidi -
Hai phudng trinh: 7
ai phuong trinh: . 3 Cho hai vi du vé& phuong trinh
log(x + 1) =2 va log,(x" +x+1)=3 logarit.

la nhiing phudng trinh logarit.

a) V& do thi ham s& y = log,x va dudng thing y = 5.

b) Nhin xét vé s& giao diém cta hai dd thi trén. Ti dd, hay néu nhin xét vé s6 nghiém
ctia phudng trinh log x = 5.

e

Phudng trinh 16garit ¢d bin ¢6 dang log x=b (a>0,a # 1).

Phudng trinh d6 ¢6 mdt nghiém 1a x = a”.

Nhén xét: Véia>0,a= 1thi log  f(x)=b<w f(x)= a’.

Vidu 6 = Giii mbi phuong trinh sau:
a) log, x =5; b) log,(5x-4)=2.
Giai
a) Ta cé: |Dg2.‘{=5<i>x=25@1=32.
Viy phuong trinh ¢6 nghiém la x = 32.
b) Ta co: log,(5x—4)=2 o 5x—-4=4"=5r=20 x =4,
Viy phudng trinh ¢6 nghiém la x =4.

Vidu 7 = Gidi phuong trinh: logg(3x-6) =—log, (2x-2).
8

T
2x-2=>0,
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x>2
Taco: log (3x—-6)=-=log, (2x-2) &
= g% {I{}gﬂi?:x—ﬁ} =logg(2x-2)

x>2

= S x=4.
3x~b6=2x-2

Viy phudng trinh ¢6 nghiém x = 4.

flx)>0

Nhén xét: Choa >0, a# 1. Ta c6: log, f(x)=log, g(x) @{
J(x) = g(x).

Vidu 8 = Giai phudng trinh dua ra trong Hoat dong 3.

Giai

Phudng trinh thé hién ndng d6 x ctia ion hydrogen p
[H*] trong miu nudc séng dé la: ‘4 Giai moi phuong trinh sau:
—logx=6,1=logx=-6,1<x=10"%! a) log,(2x —4) +log, (x = 1) = 0;

3

Viy nong d6 cta ion hydrogen [H*] trong méu b) log, x + 108, x = 3.

nude song d6 1a 107 *! (mol L™ 1.

Il. BAT PHUONG TRINH MU VA BAT PHUONG TRINH LOGARIT
1. Bit phuong trinh mii

Y Quan sit Hinh 11 va néu nhin xét vé tinh dong
bién, nghich bién ctia ham s6 mii y ={%J . Tit d6, hay

tim x sao cho [%) >2. \ |
o> — 1o

* Bt phuong trinh mi 14 bét phucng trinh ¢6 chiia
an & sO mil cla luy thita,

* Bit phuong trinh mi ¢o ban 14 bit phudng trinh
mil ¢c6 mot trong nhiing dang sau:

as=bha<h a2b, aa<b(a>0,a # 1)

Hirh 11

Vidu 9 = Bat phuong trinh ndo 12 bt phudng trinh mil ¢d ban trong cdc bit phudng
trinh sau?

a) 3* >27: ) 29 sgeerl, c) 7F <12
51
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Gidi p
Ta th&y: Hai bt phuong trinh 3* >27va 7°<12 Ia 2 Cho hai vi dy ve bat

; phudng trinh mi cd bin.
nhiing bat phudng trinh mi ¢o ban.

Sau ddy, ta sé néu cdch gidi bat phuong trinh mii ¢d ban,
Yg

"~ Xét bat phudng trinh mii: @' > b (a>0,a # 1).
* Néu b < 0, tip nghiém cia bit phuong trinh da
cholalR (vi a* >02b, Vx € R).
* Néu b > 0 thi bt phuong trinh tdng duong vdi
a* > g%, ﬂr

Véi a > 1, nghiém cha bit phuong tinh Ia * Véia> 1 thi

x>log b. i sat Sxsa
Véi 0 < @ < 1, nghiém ctia bit phudng trinh 13 «V&i0<a<lthi

Ldegg s a*>a* = x<a.
Vi du 10, Gidi moi bat phudng trinh sau: I‘/r -
A "6 Giii méi bt phuong
a) 5" > 12; b) (0,38 " > 1,7. Lk
Gidi a) 7" < 343;
Ta co: h}(l] ey
4

8) ¥ 12 &1 logslz,
Viy tip nghiém ctia bat phuong trinh Ia (log 12 + ).
b) (0.3)" "' > 1.7 < x+1<logy; 1.7 &> x<=1+log,;1,7.

Viy tip nghiém cta bét phudng trinh 1a (— e ; — 1+log, 5 1.7).

Nhén xét: Céc bat phudng trinh mi ¢o ban con lai dude giai tuong tu.

Vidu 11 = Dién s nudce ta nim 2021 udc tinh 12 98 564 407 ngudi.
(Nguon: huips:/idanso.org/viet-nam)
Gid st ti 1€ ting din s6 hiing nidm cta nude ta 1a r = 0,93%. Biét ring sau  nim, din s6
Viét Nam (tinh tif moc nidim 2021) udc tinh theo ¢ong thic: $=A . ¢”. Hoi tif nim nao
tré di, din 56 nudc ta vudt 110 triéu nguoi?
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Gidi
Xét bit phuong trinh:

98 564 407. "9 < 110 000 000 < "% 5 110 000 000 : 98 564 407

110 000 000

< 0,00937 > In
98 564 407

&> 11,803.

Viy tli niim 2033 tré di thi ddn s6 nudc ta vugt qué 110 triéu ngudi,

2. Bat phuong trinh l6garit

@ (P Quan sit Hinh 12 vi néu nhin xét vé tinh dong
bién, nghich bién clia ham & logarit y = log, x. Tl do,

A

hay tim x sao cho lug2 x3 1.

&)

s

A

—
=

[

* Bit phudng trinh légarit 1a bt phudng trinh ¢6
chita 4n trong biéu thife dudi ddu l6garit.

i ¥ x
¥ =logx

= ey s Hinh 12
* Bit phuong trinh 16garit ¢o ban la bat phuong

trinh Iogarit cé mot trong nhung dang sau:
log, x>b; log, x<b;log, x2b;log x<b
(a>0,a # 1).

Vidy 12, Bit phudng trinh nao la bit phudng trinh  § e
lgarit ¢d ban trong cédc bt phuong trinh sau? e 7 Cho hai vi du vé bt
phudng trinh 16garit ¢d ban.

a) log, x>3; b) logsx>logg(x+1); c¢) loggx<2.
Gridii

Ta thiy: Hai bat phudng trinh log, x > 3va log, x <2 la
nhiing bat phudng trinh ldgarit co bén.

Sau day, ta s& néu cdch gidi bit phuong trinh 16garit co ban,

F..r
~ Xét bat phudng trinh log, x> b (a>0,a = 1).
Bit phuong trinh tuong duong véi log, x > log, a”.
* Vdi a > 1, nghiém cta bit phudng trinh 12 x > a”.
* Vi 0 < a < 1, nghiém cia bt phudng trinh 12 0 < x < a”,
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Vidu 13 Gidi mdi bt phuong trinh sau: D_y —
a) log, x>-2; b) log, (x+1)>3. 8 Gidi mdi bt phidng

trinh sau:
Cricii ” a) ]ug3.1' <
Ta cé: b) log, (x = 35) = - 2.

4

a) lng,x:>—2<=>0<x<[%] S0<x<2?
2
< 0<x<4.

Viy tip nghiém ctia bit phuong trinh 1a (0 ; 4).
b) log,(x+1)>3 & x+1>2° & x> 7.

Viy tip nghiém cua bat phuong trinh 1a (7 ; 4 ).

Nhén xét: Cac bit phddng trinh l6garit cd ban con lai dudc gidi tudng tu.

Vidu 14 Mic cudng d6 am L (don vi: dB) dugce tinh bdi cong thic L = IGIGEF{.‘{*

trong d6 7 (don vi: W/m?) 1a cudng do am (Ngudn: Var li 12, NXBGD Viét Nam, 2021). Miic
cuiding d6 @m & mot khu din cu dude quy dinh 1a dudi 60 dB. Hoi cudng dd dm ¢ khu vuc
d6 phai dudi bao nhiéu W/m?>?

Gidi

Ta cé: L <60 <> 10log <6< logl-logl0 2 <6

<60 < log

1" 107

logl+12<6 e logl<-6<1<10"

Viy cuting do dm & khu vie dé phai dudi 10°° (W/m?).

B saiTap

1. Giai mdi phuong trinh sau:

a) 03y 3=1; b) 53" 2=25;
) 952 =243, d) log, (x+1)= - 3;
e) logs(3x=35)=logs(2x +1); g) log, (x+9)=1log, (2x~-1).
7 7
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2. Giai mbi bit phuong trinh sau:

Ix-7
a) 3"}L; b) = SE;
243 3 2
gy 473 0%, d) log(x-1)<0;:
e) log, 2x—1)=log, (x+3): g) In(x + 3) = In(2x — 8).
5 5

L

Mot ngudi glii ngin hang 100 tri¢u dong theo hinh thic 1ai kép c¢6 ki han la
12 thdng vdi 1di sudt 1a x%/nidm (x > 0). Sau 3 niim, ngudi d6 rit duge cd gde va 1di 12
119,1016 triéu ddng. Tim x, biét riing 13i suit khong thay ddi qua cdc nim vi ngudi
d6 khong rit tién ra trong sudt qud trinh gli.

4. Sii dung cong thic tinh midc cuting d6 am L & Vi du 14, hiy tinh mic cudng dd dm
ma tai ngudi c6 thé nghe dugc, biét riing tai ngudi ¢6 thé nghe dude dm véi cudng
dd am tir 10~ "> W/m? dén 10 W/m®,

| |
,{' __ ITiM TO1 - MG RONG

Ham s6 luy thira

Cho s6 thuc a . Him s6 y = x dudc goi 12 ham sé luy thira.

|
Chiing han, cdc ham s6 y=x% y=x* y=x3; y= i nhiing ham s& luy thifa.
Tap xdc dinh ctia ham s6 luy thita y = x* tuy thudc vio gid tri cha « . Cu thé nhu sau:
* Vi a nguyén dudng, tdp xac dinh 1a [;
* Véi e nguyén im hoiic bﬁng 0, tdp xdc dinh 1a R\ {0};
* Vdi o khong nguyén, tap xdc dinh 1a (0 ; + o0).

Ngudi ta chiing minh dugc ring ham s& luy thifa lién tuc
trén tip xdc dinh cta ham so dé.

Dudi diy, ta chi xét cdc ham s6 luy thita ¢é dang y = x*
vai e # 0 va véi tip xdc dinh 1a (0 ; + o).

* Him s0 y = x“ dong bién trén khodng (0; + o) néu & >0
va nghich bién trén khodng (0 ; + o) néu & <0.

* Hinh 13 thé hién do6 thi ciia mot s6 hiim s6 luy thita trén
khodng (0 ; + o). Hinh 13
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BAI TAP CUOI CHUGNG VI

1. Diéukién xdc dinh cia x~? la:

AxeR B.x=0. C.x=0(. D.x>0.
E
2. Diéu kién xdc dinh cha x5 1i;
A.xeR. B.x=0. C.x=0. D. x>0,

3. Tép xdc dinh cha ham s6 y = l-:'j‘.glrm(.r2 -2x+1) la:
A R, B.R\{1}. C.(0;+ =) D. (1 ;+ ).
4. Ham s6 nao sau diy dong bién trén tip xdc dinh ctia n6?

A.y:{ﬂ,ﬁ)r. B._}-‘=(§] . C.}?:(\!’E}I_ D. _‘}1=[ﬂ

| =
e

5. Ham s& nao sau diy nghich bién trén tip xdc dinh cla né?

A. y=logyx. B. y=lﬂgﬁx. C. y=log, x. D. y=log, x.
6. Néu 3 =35 thi 3% biing:

A. 15 B. 125. C. 10. D, 25,

7. ChoA = 4"%2° Khi d6 gid tri ctia A biing;
A.9. B. 6. &3, D. 81.

8. Néu log, b=3 thi log, b* bing:
A.9. B.3. C.6. D. 8.

9, Nghiém ctia phuong trinh 3% =7 =27 la:
AT B. 4. C. 6. D. 7.

10. Nghi¢m cia phudng trinh log, (2 —x)=—1 la:

A, Q. B. 15 G 1.5 ;2%
11. Tip nghiém ctia bit phudng trinh (0,2)" > 1 1

A (—o0:0,2). B. (0.2 : + ). C.(0:+20). D. (- 0).
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12. Tap nghiém cta bit phudng trinh log, x > — 21a:
;

A (—oo: 16). B. (16 ;+ x). C.(0:16). D.(—oo;0).

13. Cho ba s6 thuc dudng a,b,c khic 1 vadothictabahaimso may=da", y=5b", y=¢"
dugic cho béi Hinh 14. Két ludn nao sau day 1a ding déi véi ba sé a, b, ¢?

A.c<ac<h. B.c<bh<a. C.a<bhb<ec. D.b<c<a.

Hinh 14 Hinh 15

14. Chobasdthycdudng a, b, ¢ khdc 1 vadothjcliabahamsologarity=log x,y=log, x,
vy = log_x dudc cho béi Hinh 15. Két lugn nao sau day la ding doi v6i ba s6 a, b, ¢?

A c<ca<h B.c<bh<a. Ca<h<c D.h<ce<a.

15. Viét cic biéu thic sau vé luy thifa co s6 a:

a) A=;ﬂ5\g véia=S5: b) 3_4‘}{{ véia=+2.

16. Cho x, v 1a cdc s6 thuc dudng. Rit gon mbi biéu thidc sau:
o 5 33
x"' y+x.yt

4
B=|7=5Z | .
"+l _v‘j;

-~ - - . - -~
17. Tim tip xdc dinh clia moi ham s sau:

H],P:-Erﬁ 3 b) y=+25-5";
d) }rz,.l'l-[ﬂgj.L

=

c) y= -
)y l=Inx
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| wa

18. Choa>0,a = 1vaa b .

9

a) Viét a% a’b; :—q theo luy thita cd s6 b.
: : 2154, a

b) Tinh: Iugﬂ b 1ogﬂ{a b’ lngﬂ-{-!(g],

19. Giai mdi phuong trinh sau:

a} 3-"..-'. 45+ 5 o 91 I]:! 015?_..'(—4 - 41

c) log,(2x—-1)=3; d) logx + log(x - 3) = 1.
20. Giai mdi bit phucng trinh sau: e

a) 5T« 0,125; b) (%] 23;

c) log,;x>0; d) In(x+4)>1n(2x-3).

21. Trong mot tran dong dat, ning ligng gidi toa E (don vi: Jun, ki hiéu J) tai tim dia
chin G M do Richter dugc xdc dinh x@p xi boi cong thic: log E~ 11,4 + 1,5M,
(Neuin: Gidi tich 12 Nang cao, NXBGD Viét Nam, 2021)

a) Tinh x@p xi niing ligng gidi tod tai tim dia chiin & 5 d) Richter.

b) Ning lugng gidi tod tai tim dia chin & 8 d6 Richter gip khodng bao nhiéu lin
niang lugng gidi toa tai tim dia chin & 5 d6 Richter?

22. Trong ciy ¢8i ¢6 chit phéng xa '¢C. Khio sit mét miu gb ¢d, cdc nha khoa hoc do
duge do phong xa ctia né bing 86% @) phing xa clia méu g6 tioi cung loai. Xdc dinh
d6 tudi ctia miu g8 ¢6 d6. Bi€t chu ki ban rd ctia '3 C 12 7= 5 730 nim, d6 phéng xa ciia
chit phong xa tai thoi diém ¢ dugc cho béi cong thic H = Hye ™ v6i H, 1a d0 phéng
xa ban diu (tai thai diémr=0); A = g 12 hiing s6 phéng xa (Ngudn: Vit Ii 12, NXBGD

Viét Nam, 2021).
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DAO HAM

Trong chuong nay, chiing ta sé tim hiéu nhitng van dé sau:
dinh nghia dao ham, ¥ nghia hinh hoc cta dao ham; cac quy tac
tinh dao ham; dao ham bac hai.

g1  PINH NGHIA DAO HAM. ‘_
S1 ' ¥ NGHIA HINH HOC CUA PAO HAM

Tén Iira vii tru i phudng tién dude ché tao diic
biét gitip con ngudi thuc hién cdc si ménh trong
khong gian nhu: tiép cén dén cdc hinh tinh ngoai
Trdi Dit, vin chuyén con ngudi va thiét bi 1én vil
try,... (Hinh 1).

Néu quy dao chuyén dong ctia tén lita
dige miéu td bdng héim s6 theo thoi gian

H¢ thing khdi ding khéng gian SLS

(Neuon: hups://shutterstock.com) thi dai -"”'.'4‘:”3 ndo biéu thi d3 nhanh chdm
Hinh 1 ctia chuyén dong tai mot thoi diém?

2
.

s

- - ;
I. DAO HAM TAI MOT DIEM
1. Céc bai todn dan dén khéi niém dao ham
a) Bai todn tim vén téc titc thoi

Tii vi tri @ (6 mdt dO cao nhdt dinh nao dé), ta tha mdt vién bi cho rdi ty do xudng dit
va nghién cttu chuyén déng ciia vién bi. Biing viéc chon truc Oy theo phuong thiing diing,
chiéu duong huéng xudng dit, gbc O 12 vi tri ban ddu clia vién bi, tdc 12 tai thai diém
0 gidly, vi bo qua stic can khong khi, ta nhin dugc phudng trinh chuyén déng ctia vién bi

. 1 T )

lay =fix) = ngz (g la gia toc rdi wi do, g ~ 9,8 m/s°).

Gid st tai thoi diém X Vi€n bi 6 vi tri M, ¢6 v, = fix,); tai thoi diém x,,vién bi G vitri M|

¢6 y, = flx,). Khi d6, trong khoang théi gian tif x, dén x,, quang dudng vién bi di dugc
9
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la MM, = fix)) - fix,) (Hinh 2). Vdy vin tdc trung binh n.’:—'

cua vién bi trong khoang thdi gian do la ﬂ‘;‘«;h

f{-r])-f(-rg} .

Xy — Xy . (tai x )4 M, ;-'Ft'l'l]'
Néu x, — x, cang nhé thi ti s6 trén cang phan 4nh chinh .
xdc hon su nhanh chiim chia vién bi tai théi diém x, Tu do, (tai x, ) w
ngudi ta xem gidi han cia ti s8 G~ f(%) khi x, din |
o
dén x, 12 vdn téc tife thoi tai thoi diém Ty cua vién bi, ki
hiéu 12 v(x,). N6i céch khdc, v(xg)= lim L2~/ 00), 1_
Ry X =X, ¥

Gid tri v(x,) goi 1a dgo ham ctia ham s8 y = fix) = %gxg Hinh 2

tai diém x;,
b) Bai todn tim cudng do tife thoi

Pién lugng Q truyén trong diy din 12 mot ham sd cha thi gian 1, Q = Q(1). Cudng dd
0()-0(1,)

trung binh trong khoang thdi gian |r —rﬂ| dugc xdc dinh bdi cong thic

Néu |1 —1|
diém t,» Nguoi ta dua ra dinh nghia sau day:

Gi6i han hiu han (n&ie6) lim 2~ <)

T—ly I—= ,[0

cang nhd thi ti s& niy cang biéu thi chinh xédc hon cudng d6 dong dién tai thoi

dugc goi 1a cuong dé nic thoi cua dong dién
tai thoii diém 7,

2. Pinh nghia dao ham tai mot diém

¥R Tinh van t6c tic thdi ctia vién bi tai thdi diém x, = 1 s trong bai todn tim vin
toc tiic thoi.

Trong truting hgp tong quat, ta ¢6 dinh nghia sau:

I Cho ham s6 y = f{x) xic dinh trén khoang (a ; b) va diém X, €(a; b).

N&u tdn tai gidi han hitu han lim SO0 - flx)
=¥ Xy i — xﬂ

ciia ham s&'y = fix) tai x, va duge ki hiu I f'(x,) hoc y; .

thi gidi han do dudc goi la dgo ham
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Nhdn xéi: Trong dinh nghia trén, ta dit:
MAr=x-— X, vit goi Ax la 56 gia cia bién 56 rai diém X
Ay = flx, + Ax) = flx,) va goi Ay la 56 gia ctia ham sé ing vdi 56 gia \x tai diém i
J(xy + Ax) = f(x,) = Tt ﬂ

Ax Ax—0 Ax

Khi do, ta ¢o: f'(x,) = a}imu

3. Céch tinh dao ham bing dinh nghia

Cho ham s0 v = fix) xdc dinh trén khodng (a ; b) va diém X, thudc khoang do.

Pé tinh dao ham f'{xu} ctia hiim s6 y = fix) tai x, ta lan lugt thuc hién ba budc sau:

o

Burde 1. Xét Ax 12 5§ gia ctia bién s0 tai diém x. Tinh Ay = fix, + Ax) = flx,).
Buede 2. Riit gon ti s6 —ﬂl
Ax

Butde 3. Tinh lim E
Ar=0 Ax

a5 - fogl = ﬂ,}r £
Két ludn: Néu lim —=—=a thi f'(x.) =a.
' Ax—0 Ay f( O)

Vidy 1 | Tinh dgo him ciia ham s6 f{x) = 2x tai x, = 3 bling dinh nghfa.
Gidi
* Xét Ax 1i s0 gia cha bién s& tai diém Xy=3. ; =4

al:..'._‘p-—ﬂ-+= )_ﬂ)— {-. + / T:l— =72 _ Ax. s{{f(.x]:l ml .ru=2
Ay 2.Ax %

Suy ra: R A 2. bing dinh nghia.

* Ta thdy: lim B im 2=2.
Ar a0 Ar  Ar—0

Vay f'(3)=2.

Vidu 2 © Tinh dao ham ctia ham s6 flx) = x* tai diém x bét ki biing dinh nghia.
Gidi
* Xét Ax i s6 gia chia bién 6 tai diém x.
Ta ¢6: Ay = fix + Ax) — fx) = (x + Ax)® — x% = Av(2x + Ax).
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Ay -
Suy ra: — =2x + Ax. :
iy 2>

Tinh dao ham chia ham

e Ta thive Tim 2 _ 1 . 56 flx) = x° tai diém x bt
R SRt ki biing dinh nghia.
Vay f'(x) = 2x.

Nhdn xét: Haim s& flx) = x* ¢6 dao ham tai moi diém x trén khodng (-« ; + ). Ta
néi ham s6 d6 ¢é dao ham tén khodng (— o0 +0). Mot cich tong quat: Ham sé
y = flx) digic goi 14 c6 dao ham trén khoang (a ; b) néu n6 c6 dao ham tai moi diém x trén
khodng do.

4.Y nghia vat li ciia dao ham

Pao ham xuit hién trong nhiéu khdi niém vit Ii. Chiing han: Xét chuyén dong thing xdc
dinh bdi phudng trinh s = s(¢), vdi s = 5(1) 12 mot him s0 c¢6 dao ham. Nhu da thiy trong
bai todn m& ddu, vin tdc tic thai cha chuyén dong tai thoi diém 7, 12 dao ham ciia ham
sO tai 1, (1)) = .1."(1‘“].

Il. Y NGHIA HINH HOC CUA PAO HAM

“SE» Cho ham s8 y = fix) ¢6 d6 thi (C), mdt
diém Mﬂ ¢o dinh thude (C) cé hoianh do Xgr Vi
méi diém M thude (C) khdc MU. ki hiéu Wi la
hoanh d§ cta diém M va k,, 1a h¢ s6 goc cha
cdt tuyén M M. Gia sii ton tai giéi han hitu han
ko= lim k. Khidé, tacoi dudng thing M, T

.I'M —l.l"]
di qua M, va c6 hé sd goc ko 18 vi tri gidi han
ctia cdt tuyén M M khi diém M di chuyén doc
theo (C) din téi M,

Puting thing M, T dugce goi la tiép tuyén cia (C) tai Hinh 3

di€ém M, con M, dugc goi Ia 1iép diém (Hinh 3).

a) Xdc dinh h¢ s gbc k, clia ti€p tuyén M, T theo x,.

b) Viét phuong trinh tiép tuyén ctia do thi ham s tai diém M.
|

@wﬁ;’ Tacé: ky= lim ky, = lim
\m Xy =X X=X

f(xm)_f{-xn}

T X

= f'(xg).
o
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Nhu vy, ta ¢é két luin sau:

I * Dgo ham cha ham so y = f{x) tai diém x1a hé s6 goc cha tép tuyén cla do thi
ham s& d6 tai diém M, (x, 1 flx,)).
* Phucng trinh ti€p tuy@n ctia d6 thi ham s6 y = flx) tai di€m M (x, ; fix)) la
y= f'(-xu)(x = Iu) 45 fl:-x{; ).

-

Vidu3 | Cho ham s6 y = — x% ¢6 db thi (C).
a) Xdc dinh hé s6 gée cha tiép tuyén cia do thi (C) tai
diém ¢6 hoanh do bing 3.
b) Viét phuong trinh tiép tuyén cia dd thi (C) tai diém
M(3:-9).

3 Viét phuong trinh tiép
tuyén ctia do thi ham so

y= tidiém N1 ; 1),
X

Gidi

a) Tiép tuyén ctia db thi (C) tai diém c6 hoanh d6 biing 3 ¢6 hé s6 goc la:

2 2
: ! )
F@) = lim 2/ e > ~CRU )= —6.
x—1 x-3 x—3 x—3 x—3

b) Phudng trinh ti€p tuyén cta do thi (C) tai diem M(3 ;- 9) la: y=-6(x-3)+ (= 9)

hay y=-6x+9,.

B saiTap

1. Tinh dao ham cua ham sfvﬂx} =3x — 1 tai diém X i ] bﬁng dinh nghia.

2. Chirng minh rf"mg ham s6 f(x)= x| khong co dao ham tai diém x, =0, nhung co
dao ham tai moi diém x = 0.

o

Cho ham s6 y =— 2x* + x ¢6 dd thj (C).
a) Xic dinh hé s& gdc clia tiép tuyén cia db thi (C) tai diém c¢6 hoanh dé bing 2.

b) Viét phudng trinh tiffp lu_'-,rf% chia dd thi (O) tai diém M(2 : — 6).

4. Gia sti chi phi C (USD) dé san xuit Q may vo tuyén 1a C(Q) = QE + 800 + 3 500.
a) Ta goi chi phi bién 14 chi phi gia tiing d€ san xudt thém 1 san pham tif Q sén phaim
lén Q + 1 san pham. Gia st chi phi bién duge xdc dinh bdi ham s6 C'(Q). Tim ham
chi phi bién.

b) Tim C'(90) va gidi thich ¥ nghia két qua tim dudc.
¢) Hay tinh chi phi san xudt mdy vé tuyén thi 100.
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§2 CAC QuY TAC TiNH PAO HAM

Ta ¢6 thé tinh dao ham ctia him s6 biing cdch sit dung dinh nghia. Tuy nhién, cdch lam
dé 12 khong thudn Igi khi ham s& duge cho biing nhiing cong thiic phiic tap. Trong thuc
tién, d€ tinh dao hiam ctia mt ham s& ta thudng st dung cic quy tic tinh dao ham dé dua
viéc tinh todn dé vé tinh dao haim ctia nhitng haim s6 so cip cd ban.

2
@\l Pao ham ciia nhitng ham sé so cdp co bdn la gi?
;E:-j i Lém thé nao dé thuce hién duoc cdce quy tdic tinh dao ham?
s

I. DAO HAM CUA MOT $6 HAM SO CAP CO BAN

1. Pao ham ctia ham sé y = x"(n € N, n > 1)
a) Tinh dao him cta ham s0 y = x” tai diém x, bt ki biing dinh nghia.
b) Du doidn dao ham cta haim s y = ¥ tai diém x bét ki.

T - - =

Ham s6 y =" (n € N, n> 1) ¢6 dao ham tai moi x € R va (x") =" S

Nhén xét: Biing dinh nghia, ta chiing minh dugc:
* Dgo him ctia ham hiing bing 0: (¢)' = 0 véi ¢ la hiing s6;

* Dao ham ciia him s8 y = x biing 1: (x)' = L.

Vidu1 | Cho ham s6 fix) = x'7, V
1 Cho hiim

a) Tinh dao ham ciia ham s& trén tai diém x bat ki. S0y =%
a) Tinh dao ham cta ham
b) Tinh dao ham clia ham s6 trén tai diém x, = 1. sO trén tai diém x bat ki.
Gidi b) Tinh dao ham cia ham
sG trén i diém x, =— 1.
a) Taco: f'(x)=")y =10x".

b) Pao him ctia ham s6 tai diém x, = 1 Ia: f'(1) = 10. 19 = 10,
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2. Pao ham ciia ham s6 y =+/x
Tinh dao ham ctia ham s6 y = Jx tai diém x,=1 biing dinh nghia.

%

Ham s& y =~/x ¢6 dao ham tai moi x € R, x>0 vai (vVx) =

1
2w

[‘;b‘ E

Vidu 2 | Tinh dao ham ctia him s6 f(x)=+/x taidiém 2 Tinh dao ham ciia

x,=4 ham s6 f(x)=+/x tai
di€m x =9.

Gidi

Tacd: f(x)=

| .
vdr x > 0.
2/x

Viy dao ham ctia him 6 trén tai diém x; =4 1a: f'(4) =

|H

.
-

=

2

3. Pao ham ciia hiim s6 lm:ing gidc

- St dung két qua hrr:] —— =1, tinh dao ham ctia hiim s6 y = sin x tai diém x bat
x50 x
ki bing dinh nghia.

_ﬂ
’ Him s& y = sinx ¢6 dao him tai moi x € R va (sin x)' = cos x.

— —_— —_— —

Vidu 3 @ Tinh dao ham ctia ham s6 f{x) = sinx tai diém x, = g

Gidi _. .
Tacd: f'(x)=cosx. 3 Tinh dao ham cia him
Pgo ham cita ham 56 trén tai diém x, = 1 Hfn) et
(= n 1 1 2
— |=cos—=—.
] ( 3 J 3 2

Biing dinh nghia, tinh dao hiim ctia ham s y = cos x tai diém x bat ki,

—ﬂ
’ Ham s8 v = cosx ¢6 dao hiim tai moi x € R va (cosx)' = — sinx.

Vidu+4 | Tinh dao ham ciia ham s6 flx) = cosx tai diém x, =—
65
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Gidi
Tacé: f'(x)=-sinx.

E 4 Mot vit dao dong theo
phudng trinh fix) = cos x,

5 L] x5 » -~ . - T[- o
Pao ham cta hiim s6 trén tai diém Xy =— la: trong d6 x 14 thoi gian tinh
6 . = a ae 2
theo gidy. Tinh vin toc tdc
1 ik s 1 thi cia vit tai thoi diém
6 6 2 X, =2 (s).

P Bing dinh nghia, tinh dao him cia him s6 y = tan.x tai diém x bat ki, x = g + kT
(ke Z).

%

Ham s6 y = tan x ¢6 dao ham tai moi x#§+k1t, ke &va (tanx) =

CoOs X

—— - —

Vidu5 | Tinh dao ham ca ham s6 fx) = tan x tai diém x, = -Z—.

Gidi -
. 1 T v
Tacé: f(x)=— {J:#E+k1:, ke Z). 5 Tinh dao ham ciia ham
cos & . s0 flx) = tan x tai diém
Pao ham ctia ham s6 trén tai diém x, = 7 la: X, = X
6
T | — -
1 |=— =2
y [4} 2[ T
cos”| —
4

Biing dinh nghia, tinh dao ham cita ham s3y = cot x tai diém x bat ki, x # kr (k € 7).

Ham s3 y = cotx ¢6 dao ham tai moi x = k. k € Z va (cotx) =— — 12 .
sin” x

Vidu 6 = Tinh dao ham chia ham s8 fix) = cot x tai diém v :
6 Tinh dao him cta ham

X =" < =

2 s0 fix) = cot x tai diém
Gidi xo=,§_
Tacé: f'(x)=—— 5 (x#km, k e 7).

sin” x
o i n s |
Pao ham ctia ham sé trén tai diém Xy =— 1 = | m———— a1
2 2 g 3(1:)
sin”| —
2
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4. Pao ham cia ham s6 mii

e =1

“SEP Si dung két qua lim =1, tinh dao ham ctia him s6 y = ¢" tai diém x

. x—=0 x
bét ki biing dinh nghia.

I Him s8 y = ¢* ¢ dao ham tai moi x € R v (e*) =¢".

M0t céich tong quit, ta ¢é dinh If sau:

I Hams6y=a'(a>0,a# 1) c6 dao him tai moi x € R va (a)'

=a’lna.

-

Vidy 7 | Tinh dgo ham ctia ham s6 f{x) = 2* tai diém x, = 1.

Gidi E;pg
‘7 Tinh dao ham cia

Taeh: FiE)=2%n2. . X 5
ham s8 fix) = 10" tai diém
Dao ham clia ham s trén tai diém x, = 1 la: xy==1.

fiy=2"In2=2In2. ——
5. Pao ham ciia haim sé logarit
St dung két qua lim i) 1. tinh dao hiim ctia haim s0 y = In x tai diém x

1=+l b

dudng bat ki biing dinh nghia.

¥

Ham s0 y = In x ¢6 dao him tai moi x duong va (Inx)' = l
b

Mot cdch tong quit, ta ¢6 dinh i sau:

>

Ham so y = log_x(a=0,a=1)co dao ham tai moi x duong va (log, x)' =

xlna
Vidu 8 @ Tinh dao ham clia ham s& f{x) = In x tai diém
= 1. . '
o Es Tinh dao ham ciia ham
Gidi : s6 flx) = log x tai diém
Taco: f'(x)=— (x> 0). 5 ol
X ] 0 2 2
Pao ham ctia ham 6 trén tai diém x =1 1a: f'(1) = 5= 1.
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Il. DAO HAM CUA TONG, HIEU, TICH, THUONG VA PAO HAM cUA
HAM HOP

1. Pao ham ciia tong, hiéu, tich, thuong

%ﬁ L Cho hai ham s6 f(x), g(x) xdc dinh trén khoang (a ; b). cling c6 dao ham tai diém

Xy e (a:b).

a) Xét ham 6 h(x) = flx) + g(x), x € (a ; b). So sanh:
o B+ A —hlxg) o [+ A) = f(xg) | 8% +AX)—glx)

Ax =D ."11' Ax =3 ﬂ,r Ay =) ,ﬂut

b) Néu nhiin xét vé h'(x,) va f'(xy)+ g(x,)-

Nhin xér: Ta ¢6: h'(x,) = f'(x,)+ g'(x,). tic 1a dao ham cia tdng thi biing tOng cdc
dao ham.

Tuong ty, ta cling ¢6 cdc quy tic tinh dao ham cta hiéu, tich, thuong.

Cu thé, ta ¢6 dinh Ii sau:

Gia st f= f{x), g = g(x) 1a cdc ham s0 c6 dao hiam tai diém x thudc khoang xdc

dinh, Ta co:
(f+g)=f'+g; (f-2Y=r'-¢,
(fe) = f'g+ i @] = @ g 20,

Hé qud: Cho f=f{x) 12 him s6 c6 dao ham tai diém x thudc khoang xdc dinh.
* Néu ¢ la mot hiing s6 thi (¢f ) =¢f ',

I R -
[ =|=-L F=A0 =0).
=2
Vidu 9 = Tinh dao hiim clia méi haim s6 sau: V
i i sO
a}ﬂ_ﬂ = 13 + X 9 Tinh dao himciahim
" f(x)=xJx tai diém x
b) gx) =x" —x". duong bat ki.

Gidi
a) f'(x)=() + (x) =327 +1.
by g'(x) =(x*) - (x%)' =4x* - 2x.
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Vidu 10 Tinh dao ham cta ham so: y= i, . /j
x-1 10 Tinh dao hiimcliahiim so
Gidi . fix) = tan x + cot x tai diém
i T
- [2“1] _ Qx4 (x=D-Qx+1)(x-1) =3
x=1 (x—1)°
_Plwele@ual) w3
(x~1y° (x-1°

2. Pao ham cua ham hdp

@ ¢ [» Cho him s& y = flu) = sinu; u = g(x) = x°.

a) Biing cdch thay u bi x* trong biéu thic sin &, hay biéu thi gid tri ctia y theo bién s6 x.
b) Xdc dinh ham s0 y = flg(x)).

Gid stf him $6 u = g(x) xéc dinh trén (@ : b) va ldy gid tri trén (¢ : d); y = flu) 12 ham s6
clia u, xdc dinh trén (c ; d) va ldy gid tri trén R. Khi d6, ta c6 thé lip dudc mot ham sd
mdéi xdc dinh trén (a ; b) va ldy gia tri trén R theo quy tic nhu Hinh 4.

8 i

Hinh 4

Ham s6 y = flg(x)) duge goi 1a ham hgp cha hai ham s6 y = flu), u = g(x).

Vidu 11 ° Cho ham s0 y = fiu) = \/E vi u = g(x) = x — 2. Tim ham hop y = flg(x)) va
tdp xdc dinh cuia né.
Gridii
Taco:y=flglx))=fix-2)= \/xTE
Ham s6 trén xdc dinh khi vachi khix-220 hay x = 2. Tap xac dinh cua ham 56 do 1a

[2; + o0).

Vidu 12. M6i him s0 sau ddy 1a ham hgp cta hai him s0 nao?
a) y = sin(2x + 3); b) y = 2sinx + 3. LS

Gidi “ 11 Himsd y =log,(3x+ 1)
12 haim hop cla hai ham s6

a)Ditu=2x+3,tacé: y=sinu. Vay y=sinx+ 3, 5

hiim hop cta hai haim s6 y = sinw, u = 2x + 3.
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b) Dit u = sinx, ta ¢6: y = 2u + 3. VAy v = 2sinx + 3 12 ham hop cta hai haim s&

v=2u+3, u=sinx.

Cho ham s6 u = g(x) ¢6 dao ham tai x, va ham 50 y = flu) ¢6 dao ham tai u, = g(x,). Xét

ham hgp v = flg(x)).

Ta ¢6 quy tic tinh dao hiim cta ham hdp nhu sau:

l Néu ham sd u = g(x) 6 dao ham tai x 12 &, va ham s6 y = flu) ¢6 dao ham tai u la

¥, thi ham hdp y = flg(x)) ¢6 dao ham tai x la ¥, =y . 4.

Nhén xér: Bang dao ham cua mét s& ham s6 sd cip c¢d ban va ham hop:

Pao hiim ciia ham s6 sd cip co ban Pao ham cia ham hop
thudng gap (0 day u = u(x))
(x")=n.x""! @Y=n.u"""'.u

OaA

w |
(x) P

(43

o
(Vu) :

(sinx)' =cosx

(sinu) =u'. cosu

(cosx) =-—sinx

(cosu)' =—u'.sinu

(tan x) = 3 (tanu) = “;
COs™ X cos™ u

1 1

(cotx)' =—— = (cotu) = —— 5
sin” x sin”~ u

{ex}1=€.[ {eﬂ}|=u1'eu

(a*)Y=a"Ina
|
(Inx) =—
X

]
xlna

(log, x)' =

(@")V=u".a"Ina

(Inu) = -
o
(log u) =
Sa ulna
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Vidu 13° Tim dao ham cia m&i ham s& sau: ?
a)y=(3- lr}d; 12 TiE] dao ham cua moi
ham s6 sau:
Jx+ 1,

b) v = cos(4x + 5). a)y=e
Griai b) y = log,(2x - 3).
a) Pidtu=3-2x,taco: y=u". Khi dé: y, = du’; U, =-2.
Theo cong thidc tinh dao ham cia ham hdp, ta co:
Yo=Y i =4u . (-2)=—8 =-8(3-2x)’.
b) Diit u = 4x + 5, tacd y = cosu. Khi d6: y, = —sinw; u, =4,
Theo cong thic tinh dao ham cia ham hgp, ta c6:

y, =Y, U, ==sinu.4=—4sinu = - 4sin(4x +5).

B eaiTie

1. Cho u = u(x), v = v(x), w = w(x) la cdc haim s0 ¢é dao ham tai diém x thudc khodng
xdc dinh. Phét biéu nio sau diy 12 ding?

a) (u+v+w)=u+v+w;
b) (u+v-w)=u+v-w,

¢) (uv) =u'v';

d) [EJ S it ) 0, iy (R 0,
Vv V'

I

Cho 1 = u(x), v = v(x), w = w(x) la cac ham s6 ¢6 dao ham tai diém x thude kKhoang
xac dinh.

Ching minhring (u.v.w)=d.v.w+u. vV . wtu.v.w.

3. Tim dao ham cua moi ham so sau:

a)y 413—312*2.1’*1[}; h)}'=x+:;

X-
c) y=—2.r-s/;; d)y = 3sinx + dcosx — tan x;
e)y=4+2¢"; g)y = xlnx.

4. Cho ham s8 flx) = 2% *2,
a) Ham s& f{x) 12 him hgp cla cdc ham 8 nao?
b) Tim dao ham cia fix).
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6.

Tim dao him cta mbi ham s6 sau:
a) y=sin3x+ sinzx;
b} }: = lﬂgz(lr -+ I} -+ 3_ Zx + I.

Viét phudng trinh ti€p tuyén clia o thi moi ham sé sau:

a) y = x* — 3x* + 4 tai diém c6 hoanh do X =2
b) y = Inx tai diém c6 hoanh dj x, = e:

¢) y = ¢ tai diém c6 hoanh d6 x, = 0.

Mét vién dan duge bin 1én tit mit dit theo phuong thing ding véi tée dé ban diu
v, = 196 m/s (bo qua sdc can cta khong khi). Tim thoi diém tai d6 5¢ d6 cia
vién dan biing 0. Khi d6 vién dan cdch miit dit bao nhiéu mét (1dy g = 9,8 m/s?)?

Cho mach dién nhu Hinh 5. Lic diu tu dién cé
di¢n tich Q. Khi d6ng khod K, tu di¢n phéng dién
qua cudn diy: dién tich ¢ cia tu dién phu thude
vio thdi gian t theo cong thic g(f) = Q sinm t,
trong d6 @ 1a tdc dd goe. Biét riing cuding dd 1()
cia dong dién tai thdi diém ¢ duge tinh theo
cong thic (1) = g'(r). Cho biét @, = 10" ° (C) va

e.<h [ e

| k

e

Hinh 5

@ = 10°x (rad/s). Tinh cuting d6 ciia dong dién tai thdi diém 1 = 6 (s) (tinh chinh xdic

dén 1077 (mA)).

J,(j | lﬂm 101 - MG RONG

Pao ham ciia ham s6 luy thiia

Ngudi ta chidng minh duge ham s6 luy thita y = x* (e € R) ¢6 dao ham véi moi x>0 va

(x*)y=ax®*" .
Vi du:
2 Y 2 1
N 230 23 2
a .r""] =—x} ==x 3= x > 0).
) 3 3 3%/;( )
3\ 8
(-3 2 3-8 3
5]__ E et e
b) \x = X 5,1: Si{x_ﬁ* (x> 0).
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§3 DAO HAM CAP HAI

Khi tham gia giao thong, mét 6 16 dang chay vdi
vin tdc 54 km/h (Hinh 6) thi tai x& nhin thiy mdt
vilt cin phia trudc. D¢ trdnh va cham vt cén, nguici
thi x& him phanh, 6 t6 giam vin téc cho dén khi
ditng hin.

- _- ‘- . I'
(Neudn: hitps:/iwww.shutterstock.com)
Hinh 6

Dai lvgng ddc trimg cho
su gidm van téc thé hién
kién thite gi trong todn hoc?

I. DINH NGHIA

@ B Xét ham s6 y= Y —dxr+5.

a) I'im y'.

b) Tim dao ham cua ham sb V.

o E == —-— & =

[ Gia sii ham s6 y = flx) ¢6 dao ham y' = f'(x) tai moi diém x € (a ; b). Néu ham s&

v =f'(x) tié’p tuc ¢6 dao ham tai x thi ta goi dao ham cia ) tai x 1a dae ham cdp hai
ctia him 55}' = fix) tai x, ki hiéu la y" hodc f"(x).

Vidy 1 © Cho ham s6 fix) = x* = 4x% + 3. T)’
a) Tim dao ham cﬁp hai ctia ham s6 tai diém x bat ki. ~ Tim d‘i“ ham cip hai clia
; - B i him s6 y = sin 3x.
b) Tinh dao ham cap hai cua ham so6 tai diém X, == 1.
Gidi

a) Ta co: f'(x) = 4x> - 8x va f"(x) = 12x* - 8.
b)Tach: f*'(-1)=12.(- 1Y’ -8=4.

Vidu2 & Cho him s f(,r}=#_
x+2

a) Tim dao ham cﬁ’p hai ctia ham s6 tai diém x = — 2.

b) Tinh dao ham cdp hai clia ham s6 tai diém x, = 2.
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Gidii
a) Vdix =2, tacé:
f‘fx){ 1 ]:_(HZJ'_ ~ 1

x+2 x+2? (x12?

v | =1 | _[+2°) _2:+2) 2
A [{Hzf] x+2*  (x+2* (x+2P
L. £ b 2 ZL
b) Tacé: f (2}—{2+2}3 —

Il. Y NGHIA CO HOC CUA PAO HAM CAP HAI

“&FP Mot vt roi tr do theo phuong thing ding ¢6 phuong trinh s = ; gt”, trong do
¢ la gia toc roi tr do, g ~ 9.8 m/s”.

a) Tinh vén téc tire thoi (1) tai thoi diém 1, = 4 (s). 1, = 4.1 (s).

A e,
b) Tinh ti s6 Ev trong khoang thoi gian Ar=1, 1,

LY

&

. Ay ) : : . 3
* Ti s0 — g la gia idc trung binh cua chuyén déng trong
At

%o

khoang thon gian At
i Av o o ol i ol 2 -
« V(1) = lim —=al(t) goi la gia toc tire that cua chuyén dong
Ar—0 Af
ta1 thon diem ¢,

Trong troong hop tf‘mg quat, ta co:

e ——— 2

o haim ciip hai 5"(7) 12 gia tdc tdc thoi cia chuyén dong s = s(r) tai théi diém 7.

Vidu3 = Xét dao dong diéu hoa co phuong trinh chuyén dong s(f) = Acos(wt + @),
trong do A, @, ¢ lacac hang s6. Tim gia toc tire thoi tai thon diém 7 cua chuyén dong do.

Gidi
Gor v la van toc tire thoi cia chu:,ffm dong tai thon diém 1. ta co:
v(1) = 5'(t) =[Acos(@t + p)]' = — Awsin(of + @).
Gia toc tire thoi cia chuyén dong tai thoi diém ¢ la:
S () =v)=[-A@sin(@r + @)] =- A’ cos(@r + ).
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B siiTap

1. Tim dao ham cép hai ctia moi ham s6 sau:

1 .
a) y= s b) y=log_x: c)y=2%
)y T )y =log, )y

2. Tinh dao ham cip hai cia mdi haim so sau:
a)y 3x° — 4x+ 5 tai diém X, = - hi
b)y = log (2x + 1) tai diém x, = 3:
c)y=e¥**3 tai diémxﬂ— F

4y =5in{2x %) tai diém x, =E;

€) y= cas(lr —%] tai diém X, = 0.
3. Mot vit roi tr do theo phuong thing dimg c6 phuong trinh s = % grz, trong do g la

gla toe roi tr do, g = 9.8 m/s=.

a) Tinh véin ¢ tdc thai clha vat tai thoi diém ¢, =2 (s).

b) Tinh gia téc tic thai cla vit tai thai diém 1, = 2 (s).

4. Mot chit diém chuyén dong theo phuong trinh s(r) = r = 31> + 8¢ + 1, trong d6 7 > 0,

1 tinh bing gidy vi s(1) tinh bing mét. Tim van toc tic thoi, gia ¢ wic théi cla
chat diém:

a) Tai thai diém r =3 (s);
b) Tai théi diém ma chét diém di chuyén duge 7 (m).

Mot con lic 10 xo dao dong didu hoa theo phucng

tn

5 vi tri
ngang trén mit phing khong ma sit nhu Hinh 7, ¢6 cin biing
phudng trinh chuyén déng x = 4sint, trong d6 ¢ tinh

biing gidy va x tinh biing centimét.

=Y

a) Tim vén tdc tdc thdi va gia toc tie thai cha con lic 0 ¥
tai thdi diém 7 (s). Hinh 7

- - . ~ . -~ - ay® 3 - - yt - A 2
b) Tim vi tri, vin toc tifc thoi va gia toc tic thoi cua con lac tai thoi diem 7 = ?ﬂ (s).
Tai thai diém d6, con ldc di chuyén theo huéng nao?
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BAI TAP CUOI CHUGNG VI

Cho u = u(x), v = v(x) 1a cdc hiim s6 ¢6 dao ham tai diém x thude khodng xac dinh.
Phit biéu nao sau diy 1a ding?

A. (uv) =uv. B. (uv) =uv.

C. (uv) =u'v. D. (uv) =u'v+uyv.

2. Cho u = u(x), v = v(x) Ia cdc ham s8 ¢6 dao ham tai diém x thude khodng xidc dinh.
Phét bi€u nao sau diy 1a ding?
‘

A. E] it viiv=w(x) =0, vV=v(x)z0.
LV Vv
(uY  wv—w .
B. = viiv=v(x)=0.
\ V V
(uY  wv—w .
C.l—=| = > vl v=vix) = 0.
.V Ve
| by
D. ol L mi viiv=vx)=0, v=v(x)=0.
\ Vv 'IJI
3. Tim dao haim cia méi ham s sau:
1
a) y = (0 + 220 = 3x); by y=——: ¢) y=+4x+5;
-2x+5
d) y = sinxcos x; e) y=xe"; g) y =In’x.

4. Tim dao him ¢d@p hai cia m6i ham s sau:

a) y=2x* - 3x" + 5x°; b) ¥ =3L; ¢) y = sin2x cosx;
—

d)yy=e =+ e)v=In(x+ 1): g)v=In(e" + 1)

5. Vin téc cia mot chét diém chuyén dong dude biéu thi bdi cong thic v(r) = 21 + 2,
trong d6 t > 0, ¢ tinh bing gidy va v(f) tinh biing m/s. Tim gia tdc tic thdi cua
chat diém:
a) Tai thoi diém r =3 (s):
b) Tai thoi di€ém ma vén tdc ciia chit diém bing 8 m/s.

6. Mot con lic 10 xo dao dong diéu hoa theo phudng ngang trén mit phing khong ma

- . & A 2n I i

sat, c6 phudng trinh chuyén dong x = 4-:05[1:! - 1] +3, trong d6 7 tinh biing gidy
vi x tinh bing centimét,
a) Tim vén tdc tdc thdi va gia toe tdc théi cha con lic tai thoi diém 7 (s).
b) Tim thdi diém ma vin téc tdc thdi cia con lic bing 0.
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QUAN HE VUONG GOC
TRONG KHONG GIAN.
PHEP CHIEU VUONG GOC

Trong chuong nay, ching ta sé tim hiéu nhiing van dé sau:
hai c?u'crng théng vudng géc; dudng thing vudng goc véi mat
phang; goc gitia dudng thang va mat phing, goc nhi dién; hal
mat phang vuéng gdc; khodng cach trong khéng gian; mét sé
hinh khéi dac biét trong khéng gian.

§1 HAI PUONG THANG VUONG GOC

Trong Hinh 1, hai dudng thing a, b gdi nén hinh inh
hai dudng thing vudng géc trong khéng gian.

Trong khong gian, thé nao la

hai dwong thing vudng goc ?

véi nhau? @'}
> S
Hinh 1 -y

. GOC GIUA HAI PUGNG THANG TRONG KHONG GIAN
“SE® Trong mit phing cho hai dudng thing a. b.
a) N€u a va b cit nhau tai O (Hinh 2) thi géc giita hai dudng

thiing a, b dwoce xac dinh nhu thé nao? 0 b
b) Néu a // b thi géc gilia a va b biing bao nhiéu dj?
o s & : : e inh 2
¢) Néu a va b triing nhau thi géc gilia @ va b biing bao nhiéu d§? s
Duya trén géc gitia hai duding thiing trong mit phing, ta cé
thé dinh nghia géc gitia hai duding thing trong khong gian
nhu sau: a b

' Goc gida har dudng thﬁng a va b trong khong gian la a’
g6c gilla hai duding thing ¢’ va b’ ciing di qua mét b’
diém O va 14n lugt song song (hoiic tring) véi a va b, ki 0

hiéu (a, b) hoidc (a, b). Hinh 3
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Nhdn xét

» Goc giita hai duong thing a, b khéng phu thude vio vi tri diém O (Hinh 3). Théng
thuding, khi tim géc gitta hai duding thing a, b, ta chon O thude a hoiic O thude b.

* Goc gifta hai duong thiing a, b biing géc giita hai dudng thing b, a, tic 14 (a, b) = (b, a).
* Gidc gilia hai duding thiang khong vugt qué 90°.,

* Néu a // b thi (a, ¢) = (b, ¢) véi moi duding thing ¢ trong khong gian.

Vidu 1 Cho hinh hop M’ N’

%__
o I -
MNPQM'N'P'Q" ¢o goc gita ‘ K Cho td dién ABCD ¢6
”

hai duong thing MN va MQ M. N, P ldn lugt 1a trung

bang 70° (Hinh 4). diém cha AB, BC, DA,
- et e . Biét tam gidc MNP déu.
a) Goc gita hai dudng thang Tinh géc gitta hai dudng
M’N’ va NP bing géc gitia hai b . thing AC va BD.
dudng thiing: s —

A.MNvaMP. B.MN va MQ.
C.MPvaNP. D.NN’ vaNP.

b) Tinh géc gitta hai duidng thing M'N’ va NP.

Giai

a) Vi M'N’ [/ MN, NP /| MO nén géc giita hai dwong thing M’N’ va NP bing géc giila
hai dudng thfing MN va MQ. Chon phudng an B.

b) Vi goc gitta hai dwomg thing MN va MQ bing 70° nén goc gitra hai duomg thing M'N’
va NP biing 70°,

II. HAl PUGNG THANG VUONG GOC TRONG KHONG GIAN

Trong Hinh 1 & phin md diu, hai dudng thing a, b gdi nén hinh inh hai dudng
thﬁng vudng géc. Géce gitia a va b biing bao nhiéu do?

Hai dudng thiing dudgc goi 1a vudng gde véi nhau néu gée giita ching bing 90°,

Khi hai duting thing a va b vudng géc vdi nhau, ta ki hiéu a L b.

Nhdn xér; Néu mot duding thing vudng gdée vdéi mot trong hai duding thing song song thi
nd vudng goc vai dudng con lai.
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Vidu 2 Cho hinh chop
SABCD ¢6 dayv ABCD la hinh
thoi. Goi M, N lan luot la trung
diém cua cac canh SB va SD
(Hinh 5).

Chimg minh rang AC L MN.

2 Cho hinh ling tru
ABCAB'C' c0 H la
trirc tim cia tam glac
ABC. Chimg minh rang
AH LB'C".

Gidi Hinh 5
Vi M, N lin lugt 1a trung diém clia SB va SD nén MN // BD.
Do tif gidc ABCD la hinh thoi nén AC L BD. Tii cdc két qua trén, tac6 AC L MN.

B siiTar

1. Hinh 6 g¢i nén hinh anh 5 ciip dudng thing vuéng gée. Hay chi ra 5 ciip dudng thing dé.

Hinh 6 Hinh 7
(Ngudn: hitps://shuttersiock.com)

2. Trong Hinh 7 cho ABB'A’, BCC'B’, ACC'A’ la cac
hinh chir nhat.

Chiing minh riing AB L CC’, AA’ L BC.

3. Cho hinh chép S.ABCD c6 day ABCD la hinh binh
hanh va SAB = 100° (Hinh 8). Tinh g6c gitta hai
dudng thing:

a) SA va AB; b) SA va CD.

4. Ban Hoa n6i riing: “Néu hai duding thiing phan biét @ va b cling vudéng goc véi
duong thang c thi @ va b vudng géc véi nhau”. Ban Hoa néi diing hay sai? Vi sao?
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§2 DUGNG THANG VUONG GOC VGI MAT PHANG

Trong Hinh 9. cit gb {hﬁng diing va san nha
nam ngang ggi nén hinh anh dudng thing
vubng gée véi mit phing.

2 BPuiing thing vudng goc
0 }u\%' vai mdit phéng dige hiéu
S nhut thé nao?

(Ngudn: hreps www.shutterstock.com)
Hinh 9

|. DINH NGHIA

“SEW Hinh 10 md td mot ngudi thg xiy dang
tha diy doi vudng géc véi nén nha. Coi day
doi nhu dubng thing d vi nén nha nhu mit
phiing (P), khi d6 Hinh 10 g¢i nén hinh anh
dudng thing d vudng géc vGi milt phing (P).
Ngudi tho xay dat chiéc thudc thﬁng d mot vi
tri tuy ¥ trén nén nha. Coi chiéc thude thing
d6 1a duding thing a trong miit phiing (P), néu
du dodn v& méi lién hé gitta dudng thing d va
duding thing a. P

i

- Puong thing d vudng Hinh 10

mﬁ"‘h by gdc vai moi duong thing
- « trong mdt phdng (P).
Ta c6 dinh nghia sau (Hinh 11: d
l Pudng thing d dude goi 1a vudng gée vdéi mit a

phiing (P) néu duding thiing d vudng géc véi moi P e

duding thiing a trong miit phing (P), ki hiéu d L (P)

hodc (P) L d.

Hinh 11
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II. DIEU KIEN DE DUGNG THANG VUONG GOC VGI MAT PHANG

"}P r Hinh 12 md ta ciia tron xoay, ¢ do truc ciia va
hai mép ciia goi nén hinh anh cdc dudng thing d. a, b;
san nha coi nhu mit phiing (P) chia a va b. Hoi duting
thiing d c6 vubng géc véi mit phing (P) hay khong?

Ta thita nhén dinh Ii sau:

' Néu mot duding thing vudng géc véi hai dudng Hinh 12

thiing cit nhau ciing thu6c mét mit phing thi né
vudng gée véi mit phing iy.

1 1 Cho hinh chép SABCD
Vidu1 | Cho hinh chép S.ABCc6 SA L AB,SA LAC.  c6 ddy ABCD 1a hinh thoi,
Chiing minh riing SA L (ABC) va SA L BC. SA L (ABCD). Chiing minh
ring BD 1 (SAC).
Gidi. (Hinh 13) B,
s
Ta ¢6 AB vii AC la hai dudng thiing ¢t nhau trong
miit phing (ABC) va SA L AB, SA 1 AC.
Suy ra SA L (ABC).
Ma BC = (ABC) nén SA L BC. 4 ‘
2 P B
1. TINH CHAT Ggaah
P Cho diém O va dudng thing a. Goi b, ¢ 12 hai
duding thing phin biét ciing di qua diém O va cling vudng .
g6c véi duding thing a (Hinh 14).
a) Mt phing (P) di qua hai duting thing b, ¢ ¢6 vudng b
gbc véi dudng thing a hay khéng? ;ﬁ >{;‘< 4
b) C6 bao nhiéu miit phing di qua diém O vi vudng géc t
véi duting thing a? Hinh 14

Tinh chat 1

C6 duy nhit mot mit phiing di qua mot diém cho trude va vudng gée véi mot
dudng thing cho trudc.
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Vidu2 = Cho mit phing (P) va duding thing a cit (P)
tai O sao cho a L (P). Gia s b 1a dudng thiing di qua
diém O va b L a. Chilng minh ring b c (P).

Giai

Ta ldy diém M trong miit phiing (P). M khdc O (Hinh 15).
NéuM e b thi b (P). Xét M ¢ b. Goi ¢ 1a duding thing
di qua O, M va (Q) 1a miit phiing di qua b, . Do a L b,
a L cnéna L (Q). Qua di€ém O cé hai mit phiing (P) va
(Q) cung vudng goc vdi dudng Ih:‘j'mg a, suy ra hai mit
phiing d6 tring nhau theo Tinh chit 1. Viy b < (P).

Vidu3 = Cho doan thing AB ¢G dinh. Miit phing (P)
dudc goi 14 mit phing trung tric ctia doan thing AB néu
(P) di qua trung diém O clia doan thing AB va (P) L AB.
Chiing minh riing néu diém M trong khéng gian thod min

MA = MB thi M thudc (P).
M
t s t E;'

Néu M khdc O thi tam gidc MAB cin 2 &
tai M, suy ra OM L AB. Theo Vi du 2,
ta c6 OM < (P), suy ra M thudce (P).

Gidi. (Hinh 16) P
) P
Goi O 14 trung diém ciia doan thiing AB.

Néu M triing O thi M thude (P).

Hinh 16

GSEY Cho miit phiing (P) va diém O. Goi a, b 12 hai

dudng thiang cit nhau thude mit phing (P) sao cho a va

b khong di qua O. Liy hai mit phiing (Q). (R) lan lugt di

qua O va vuong goc vai a, b (Hinh 18).

a) Giao tuyén A ctuia hai miit phﬁng (), (R) ¢6 vudng goc
vdi mit phiing (P) hay khong?

b) Cé6 bao nhiéu dudng thing di qua O v vudng géc
vii (P)?
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7
2 Hinh 17 md tA mot clia

g0 ¢6 dang hinh chil nhat,
G do nep cda va mép dudi
cita lin lugt ggi nén hinh
anh hai dudng thing d va a.
Diém M 1a vi tri giao giila
mép giin ban 1€ vi mép dudi
clia cia. Hay giai thich tai
sao khi quay cinh cita, mép
dudi cua la nhiing dudng
thiing a luén nim trén mit
phing di qua diém M cd
dinh va vudng géc vii
duding thing d.

Hinh 18
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Tinh chét 2

C6 duy nhit mot dudng thing di qua mét diém cho trude va vudng gée véi mot
mit phiing cho trudc.

Vidu4 | Cho mit phing (P) va ba diém A, B, C thod p :
3 Cho mjt phing (P) va

mén (P) L AB vi (P) L BC. Chiing minh ring (P) L AC. ) , _
dudng thing a cit nhau tai

Gidi diém O, a L (P). Gia sit
) diém M thod min OM L (P).
Vi hai duding thing AB va BC cung di qua diém B viivuéng  Chdng minh riing M € a.

g6c véi mét phang (P) nén hai duding thing niy tring nhau,
Suy ra A, B, C 14 ba diém thing hang va (P) L AC.

IV. LIEN HE GIUA QUAN HE SONG SONG VA QUAN HE VUONG GOC
cUA PUSNG THANG VA MAT PHANG

@ P Trong Hinh 19, hai thanh siit va ban phiing dé ngdi goi nén hinh dnh hai dudng
thiing a, b v miit phing (P).
Quan sit Hinh 19 va cho biét:

a) Néu hai duding thing a vi b song song véi nhau va 7 b
mit phiing (P) vudng géc véi dudng thing a thi mit
phﬁng (P) c6 vudng géc véi diding thiing b hay khong;

b) Néu hai duding thiing @ va b ciing vudng gée vai mit
phing (P) thi chiing ¢6 song song véi nhau hay khéng. Hinh 19

Tinh chat 3

* Cho hai duding thing song song. Mot mit phiing vudng gée vdi duding thiing nay
thi ciing vudng gée vdi dudng thing kia.

* Hai duding thing phin biét cling vudng géc vdi mdt mit phing thi song song
vdi nhau,
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Vidu5 | Cho hinh chép SABCD 6 SA L (ABCD), dby p

ABCD 12 hinh binh hanh c6 AC cft BD tai 0. Goi M 12~ 4 Cho dudng thing d va

trung diém cita SC (Hinh 20). Ching minh rling OM L (ABCD). ™At phiing (P) cit nhau tai
:

diém O. Ly cic diém A,
B thude d va khic O; cic
diém A’, B’ thude (P) thoa
min AA’ 1 (P), BB’ L (P).

Chiing minh riing
AA 0
BB OB
B ¢
Hinh 20

Gidi
Vi ABCD la hinh binh hanh nén OA = OC. Ta ¢6 OM la

dudng trung binh cua tam gidc SAC nén OM // SA. Ma
SA 1L (ABCD) nén OM 1L (ABCD).

“SXW Trong Hinh 21, hai mit san ctia nha cao ting va
cOt try bé tong gdi nén hinh dnh hai mat phﬁng (P), (Q)
phin biét va duding thing a.

Quan sdt Hinh 21 va cho biét:

a) Néu hai mit phing (P) va (Q) song song vdi nhau va
duding thiing @ vudng gde véi mit phiing (P) thi duting
thiing a ¢6 vudng géc véi mit phing (Q) hay khong:

b) Né&u hai mit phing (P) va (Q) cling vudng gée véi duding
thiing a thi ching 6 song song véi nhau hay khong.

Hinh 21
‘inh chat 4

I * Cho hai mit phing song song. Mot duting thing

vudng géc véi mit phiing nay thi ciing vudng goc
véi mit phiing kia.

* Hai miit phiing phén biét cling vudng géc véi mot
ciding thiing thi song song véi nhau.

Vidu 6 = Gia sit ABCD va ABMN la hai hinh chd nhit
khéng ciing niim trong mét mit phiing (Hinh 22).
Chiing minh riing (ADN) // (BCM). Hinh 22
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-

Gidi ?
Vi hai dubng thing AD, AN cit nhau trong mit phing = = ChohinhchopSABCco
SA L (ABC). Miit phing (P)

(ADN), AB L AD, AB L AN nén AB L (ADN). Do hai i nia bhine (ARG,
dudng thing BC, BM cit nhau trong mit phiing (BCM),  vubéng géc véi duding

AB L BC,AB | BM nén AB 1 (BCM). thing SA va ldn lugt cit
) céc duding thiing SB, SC tai
Vi hai mit phiing (ADN) va (BCM) cing vudng géc véi B, €. Ching minh riing

AB nén (ADN) [l (BCM). B'C’ I/ BC.

Vidu 7 & Chohinhhop ABCDA'B'C'D’, AA’ L(ABCD). A B’
Chiing minh riing: AA” L (A'B°C’D").
Gidi. (Hinh 23) 1 4
Ta c6: AA” L (ABCD) va (A'B'C'D’) I/ (ABCD) nén

AAT L(A’B'C’D"). D C
Hinh 23

V. PHEP CHIEU VUONG GOC
® Cho mit phing (P). Xét mot diém M tuy ¥ trong
khong gian.
a) C6 bao nhidu dudng thing d di qua diém M v vudng
gbc¢ véi miit phing (P)?
b) Budng thiing d cit mit phing (P) tai bao nhiéu giao M
diém?
Goi M’ 1a giao diém cha dddng thing d va miit phing (P) P 8 _.
(Hinh 24). Diém M’ duge goi 1a hinh chiéu vuéng goc Hinh 24
(hay hinh chiéu) ctia diém M trén miit phﬁng (P).

Cho mit phing (P). Quy tic diit tudng Gng mbi diém M trong khong gian véi
hinh chiéu vuéng géc M’ cta diém dé 1én mit phing (P) dudc goi 1a phép chiéu
vudng gée 1én mit phing (P).

Nhdn xét: Vi phép chiéu vudng goc 1a mot tridng hgp dic biét cta phép chiéu song song
(khi phucng chidu vuéng géc véi mit phiing chigu) nén phép chiéu vudng géc cé diy du
cdc tinh chat cia phép chiéu song song.
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Vidu8 = Cho mit phing (P) va duding thing a. Xdc dinh hinh chiéu ctia duding thing
a trén miit phang (P).

Giai

» Néu dudng thing a vudng gée vdi mit phing (P) thi A @ .
hinh chi€u ctia a trén (P) la mot diém, diem dé 1a giao

diém cia a va (P). - o %
* DB tim hinh chiéu a’ ctia dudng thing a trén mit phing & A B’
(P) trong truding hop duding thing a khong vudng gée vdi Yois e '

mit phing (P), ta c¢6 thé lim nhu sau (Hinh 25):
Bude 1, Chon hai diém thich hgp A, B trén duting thing a.

Butdie 2. Xdc dinh 14n lugt hinh chiéu A’, B’ clia hai diém
A, B trén mit phing (P).

Khi d6, duding thing a’ di qua hai diém A’, B chinh 12 hinh

li_. _r-
* / 2 -
chiéu ctia a trén miit phing (P). 6 Cho mit phang (P) va

. 4 . , doan thing AB. Xdc dinh
Luu ¥ riing khi duting thing a cit miit phing (P) thi ta h]ﬂ:: chi€[:1gcﬁa da;:ﬂ'lf!lzg

thudng chon diém A 1a giao diém clia dudng thing @ VA Ap rén mit phing (P).
mit phiing (P). —

Vidu 9 © Cho mit phing (P) vi tam gidc ABC. Xéc dinh hinh chiéu ctia tam gidc ABC
trén miit phing (P).

Cricit A C
C C
EC A 7
B
. 2 il — i
// . 3 y
. A A'=B 4 L W
. B P P

i) b c)
Hinh 26

Goi A’, B’, C" lan lugt la hinh chiéu ctia ba diém A, B, C trén mit phing (P).
Khi do xay ra cic trudng hgp sau:
a) Truomg hop 1: Ba diém A’, B’, C’ khéng thing hang.
Khi d6, hinh chiéu ciia tam gidc ABC trén mit phing (P) la tam gidc A’B'C’ (Hinh 26a).
b) Tritdmg hop 2: Trong ba diém A’, B’, C’, ¢6 hai diém triing nhau.
Ch:afmg han, diém A’ triang véi diém B’. Khi d6, hinh chiéu ciia tam gidc ABC trén miit
phiing (P) la doan thing A'C’ (Hinh 26b).
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¢) Truong hgp 3: Badiém A’ B’. C’ thi’ing hang.
Trong ba diém A’, B’, C’ thing hang, c6 mot diém niim giita hai diém con lai. Ching
han, diém B’ nim giiia hai diém A’ va C’. Khi d6, hinh chiéu ctia tam gidc ABC trén
mit phing (P) 1a doan thing A’ C’ (Hinh 26¢).

VI. PINH Li BA PUONG VUONG GOC

“SEY Trong Hinh 27, mit sin ggi nén hinh dnh miit

phing (P), duding thing a khéng vudéng gbc véi miit

phing (P), dudng thing a’ 12 hinh chi€u cia dudng

thing a trén mit phing (P), dutng thing d nim trong

mit phing (P). Quan st Hinh 27 va cho biét:

a) Néu duting thiing d vudng géc véi hinh chiéu a’ thi
duting thing d ¢6 vudng géc véi a hay khong;

b) Nguge lai, néu duding thiing d vudng gée vdi a thi duding
thiing d ¢6 vuéng gdc véi hinh chiéu a” hay khéng. Hinh 27

Ta ¢6 dinh 1i sau, thuong dude goi la Dinh Ii ba diong vuong goc:

Cho dudng thing a khong vudng gée véi mit phing (P) va dudng thing d nim
trong miit phing (P). Khi d6, d vuéng géc vdi a khi va chi khi d vuéng gée véi
hinh chiéu a’ ctia a trén (P).

Ching minh

* Néu a niim trong (P) thi két qua 14 hién nhién.

* Ta xét trudng hop a khoéng niim trong (P) (Hinh 28).
Liy diém M € a. Goi H la hinh chiéu cta M trén (P) thi
a’ di qua H. Goi (Q) la mit phang chiia hai duding thang a
va MH. Do MH L (P) ma d = (P) nén MH L d.

Gid sit d L a’. Khi d6, d vudng goc vdi hai dudng thing :
cit nhau trong mét phing (Q) laa’ va MH. Suy rad L (Q). Hinh 28
miac(Q)nénd L a.

Gid siid 1 a. Khi d6, biing céich chiing minh tuicng t nhu &

P
wén, taco: d La’. 7 Cho hinh chép S.ABCD

Vidy 10 Trong mit phiing (P) cho tam giic ABC vuong €0 5A i (“’:BCD]‘ va dfF
tai C. Trén dudng thing vuong gée véi mit phing (P)  ABCD la hinh chi nhat.

tai A, ta ldy diém S (S khdc A). Ching minh ring cdc
a) Chiing minh riing tam gidc SBC vuéng tai C. i g 986 v SCIA
b) Goi AH la dutng cao cuia tam gidc SAC. Chiing minh CAC taim giac Yuong.
rang AH 1 (SBC).
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Gidi. (Hinh 29)

a) Vi SA L (ABC) nén AC 1 hinh chiéu ctia SC trén
mét phing (ABC). Ma BC L AC nén theo dinh Ii
ba duding vudng géc ta ¢c6 BC L SC. Viy tam
gidc SBC vubng tai C.

b) Tacé BC vudng gée véi hai duding thing SA vaAC
ciit nhau trong miit phiing (SAC) nén BC L (SAC),
mi AH nim trong miit phﬁng (SAC) nén BC
vuong goc vil AH. Vi AH vudng goc vdr hai
duding thiing SC va BC cit nhau trong mét phiing
(SBC) nén AH vudng goc vai mit phf‘mg (SBC).

B eaitir

1. Quan sit Hinh 30 (hai ¢6t cta bién bdo, miit
duding), cho biét hinh dé ggi nén tinh chit nio
vé quan hé vudng gée gilta dudng thing va
mit phiing.

2. Cho hinh chép S.ABC. Goi H la hinh chiéu
ctia § trén miit phiing (ABC). E
a) Xdc dinh hinh chi€u cua cic dudng thing
SA, SB, SC trén miit phiing (ABC).
b) Gia sti BC L SA, CA L SB. Chiing minh riing
H la tric tam cua tam giac ABC va AB | SC.

o

Cho wi dién ABCD ¢6 AB L (BCD), cic tam
gidc BCD va ACD la nhiing tam gidc nhon.
Goi H, K lan lugt li truc tim cha cdc tam gide
BCD, ACD (Hinh 31). Chiing minh riing:

a) CD | (ABH):;

b) CD L (ABK);

¢) Ba duding thing AK, BH, CD ciing di qua mot diém.

Ny

Hinh 29

[/
=
N

a b

Hinh 30

Hinh 31

4. Cho td dién ABCD ¢6 AB L (BCD), BC L CD. Goi M va N lan lugt 1a hinh chiéu

vudng géc ciia B trén AC va AD. Chiing minh riing:

a) CD L BM. b) BM L MN.

5. Cho hinh chép O.ABC ¢6 AOB = BOC = COA =90°. Chiing minh ring:

a) BC 1 OA; b) CA 1L OB:
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§3 ' GOC GIUA BUONG THANG VA MAT PHANG.
GOC NHI DIEN

Hinh 32 biéu dién mét chiéc giy dua vao tidng. Ban Hoa
M néi gbe nghiéng gitta chiée giy va mit dit bing 65°.

_ T ;. 2
p Goc nghiéng gitta chiéc gay va .‘/’f' ¢
' 0 B it ddr duge hiéu nhie thé nao? iﬁ

- /) O A
; ? o
V- =

-
T oo

Hinh 32

. GOC GIUA DUGNG THANG VA MAT PHANG

“SE® Quan sit Hinh 32 va cho biét:

a) Hinh chiéu ctia duding thing MO trén mit phing (P) la dudng thiang nio;

b) Géc gilta dudng thing MO va hinh chiéu ciia duting thing d6 trén mit phiing (P) 12
g6c nio.

Cho dudng thﬁng d va mit phf:ing (P), ta co dinh nghia sau:

* Néu dudng thing d vudng géc véi miit phiing (P) thi gée gilia d va (P) biing 90°.

* Néu dudng thing d khong vubng géc véi miit phing (P) thi goc gitia duding
thiing d va mit phing (P) 1a géc gitta d va hinh chi€u d’ clia dudng thing d trén (P).

d vudng goc véi (P) d c¢it (P) nhung khong
vudng goc vii (P)

el

Géc giiia d va (P) bing 90°. Géc giita d va (P) biing
goc MOH.,

8%
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d song song véi (P) d niim trong (P)
o

d’ ] : ? d
P > p dW@=d
Géc gitta d va (P) biing 0°. Gdc gitta d va (P) biing 0°.

Nhdn xét: Goe giita dudng thing va mit phiing ¢6 s6 do tit 0° dén 90°,

Vidu1 | Chohinh chép S.ABCc6 SA L (ABC) (Hinh33). S

a) Tinh géc gitta duong thing SA va miit phing (ABC)
theo don vi do.

b) Tinh goc giita dudng thing SB va mit phing (ABC)
theo don vi do, biét SA = /3 AB. g ¢

Gidi

a) Vi SA L (ABC) nén géc gilta dudng thing SA vi mit
phiing (ABC) biing 90°.,

b) Vi SA L (ABC) nén AB 14 hinh chiéu ctia SB trén (ABC). Suy ra géc gitta duding thing
SB va miit phing (ABC) biing SBA. Xét tam gidc vudng SBA. Vi tan SBA = i—’; =3

B
Hinh 33

nén SBA = 60°. Viy géc gilta dudng thing SB va mit phiing (ABC) biing 60°.

Vidu2 | Bai todn do chiéu cao ciia thdp khi khéong thé lén tdi dinh thdp.
Dé uée lugng chiéu cao ciia thap khi khéng thé 1én t6i dinh thap, ngudi ta do géc gida tia
ning chiéu qua dinh thdp va miit dit, do chiéu dai ctia béng thap trén mit dat, tit d6 udc
lidng dudc chidu cao cia thap. Gia sii khi tia ning tao véi mit dit mét géc 40°, chidu
dai cha bong thdp 14 80 m (Hinh 34a). Tinh chiéu cao cha thdp theo don vi mét (1am tron
két qua dén hang phin mudi). E v
A 1 Gid st & nhiing gidy
diu tién sau khi cit cdnh,
mdy bay chuyén dong
theo mot dudng thing tao
vdi miit dat mot goée 20° va
¢6 vin toe 200 km/h. Tinh
L0 1 dd cao cia may bay so véi
4 mit dat theo ddn vi mét sau
20 m (8] {0 m khi may bay réi khoi mitdat
) B) 2 gidy (lam tron két qua
Hinh 34 dén hang phin mudi).

ol ml
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Gidi
Xét Hinh 34b, 46 dai AH chi chiéu cao cia thdp, db dai OH chi chiéu dai clia béng thdp, do
I6n ctia géc AOH chi sé do goc gilla tia ning va mit dit. Vi tam gidc OAH vuong tai H nén

AH = OH . tanAOH =80 . tan40° ~ 67,1 (m).

Il. GOC NHI DIEN

1. Khii niém
Mot duding thing niim trong mot mit phing chia mit phing d6 thanh hai phin, m&i phin
dugc goi 1 mot ruta mdt phéng va duding thiing do dudge goi 1a bé clia mdi nlia miit phiing nay.

Quan siat hinh anh mot quyén sO dudc md ra

(Hinh 35), mdi trang sd g¢i nén hinh dnh clia mét nita
mit phing. Néu diic diém ciia hai nita mit phing d6.

Hai nita mat phang @ co chung bo la
duimg thing di qua gdy s6. Hinh tao
bdi hai nita mét phéing ¢6 chung bé
do la goc nhi dién.

Hinh 35

Ta ¢6 khai niém sau:

Gde nhi dién 1a hinh gdm hai nita mit phing cé
chung ba.

Trong Hinh 36, ta c6 géc nhi dién gdm hai nita mit
phing (P) va (Q) ¢6 chung bd 1a dudng thing d, ki hi¢u la
[P, d, Q). Puding thiing d goi 13 cgnh clia gée nhi dién,
mdi nita mit phing (P) va (Q) goi 1a mot mdt cia goc .
nhi dién.

Chii v: G6c nhi dién con dude ki
hiéu 1a [M, d, N] véi M, N lan lugt 14
cde diém thude cdc niia mit phing
(P), (Q) nhung khong thude dudng
thing d.

d

/

Hinh 306

-

‘-/V

2 Trong khong gian cho

d ! hai miit phiing (a), (/) ciit
Vidu3 = Trong khong gian cho nhau th?n giao tuyén d. Hai

ciit nhau theo giao tuyén d (Hinh 37). 5% i iy DE‘ a5
Hiy chi ra ba géc nhi dién c6 canh dudng thing d?
clia g6 nhi dién 13 duding thing d. Hinh 37
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Gidi
Ba géc nhi dién ¢6 canh ciia gée nhi dién 12 duding thing d, hai mit 1an lugt 1a: (P) va
(Q): (Q) va (R): (R) va (S).

2. S6 do ctia goc nhi dién

Cho gée nhj dién ¢6 hai mit la hai nita mit phing
(P), (Q) va canh ctia géc nhi dién la dudng thing d.

Qua mdt diém O trén duding thiing d, ta ké hai tia Ox, Oy
lin lugt thude hai nita mit phing (P), (Q) va ciing vudng
edc vai dudng thing d. Goe xOy g0i 1a gde phéng nhi dién
cua goc nhi dién da cho (Hinh 38).

Gia st gée x'0'y’ cling 1a géc phing nhi dién ctia gée nhi
dién da cho véi O’ khiac O (Hinh 39).

Hinh 38

i
K}ll

Hay so sdnh s6 do cta hai gée xOy v x'O'y". ( 0
Nhdn xét: I/E
* S& do gée phing nhi dién xOy khong phu thude vio 0]
vi tri clia diém O tén canh nhi dién vd dugc goi la X

56 do clia gée nhj dién di cho.

* S8 do cia géc nhi dién tif 0° dén 180°, B 7Y q
Trong triding hgp tong quét, ta c6 dinh nghia sau: Hinh 39
i =
Trong khong gian, cho gée nhi dién.

* Mt goe c6 dinh thude canh cia gée nhi dién, hai canh cia goe do lan ligt thudc
hai m3t nhj dién va cling vudng gée vdi canh clia gée nhj dién, dude goi 1a gdc pheng
nhi dién cia gée nhi dién da cho.

* SG do clia mdt gée phiing nhi dién dude goi 14 56 do ciia gée nhi dién d6.

* Néu s6 do gée phiing nhi dién bing 90° thi gde nhi dién d6 goi 1a gée nhi dién vuoneg.

Vidu4 = Trong cdc cong trinh xdy dung nha &. dd déc m4i duge hiéu 12 dd nghiéng
clia mdi khi hoan thién so véi miit phing niim ngang. Khi thi cong, mai nha cin mot do
nghiéng nhit dinh dé dam bdo thodt nudc t6t tranh gily ra tinh trang dong nudc hay thim
ddt. Quan st Hinh 40 va cho biét géc nhi dién ndo phin dnh do doc ciia mai.
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)
Hinh 40

Gidi

Gid sif nifa miit phiing (P) (minh hoa miit phiing néim ngang) v nita miit phiing (Q) (minh
hoa mdi nhil) ¢it nhau theo giao tuyén d (Hinh 40b). Khi dé géc nhi dién ¢é canh Ia
dudng thiing d, hai mit lin lugt 1a (P) va (Q) phan dnh do déc cia mdi. D6 déc d6 ciing
dude phan dnh bdi géc phfing nhi dién xOy cia gée nhi dién trén (Hinh 40a).

Vidu5 = Cho hinh chép §.ABC ¢6 diay ABC la tam gidc ¢
vuong cintai B,AB=a, 5SA 1L (ABC), SA = a\[i (Hinh 41).

Tinh s6 do theo don vi dd ctia mbi gée nhi dién sau:

a) [B, 5A, C;

b) [A. BC, S]. £ .
Gidi

a) ViSA L (ABC)nén SA LAB, SA L AC. Do d6, g6c BAC Hinh 41

la goc phfmg nhi dién cua goc nhi dién [B, SA, C]. Do
tam gidc ABC vudng cén tai B nén BAC =45° Viy s0
do ctia gée nhi dién [B, SA, C] bing 45°.

b) Vi SA L (ABC) nén SA L BC. Nhu viay BC vubng géc
vdi hai duding thing AB va SB, suy ra géc SBA la géc .

phing nhi dién cua goéc nhi dién [A, BC, S]. "8 Cho hinh chdp S.ABCD

Trong tam gidc vudng SAB, ta ¢é: c6 ddy ABCD la hinh vudng
vi SA L (ABCD). Tinh sd
it R e a3 _ B do theo don vi d6 ciia gde
a ) nhi dién:
Suyra SBA =60°. Viys§dociagéenhidién[A,BC,s] V1854, DL;
b) (B, SA, C].

bing 60°.
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B siirip

1. Cho hinh chép S.ABCD ¢6 SA L (ABCD), day ABCD la hinh thoi canha va AC = a.
a) Tinh s& do cla g6c nhi dién [B, SA, C].
b) Tinh s6 do ciia gée nhi dién [B, SA, D].
¢) Biét SA = a, tinh s do cha goc gitta duding thiing SC va mit phiing (ABCD).

2. Cho hinh chdp S.ABCD c6 ddy ABCD lia hinh vudng, hai duding thing AC va BD
cit nhau tai O, SO L (ABCD), tam gidc SAC la tam gidc déu,
a) Tinh s6 do clia gée giita duting thing SA vi mit phiing (ABCD).
b) Fhﬁ!lg minh ring AC L (SBD). Tinh s6 do cia géc giita duding thing SA vi mit
phang (SBD).
¢) Goi M la trung diém ctia canh AB. Tinh s6 do cua géc nhi dién [M, SO, D).

3. Doc la doan duding thing ndi hai khu vuc hay hai viing ¢6é d6 cao khdc nhau. Do
dic duge xdc dinh bing géc gitia déc va mit phing nim ngang, & d6é do doc 16n
nhit 12 100%, tudng dng véi géc 90° (d6 dic 10% tuong tng véi géc 9°). Gia su
¢ hai diém A, B niim & dd cao lan lugt 12 200 m, 220 m so véi muc nudc bién vi
doan déc AB dai 120 m. B$ dde d6 biing bao nhiéu phin trim (lam tron két qua dén
hang phin triim)?

4. Trong Hinh 42, mdy tinh xdch tay dang md gdi nén
hinh dnh ca mdt géc nhi dién. Ta goi s6 do gée
nhi dién dé 1a dd md ciia méan hinh mdy tinh. Tinh do
md clia man hinh mdy tinh theo don vi do, biét tam
gidc ABC c6 d6 dai céc canh laAB =AC =30 cm va
BC = 301/5 cm.

Hinh 42

Ln

Trong Hinh 43, xét cic gée nhj dién ¢6 goc phing
nhi dién tuong ung la EI E‘ El E trong cung
mit phing. Luc gidc ABCDEG niim trong miit phiing
d6 ¢6 AB=GE =2 m, BC = DE, E=§ = ",
B=E =x, C=D =y. Biét ring khoang cich tif C
viD dénAGla4m AG=12m,CD=1m. Timx,y Hinh 43
(lam tron két qua dén hang don vi theo don vi do).

6. Cho hinh chép S.ABC ¢6 SA L (ABC). Goi e i s6 do clia gée nhi dién [A, BC, S].
Chiing minh riing ti s& dién tich cta hai tam gidc ABC vi SBC biing cosc.

04

Boc ban moi nhat trén hoc10.vn Ban sach mau



S4  HAI MAT PHANG VUONG GOC

- = n D¢ cong trinh xiy dung dugc an toan va bén
ving, ngudi ta thudng xdy tidng nha vudng goéc
» vdi nén nhi (Hinh 44).

& nén khdi niém nao trong
Hinh 44 hinh hoc?

f]
Hinh dnh tudng nha 2
.f _ ] \ vudng gdéc vdi nén nha goi @
&5

I. DINH NGHIA

¢ Hai vich ngiin ta trong Hinh 45 g¢i nén hinh inh
hai miit phing (P) va (Q) cit nhau tao nén bén géc nhi
dién. Cic gbc nhi dién d6 ¢6 phai la nhiing géc nhi dién
vudng hay khong?

Nhdn xét: Hai mit phiing cit nhau tao nén bén géc nhi

. g Hinh 45

dién. Néu mdt trong bon gée nhi dién dé vudng thi cic 24

gdc nhi dién coOn lai cing vudng. ’ﬁ"ﬁ '

Ta ¢6 dinh nghia sau: - N
= _,z'/lx i

: ; v e ﬁ L

Hai mit phing cit nhau tao nén bén gée nhj dién. =
Néu mdt trong céc goe nhi dién dé 1a géc nhi dién o
vudng thi hai mit phing da cho goi 14 vudng goc >
vdi nhau. Hinh 46

Khi hai mit phiing (P) va (Q) vudng géc véi nhau, ta ki
hi€u (P) L (Q) hoidc (Q) L (P) (Hinh 46).

Vidu 1 = Cho hinh chép S.ABCD cé ABCD la hinh thoi, : 1 Néu vi du trong thuc

AC cft BD tai O va SO L (ABCD). Chiing minh ring ti€n minh hoa hinh énh hai
mit phing vudng géc.
(SAC) L (SBD).
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Gidi. (Hinh 47)

Ta thiy: Géc AOB la géc phing nhi dién ctia gée nhi dién
[A, SO, B]. Do OA L OB nén AOB = 90°. Vi viy géc
nhi dién [A, SO, B] la goc nhi dién vuong. Hai miit phﬁng
(SAC), (SBD) ciit nhau tao nén bén géc nhi dién, trong
do6 gdc nhi dién [A, SO, B] la géc nhi dién vudng nén
(SAC) L (SBD).

Hinh 47

Il. DIEU KIEN DE HAI MAT PHANG VUONG GOC

@ 4 Nén nhi, cdnh clia vi mép cdnh ctta & Hinh 48
gdi nén hinh anh mit phiing (P), mit phing (Q) va duting
thing @ nim trén mit phing (P). Quan sit Hinh 48 va
cho biét:

a) Vi trf tuong d6i ciia dudng thing a va mit phing (Q):
b) Hai miit phiing (P) va (Q) ¢6 vudng gée véi nhau khong.

Pinh i 1

' NEu miit phﬁng nay chia mot dudng thfmg ma

duding thing d6 vudng géc véi mit phing kia thi
hai mit phiing dé vudng géc véi nhau. J

Chitng minh
Gia sti ¢6 hai miit phing (P) va (Q) thod man a — (P) v e
a L (Q). Goi O 1a giao diém cta a va (Q). { a

Do hai mit phfmg (P) va (Q) cung chida O nén hai miit
phiing d6 ciit nhau theo giao tuyén d di qua O. Trong miit ol v
phang (Q), qua O ké dudng thang b vudng gée véid. Lay 4 |
hai diém M, N lin lugt thube dudng thing a, b (Hinh 49). )
Ta thiy dudng thing d vudng géc véi hai tia OM, ON,
suy ra goc MON la goc phﬁng nhi dién cua géc nhi dién .
[M, d, N]. Do a L (Q), ON < (Q) nén a L ON, suy ra Hinh 49
MON = 90°. Vi th&, g6c nhi dién [M, d, N] 1A géc nhi

dién vuong hay (P) L (Q).

NS |

J
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Vidu2 = Cho hinh chép SABCD c6 SA L (ABCD), ddy
ABCD la hinh chu nhat (Hinh 50). Chiing minh rﬁng:

a) (SAB) L (ABCD): b) (SAB) L (SAD).
Gidi
a) Do SA L (ABCD), SA < (SAB) nén (SAB) L (ABCD).
b) Vi SA L (ABCD), AB — (ABCD) nén SA 1L AB.
Do AB vudng géc v6i hai ddﬁ?g thing SA va AD cilt p
nhau trong miit phiing (SAD) nén AB L (SAD). 2 Cho hinh chép S.ABCD

Ta cé: AB L (SAD), AB = (SAB) nén (SAB) L (SAD). c6 diy ABCD la hinh thoi,
SA L (ABCD). Chiing minh
ring (SAC) L (SBD).

Hinh 50

Il. TINH CHAT

Cho hinh chép S.0AB thoi man (AOS) L (AOB),

AOS = AOB = 90° (Hinh 51).

a) Giao tuy?”n ctia hai mit phing (AOS) va (AOB) la
duding thing nao?

b) SO ¢6 vudng gde vdi giao tuyén cha hai mit phing
(AOS) va (AOB) hay khong?

¢) SO ¢6 vudng gée vdi mit phiing (AOB) hay khong? Hinh 51

Trong tridng hap tong quét, ta ¢6 dinh Ii sau:
Dinh Ii 2

Néu hai mit phiing vubng géc véi nhau thi bit cd
duding niio nim trong mit phiing nay va vudng goc

' 5 - e - # W W 8
vdi giao tuyén ciing vudng goc vdi mét phang Kia. = “L B
Chitng minh L 5 _
Cho hai mit phiing (P), (Q) vudng gdc véi nhau va cit . N-" _
nhau theo giao tuyén d. Cho dudng thing a < (P) sao cho o Q \
a L d. Goi O 1a giao diém cla a va d. e o

Liy hai diém M, N lin lugt trén hai mit phing (P), (Q) .

sao cho M, N khong thude dudng thing d. Goi gée aOb la -t-/y

géc phing nhi dién ctia géc nhi dién [M, d, N] (Hinh 52). ©3 Cho wl dién ABCD
— c6 (ABD) 1 (BCD) va

CD L BD. Chiing minh riing

tam gidc ACD vudng.

Do géc nhi dién d6 1a gée nhi dién vuéng nén aOb = 90",
tiic 12 @ L Ob. Pudng thing a vudng géc vdéi hai duding
thiing ciit nhau ctia miit phiing (Q) 1ad va Obnéna L (Q).
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Vidu3 = Cho hinh chéop S.ABCD c6 (SAB) L (ABCD),
ddy ABCD 1a hinh chit nhit (Hinh 53). Chiing minh ring:

(SBC) L (5AB).

Griai

Do (5AB) L (ABCD), (SAB) n(ABCD)=AB, BC —c (ABCD)

va BC L AB nén BC L (SAB). B- C
Tacoé BC < (SBC) va BC L (SAB). suy ra (SBC) L (5SAB). Hinh 53

@ Y Trong Hinh 54, hai bia ciia cudn sich g¢i nén
hinh anh hai mit phing vuong géc véi mit ban. Hay du
dodn xem gdy siach ¢6 vudng goc vdi mat ban hay khong.

Pinh 1i 3

I Néu hai mit phing cit nhau va cling vudng géc véi

mit phiing thid ba thi giao tuyén ctia ching vuéng ‘
géc véi mit phang thii ba dé.

=

Hinh 54

Chutng minh

Gia st hai mit phiang (P), (Q) ¢it nhau theo giao tuyén d; =
(P) va () cung vudng goc var miit phﬁng (R). Gora, b LM
lan lugt la giao tuyén cia mit phing (R) vdi hai mit phing
(P), (Q). Xét diém M thudc dudng thing d (Hinh 55). T

Trong miit phiing (P). goi d, 1a dudng thiing di qua diém & y w{ y
M va vudng géc véi dudng thing a. Theo Dinh i 2, ta c6: h N

d, L(R).

Trong mit phing (Q), goi d, 12 dutng thing di qua diém
M vi vubng géc véi duding tf&ﬁng b. Theo DPinh li 2, ta cé:
d, L (R). Suy rad, trung d, nén hai duting thﬁng do cung
nim trén ci hai mét phing (P) va (Q). Cho nén dl, a"2 vil
d trung nhau. Vay d L (R).

Hinh 55

Vidu4 | Cho hinh chép S.ABCD c6 ddy ABCD I

av2

hinh vuéng canh a véi tim O, 5O = ) Hai mit phiing

(SAC) va (SBD) cliing vudng goc vdi mit phiing (ABCD)
(Hinh 56). Hinh 56
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a) Ching minh ring SO 1 (ABCD). ! ]

s = - - -
b) Tinh géc giita dudng thing SA vi mit phing (ABCD). 4 Cho hinh chép S.ABC ¢6
SA L SB,SB 1L SC,SC L SA.

Gidi Chiing minh riing:
a)Ta cd& (SAC) L (ABCD), (SBD) L (ABCD) va  a)(SAB) L (SBC);
(SAC) m (SBD) = SO. Suy ra SO L (ABCD). b) (SBC) L (SCA);

b) Do SO L (ABCD) nén géc giiia SA vi mit phing  c) (SCA) L (SAB).
(ABCD) la gée SAO.

. ' g A e av2 v PO
Vi tam gidc SAQ vudng ta1 O co SO =A0 = nén tam giac SAQ vudng can tai 0.

Suy ra SAO =45°. Viy géc gitla dudng thing SA va mit phing (ABCD) Ia 45°.

. BAI TAP

(Quan siat ba miit phang [F}, (Q). [R} a
Hinh 57, chi ra hai ciip mit phiing ma m&i ciip
2om hai miit phfin" vuong géc vai nhau. Hay
stf dung ki higu dé viét nhiing két qua dé.

2. Ching minh dinh Ii sau: Néu hai mat phang
vuong goc val nhau thi mat phﬁng nay chua -3 :
mot duding thing vubng géc véi miit phing kia.  Hinh dnh mé phing vé tinh LOTUSat-1
(Neudn: JICA Vigt Nam)
3. Chiing minh cédc dinh Ii sau: Hinh 57

a) Cho hai mit phing song song. Néu mét mit phang vudng géc véi mot trong hai
miit phing d6 thi vudng géc véi miit phiing con lai;

b) Néu hai mit ph;m;—: (phén biét) cung vudng goc vl mat phan“ thit ba thi song song
vdi nhau hoiic cit nhau theo mét giao tuyén vudng gée vdi mit phing thii ba dé.

4. Cho mét clu‘cjng thing khong vudng gée vdi mit phiing cho trude. Chiing minh ling
ton tai duy nhit mot miit phiing chita duding thing d6 vi vudng goc véi miit phiing

da cho.
Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhit, mit phiing (SAB) vuéng
g6e vOi mit ddy, tam gidc SAB vudng cin tai 5. Goi M 1a trung diém ciia AB. Chiing
minh ring:
a) SM L (ABCD); b) AD L (SAB); ¢) (SAD) L (SBC).
6. Cho liing tru ABC.A’B’C’ ¢6 tét ci cic canh cling biing a, hai mit phiing (A’AB) va
(A’AC) cung vudng géc vai (ABC).
a) Ching minh riing AA" L (ABC).
b) Tinh s6 do géc giita duding thiing A'B vii mijt phiing (ABC).

n
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§5 KHOANG CACH

Hinh 58 mé ta cach do chiéu cao clia mét ngudi khi kiém tra sic
khoé. Coi miit bin sit ngudi d6 ding 1én 14 mit phing (P), mit ban
sit dp viio ddu ngudi dé 1a mit phing (Q) song song véi (P).

2
?j\ Chiéu cao ciia ngudi do goi nén khdi niém
CA{: 2 nao trong hinh hoc lién quan dén hai
*{-f s mdi phdng song song (P) va (Q)?

Hinh 58

I. KHOANG CACH TU MOT PIEM DEN MOT DPUSNG THANG

Ta di biét khoang céch tit mot diém dén mot duding thfmg trong mat phfmg. Trong khong
gian, khdi niém khodng cich dé dude dinh nghia tidng tif nhu trong miit phfmg‘

— B e ae—— = M
Cho duding thing A va diém M khéng thude A. Goi

H 1a hinh chi€u ctia diém M trén duding thing A.
Do dai doan thing MH goi la khodng cdeh tit diém

. A
M dén duting thiing A, ki hiéu d(M, A). I
Hinh 59
Trong Hinh 59, ta c6 d(M, A) = MH.
Chui y: Khi diém M thude duding thing A thi d(M, A) = 0.
Vidul = Cho doan thing MN cé do dai @ va duding thiing M
A di qua N thoa min géc gitia hai duding thing MN va A 1a
@ (0° < @ <90°). Tinh khodng cdch tit M dén Atheo a, @ . p
P \
Giai. (Hinh 60) N 7
Goi H 1 hinh chiéu ctia M trén duding thing A. Khi dé b

d(M, A) = MH. Vi géc giita hai dudng thing MN va A 1a
@ nén MNH = ¢.

Suy ra MH = MN . sing = asing . Viy d(M, A) = asing .
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Il. KHOANG CACH TU MOT PIEM DEN MOT MAT PHANG

Khi 1dp thiét bi cho nhia ban Nam, bdc thg
khoan tudng tai vi tri M trén tiding ¢6 d6 cao so vdi nén
nha 1a MH = 80 ¢cm. Quan sit Hinh 61, nén nha ggi nén
miit phing (P), cho biét do dai doan thing MH goi nén
khdi niém gi trong hinh hoc lién quan dén diém M va miit
phiing (P).

Nhén xér: Po dai doan thing MH ggi nén khdi niém Hink 61
khodng céch tit mot diém dén mdt mit phing.

Ta ¢6 dinh nghia sau (Hinh 62):

. M
' Cho mit phing (P) va di€ém M khong thudc miat

phing (P). Goi H la hinh chifu cla M tén mit 2
phing (P). Do dai doan thiing MH g0i 1a khodng cdch <4
tit diém M dén mit phing (P), ki hiéu d(M, (P)). R

H

Hinh 62

Chii ¥: Khi diém M thude mit phing (P) thi d(M., (P)) = 0.

Vidu2 = Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh
vudng canh a, O 14 giao diém cia AC va BD, SO L (ABCD),
S0 = a. Tinh:

a) Khodng cdch tit diém S @én mit phiing (ABCD);
b) Khoang cich tit diém B dén mit phiing (SAC).
Giai. (Hinh 63)

a) Tacd: O € (ABCD), SO L (ABCD).

: . Hinh 63
Suy ra khodng céch ti diém § dén mit phing (ABCD) s
12 SO =a. P

b) Do SO L (ABCD), BO < (ABCD) nén SO 1 BO. 1 Cho hinh chép SABC

3 S e , ; . ¢6 SA L (ABC), Al 1 BC
Vi BO vuong goc véi hai dudng thing AC va SO cit nhau (1€ BC),AH 1 SI(H € SI).

trong (SAC) nén BO L (SAC). Do O € (SAC), BO L (SAC)  Chiing minh riing khoang
) a2 cich tit A dén mit phing
nén khodng cich tii B dén mit phing (SAC)laBO = T (SBC) bing AH.
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IIl. KHOANG CACH GIUA HAI PUSGNG THANG SONG SONG

Trong Hinh 64, hai mép cia con dudng gdi nén

hinh dnh hai duding thiing song song A vii A’. Xét diém A

trén dudng lhﬁng A

a) Khodng cdch tif diém A dén dubng thing A’ ¢6 phu
thude viao vi tri cha diém A trén dudng thing A hay
khong? Vi sao?

b) Khoing cich dé ggi nén khadi niém gi trong hinh hoc

; . : : Hinh 64
lién quan dén hai dudng thing song song A va A’?

Ta co dinh nghia sau:

[ Khodng cdch gilia hai dudng thing song song A, _
A’ 1a khodng cdch tif mét diém bt ki thude duding 0 .-

thiing nay dén dudng thing kia, ki hiéu d(A, A"). Hm -~
i ooy

Trong Hinh 65, taco d(A, A Y=ABvGiAe A,Be A,
AB1 AAB 1 N vaAll A

Vidu3 | Cho hinh hop ABCD.A'B'C’'D’ ¢6 AA’ = a, goc
gitia hai dudng lhfmg AB va DD’ biing 60°. Tinh khoang
cich giiia hai duding thing AB va A'B’.

Giai. (Hinh 66)

B

Goi H 12 hinh chiéu vubng gbcctia A’ tén AB. Do AB//A’'B" Hinh 66

nén d(AB,A’B") =A'H. [l;!

ViAA’ // DD’ nén géc giila dudng thing AB va AA’ biing 2 Ngudi ta dung céc cft
Hi s o 2 5 : e AR dén vudng géc vol milt

g6c gida dudng thing AB va DD’. Suy ra A'AH =60". ddng, ‘tong 06 mdi cot

Trong tam gidc vudng HAA’ ¢6 dén gdi nén hinh dnh mdt

adi duding thiang. Khodng cdch
2 gitla hai chin ¢ft dén lién
tiép do duge 14 5 m. Tai

a3 sao ¢6 thé néi khodng céch

Viy d(AB,A'B’) = = giila hai cot dén d6 12 5 m?

A'H=AA" . sinA’AH = asin60° =

- = - 2 2 L
IV. KHOANG CACH GIUA DUGNG THANG VA MATPHANG SONG SONG
Trong Hinh 67, thanh g6 doc phia trén cdc cOt v mit dudng hinh lang goi

nén hinh anh dudng thing A vad mit phing (P) song song véi nhau, chiéu cao cla
chiéc ¢dt ¢6 dinh cdt A 1a khodng cdch tit diém A dén miit phﬁng (P).
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a) Khodng cdch tit diém A dén mit phing (P) c6 phu thudc
viio vi tri ciia diém A trén duding thfing A hay khong?
Vi sao?

b) Khoang cich dé gdi nén khii niém nio trong hinh hoc ‘ S
lién quan dén dudng thing A va mit phiing (P)?

Ta c6 dinh nghia sau:

&g

Cho dudng thfmg A song song song vo1 mat phfing
(P). Khodng cdch gitta duding thing A vi miit phiing
(P) 1a khodng cdch tit mot diém bit ki thude duding , h
thing A dén mit phing (P), ki hiéu d(A., (P)). A

Trong Hinh 68, ta co: d(A, (P))=MM’ = h, trong do M € A,
M’ e (P). MM’ L (P)va All (P).

Vidu4 = Cho hinh chép S.ABCD c6 diy ABCD la hinh
vuong canh a, SA 1 (ABCD). Chiing minh CD // (5AB) va
tinh khodng céch gitia CD vi mit phing (SAB).

Gidi. (Hinh 69)
Do CD // AB, AB < (SAB), CD & (SAB) nén CD // (SAB). Hinh 69

o

ViD e CD nén d(CD, (SAB)) = d(D, (SAB)). 7@ i hinh chép SABC
Do SA L (ABCD), DA = (ABCD) nén SA L DA. ¢ SA = a, géc gilla SA va
2 O . , mp(ABC) 1a 60°. Goi M,

Vi DA vudng géc vdi hai duong thing AB, SA cit nhau N lan lugt 1a trung diém

trong (SAB) nén DA 1 (SAB). cia canh SA va SB. Chiing

, ) inh MN // (ABC) v tinh
Do 46 d(D. (SAB)) = DA = a. Vay d(CD, (SAB)) = a. o s

V. KHOANG CACH GIUA HAI MAT PHANG SONG SONG

a) Trong Hinh 70, san nha va trin nha cla ciin phong goi
nén hinh dnh hai mit phing song song (P), (Q). Chiéu
cao cta cin phong 1a 3 m.

Chiéu cao d6 goi nén khdi niém gi trong hinh hoc lién
quan dén hai mit phing song song (P), (Q)?

Hinh 70
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b) Cho hai miit phﬁng (P) va (Q) song song vdi nhau.
Xét diém [ tuy ¥ trong mit phing (P), 1dy K 1a hinh
chi€u cta I trén (Q) (Hinh 71). Khoang cich IK tit ~ j

I h
K

=l

diém I dén mit phing (Q) c¢6 phu thudc vio vi tri
cta diém 7 trong mit phing (P) hay khong? Vi sao?

Ta c6 dinh nghia sau:
Hinh 71

Khodng cdch giiia hai mit phing song song (P), (Q)
Ia khoang cdch tit mét diém bat ki thudc mit phing
nay dén miit phﬁng kia, ki kiéu d((P), (Q)).

Trong Hinh 71, ta c6: d((P)(Q)) = IK = h vG6i I € (P),
Ke (Q),IK L(P),IK L(Q)va(P)(Q).

Vide5 @ Cho hinh hdp ABCD.A'B’C’D’ ¢6 tat ci cic E;r: Cho hinh ling tru
canh biing a va ddy 1a hinh vuéng. Hinh chiéu cia A’ trén ~ ABCA’B’C” ¢6 canh bén
. N bW . " ; bing a, goc giita dudng

miit phing (ABCD) la giao diem H cia AC va BD. Tinh 3 > -
s i J thing AA' va mit phing
khodng cdch giita hai mit phing (ABCD) VA (A’B'C’'D’).  (ABC) bing 60°. Tinh
e oopps khodng cdich gitia hai mat
e (finai ) phing (ABC) v (A'B'C").

Vi H 1 trung diém clia AC nén AH = X 5

Do A’H L (ABCD) va AH c (ABCD) nén A’H L AH.

Xét tam grac AA'H vudng tai H co:

2
5 2
AH = An AR e | B2 L2
2 2
Suyra A'H =ﬁ.
2
Viy khoang cich gita hai mit phfing (ABCD) va

a-f

Hinh 72

(A’B'C’D’) bing A'H =

Vl. KHOANG CACH GIUA HAI DPUGNG THANG CHEO NHAU

- Trong Hinh 73, khudn clia phia trén va mép cinh ctia phia dudi gdi nén hinh
anh hai dudng th’ing a va b chéo nhau, hai ban 1& clia canh cita ndm trén dudng th;ﬁng c.
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Quan sit Hinh 73 va cho biét dudng thing ¢ ¢6 vita cit, ¢
vita vudng goc vdi ca hai duding thing a va b hay khong. &
Ta thita nhéin két qua sau: Cho hai duting thiing a va b :
chéo nhau. Khi dé, ¢6 va chi c¢6 mét duting thiang ¢ vita
vubng géc, vita cit ci hai duding thing a va b.

Tii d6, ta ¢6 dinh nghia sau:

' Cho hai duding thing a, b chéo nhau.

* Pudng thing ¢ vita vubng gée, vita ¢t ca hai Hinh 73
didng thing a va b dudc goi 1a dudong vudng gdc
chung ctia hai dudng thing do.

* Poan thﬁng ¢6 hai diu mit 1a giao diém cia
duding thiing ¢ v6i hai dudng thing a, b dude goi
1a dogn vuéng gée chung chia hai dudng thing dé. i
* Do dai doan vudng géc chung cia hai dudng L £
thiing a. b goi 1a khodng cdch gitia hai duding thing
dé, ki hiéu d(a, b). A 7
- — -l / K—l IJ .-'/..
Nhén xét: Goi mit phing chiia b vi song song véi a la il
(P), hinh chiéu cta a trén (P) la a’, giao diém ciiaa’ va b
la K. Khi d6, HK la doan vudng géc chung clia hai dudng y
thing chéo nhau a, b (Hinh 74a). Ngoai ra, ta ciing ¢6
d(a, b) = d(a, (P)). f.),-"' ' A >

Khi a L b, ta ¢6 thé lam nhu sau: Goi mit phing di qua ,,;6__ N
b va vubng géc véi a 1a (P). giao diém cta a va (P) 1a H, T
hinh chiéu ctia H trén b la K. Khi d6 HK la doan vudng o)
Ao o ha bl s " . Hinh 74
g6c chung clia hai duding thing chéo nhau a, b (Hinh 74b).

Vidu 6 @ Choling ru ABCD.A’B’C'D’ ¢6 diy ABCD 1a

hinh vuéng canh 2a, O lagiaodiémclaACvaBD,AA' =aq,
AA’ vudng gée véi mit phing chia ddy. Tinh:
a) d(AC,A’'B); b) d(CC’, BD). |
Gidi. (Hinh 75) 1 3 c
a) Vi AA” vudng géc véi ca hai mit phing (ABCD) va ALl E
(A'B'C'D’) nén AA" L AC, AA” 1 A’B’. Suy ra doan _H
thiing AA’ 14 doan vudng géc chung ctia AC vl A'B’. =
Vay d(AC,A'B')=AA" =a. Hinh 75

A o
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b) Vi CC’ vudng g¢ v6i (ABCD) nén CC’ L OC. Do ddy % |
ABCD 1a hinh vudng c6 O la giao diém ciia AC va BD 5 Cho hinh chép tam gidc
nén BD L OC. Suy ra doan thing OC la doan vuong ~ S-ABC ¢6 diy ABC I tam
g6e chung cua CC' va BD. EXLE S GO 4 = WAL

Viy d(CC’, BD) = OC = av/2.

B eaitir

1. Hinh 76 gdi nén hinh anh hai mit phﬁng (P)va (Q)
song song véi nhau. Cot gb cao 4,2 m. Khoang céch
gita (P) va (Q) la bao nhiéu mét?

Tinh d(SA. BC).

2. Cho hinh td dién ABCD ¢6 AB =a, BC = b, BD = c, |1l
ABC = ABD = BCD = 90°. Goi M, N, P lin lugt I
trung diém ctia AB, AC, AD (Hinh 77).

Hinh 76
a) Tinh khoang céch tii diém C dén dudng thing AB.

b) Tinh khodng cdch tit diém D dén miit phing (ABC).
¢) Tinh khodng cdch giita hai dudng thing AB va CD.

L
-

Vi gia thiét & Bai tip 2, hiy:

a) Ching minh riing MN // BC. Tinh khodng céch
giita hai duding thing MN va BC.

b) Chiing minh ring MP // (BCD). Tinh khoing céich
tif duting thiing MP d&n miit phiang (BCD). 5

¢) Chiing minh rﬁngﬂ(MNP) /I (BCD). Tinh khodng Hinh 77
cdch gitta hai miit phiang (MNP) va (BCD).

4. Cho hinh chép SABCD co SA L (ABCD), day ABCD
14 hinh vudng canh a, SA = a (Hinh 78).

a) Tinh khoang céch tit diém § dén dudng thing CD.
b) Tinh khoang cdch tif diém D dén miit phiing (SAB).
¢) Tinh khoang cdch tif diém A d&n miit phing (SCD).

un

Véi gia thiét & Bai tip 4, hay:

a) Chiing minh riing BC // (SAD) va tinh khoang céch
gitta BC va miit phiing (SAD).

b) Ching minh ring BD L (SAC) va tinh khodng cich
gitta hai dudng thing BD va SC.

B C
Hinh 78
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S6 ' 1HE TicH CUA MOT $6 HINH KHOI

¢ ddy la tam gide hodc ti gidc.

cd tinh chdt gi (Hinh 79)?

(Neuon: https:/ishutterstock.com)
Hinh 79

. HINH LANG TRU DUNG. HINH LANG TRU DEU

@ 1 Cho hinh ling try tam gidc c6 cic mit bén la hinh

chit nhéit & Hinh 80a, 80b. Hay cho biét méi canh bén ctia

ling tru d6 ¢6 vudng goc véi ciac mat diay hay khong.

Ta ¢6 cic dinh nghia sau:

V e — ]
* Hinh ling tru ¢6 canh bén vudng goc vai mit day

duge goi 1a hinh ldng tru diing.

* Hinh liing tru ding c6 ddy 1a da gidc déu goi la

hinh ldng tru déu.

* Hinh ling tru ding ¢6 ddy 1a hinh binh hanh duge
20oi 1a hinh hop ding.

HINH LANG TRU ﬂUNG HINH CHOP DEU.

Hinh ldng tru diing vdi ddy la
da gidc, ddc biét la da gide déu,

O 16p 7, ta da 1am quen véi hinh ling tru ding tam gidc va
hinh ling tru ding tid gidc, tic 1a nhiing hinh liang tru ding

A

i)

Hinh 80

b)

Chii ¥: Khi ddy ctia hinh ling tru ding 1an Iuot 14 ti gide, ngii gidc, lyc gidc, ta goi hinh
ling tru diing d6 14n lugt 1 hinh ling try diing td gide (Hinh 81a), hinh ling tru ding ngi

gidc (Hinh 81b), hinh ling tru ding luc gidc (Hinh 81¢).

B c' 4 s
E i
A’ Z:‘ ;
W & -
Ripisivipinriny C At B
J;.’ / E C
A _________” I
i) i)
Hinh 81
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Nhdn xét
* M&i miit bén ctia hinh ling tru diing 13 hinh chit nhit, mit phing chita n6 vudng géc véi
mat day.
* Hinh hép chii nhit la hinh hop ding ¢ day la hinh chu nhat.
Hinh hép chi nhét ¢6 6 mit la hinh chu nhit.
Néu mbi mét ctia hinh hop 14 hinh chii nhét thi hinh hip d6 1a hinh hdp chit nhat.
D6 dai cic duding chéo cia hinh hdp chii nhét Ii bing nhau.

* Hinh lip phucng 13 hinh hép chii nhit ¢6 it ¢a cde mit 13 hinh vudng.

Vidul = Cho hinh hop chi nhit ABCD.A'B'C’'D’ ¢6
AB = a, AD = b, AA’ = ¢ (Hinh 82). Tinh d¢ dai dudng

chéo cua hinh hdp chu nhat dé. : 1
Gidi A W=
Do C’C 1 (ABCD) nén C'C L AC. Theo dinh If Pythagore, N N
trong tam gidc vubng ACC’ ta c6: Sl T
AC?=AC*+ CC?=AC + % —— .

Ap dung dinh Ii Pythagore vio tam gidc vudng ABC, S
ta co; ! =

ACP=AB* + BC*=a’+ . f{ Cho hinh lip phudng

Viy d0 dai duong chéo clia hinh hop chit nhat  ©¢O canh bang a. Tinh 45
e dii dudng chéo caa hinh
ABCD.A'B'C'D’ 1 B ok 6

d=AC =va® ¥b* + 2.

- 2 - F
Il. HINH CHOP BEU. HINH CHOP CUT DEU
B Dé tao mo hinh mot thip chudng & Hinh 83a tit mot tim bia hinh vudng, ban
Diing ciit bd phin mau tring gdm bon tam gidc cin bing nhau cé diy 1a céc canh cla
tdm bia (Hinh 83b) roi gdp lai phdn mau xanh dé tao thanh mot hinh chép td gidc. Quan
sat Hinh 83a, 83b va cho biét:

a) Ddy clia hinh chép ma ban Diing tao ra I i gidc ¢6 tinh chat gi;

b) Cdc canh bén ctia hinh chép d6 ¢6 bing nhau hay khong.
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(Negudn: https:/Awww.shutterstock.com)
a) b)
Hinh 83

Nhdn xér: Hinh chép i gide cé ddy 12 hinh vudng vi cdc canh bén biing nhau 12
hinh chop ni gidc déu.

M0t cich tong quat, ta ¢6 dinh nghia sau:

gy ———} =

= - i = @ 2T W
Hinh chép déu 1a hinh chép 6 ddy 1a da gidc déu va cédc canh bén biing nhau.

Chui ¥

* Khi ddy cta hinh chép déu lan lugt 1a tam gidge déu,
hinh vuéng, ngii gidc déu, luc gidc déu, ta goi hinh chép
déu d6 14n lugt 1 hinh chop tam gide déu, hinh chép
gidc déu, hinh chép ngii gide déu, hinh chdp luc gide déu.

* Hinh chép tam gide déu c6 canh bén biing canh ddy 1a
tit dién déu.

Cé nhiéu vit thé trong thyc tién, trong khoa hoc — ki thuit .
xuit hién & dang td dién déu. Ching han: Trong hod hoc
¢é mo hinh td dién déu vé lai hoa orbital. Bén orbital lai
hod sp® ¢6 cdc truc d6i xitng tao vdi nhau mdt gée khoing
109°28" va hudng vé bon dinh ctia mot hinh i dién déu.
Su lai hoa nay dudc goi la lai hod sp3 hay lai hod wi dién
(Hinh 84).

Bao tang Louvre & thi d6 Paris (Phdp) 1a mdt trong nhiing
bao tang nodi tiéng nhit the gidi. Hinh 85 13 dnh chup kim e
td thdp kinh & bio tang Louvre, kim wi thiap kinh d6 c¢d (Ngudn: hups:#shutterstock.com)
dang hinh chép ti gidc déu. Hinh 85
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Ta d biét riing d6i véi mét hinh chép bt ki, doan thing p .
ndi dinh véi hinh chiéu chia dinh twén mat ddy duge goi 2 Cho hinh chép tam giac
e _ S N oo : déu S.ABC. Chiing minh
la ducong r,a.u :::ua Eﬁnh (ihép do; ft‘inh :::h:eu cua dmhﬁtrcrf s G it e 40, A
mdt ddy goi la chan duong cao cla hinh chép d6; do dai 5 phing chda day cdc

dudting cao dudge goi li chiéu cao cha hinh chop do. gdc bing nhau.

Vidu 2 = Goi di€ém O la chin dudng cao ctia hinh chép
tam giéc déu S.ABC (Hinh 86). Chiing minh riing diém O
cdch déu ba dicm A, B, C.

Gidi

Do SO 1 (ABC) nén SO L OA, 50O L OB, SO 1 OC. Xét
ba tam gidc vudng SOA, SOB, SOC, ta cd: SO chung,
SA = SB = SC, suy ra cic tam gidc vudng dé biing nhau.
Do d6 OA = OB = OC. Hinh 86

Vay diém O cich déu ba diém A, B, C, tiic 1a chin dudng
cao cta hinh chép tam gide déu S.ABC la tim dudng tron
ngoai tiép cta diy ABC.

Trong tridng hgp tdng quét, ta ¢ tinh chét sau:

@ Chén duting cao ctia hinh chop déu 12 tim dudng tron ngoai tiép cla ddy.

—— — —

Khdi bé tong & Hinh 87a gdi nén hinh Anh mot hinh chép bi et di béi mét phiing (R)
song song véi ddy. Hinh 87b 14 hinh biéu dién cta khdi bé tong & Hinh 87a. Hiy du dodn
v& moi quan hé giita cdc dudng thiing chita cdc canh A B A B, A B, A B,.

11|l S . i

a)

Hinh 87
Nhén xét: Hinh 87b ggi nén hinh anh cta hinh chép cut tit gidc déu.
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Trong truding hgp tong quét, ta c6 dinh nghia sau:

Cho hinh chép déu S.A A A,...A . Mit phing (P) song song véi ddy cta hinh
ch6p va ciit cdc canh SA |, SA,, ..., SA_ldn lugt tai B, B,, ..., B .

Phén ctia hinh chép di cho gidi han bdi hai mit phing (P) va (A AL A ) duge
2oi 12 hinh chdp cut déu AA,..A BB, B .

Trong hinh chép cut déu A Ay A B B...B , ta goi:
* Cic da giac A A ,.A B B ...B lan lugt 1a ddy lon, ddy nhe;

* Cédc i gidc A A Bzﬂi‘ A,,A,'B,rﬂ,], = ,A”.Alﬂlﬂn 14 cic mat bén:

* Cic doan lhang AB.AB,, .. A B lacic canh bén;

* Cic canh cia hai da gidac A EAE,..A", B]BE...B” la céc canh ddy,

* Poan thfmg ndi tim cia hai ddy 1a duwong cao; d6 dai dudng cao 1a chiéu cao.
Tuy theo ddy 1a tam gidc déu, hinh vudng, ngii gidc déu, ...,
ta ¢6 hinh chép cut tam gidc déu, hinh chép cut i gidc
déu, hinh chop cut ngil gidc déu, ...

Nhin xét

* Hai ddy ctia hinh chép cut déu niim trén hai mit phing
song song vi ¢6 cde canh tiong ting song song: dong thai

hai ddy d6 1a cde da gide déu c6 cling sd canh; Hinh 88

* MGi mijt bén ctia hinh chép cut déu 1a mot hinh thang ciin; K s

* Cic dudng thing chia canh bén cia hinh chép cut déu "3 Chohinh chépdéu S.ABC.
ciing di qua mét diém: Goi A°, B, C’ lin lugt 1a

e B— s O 1o ; . trung diém cha cic doan
Pudng cao cua hinh chop cut déu thi vudng gdéc vdi thing SA, SB, SC. Ching

hai ddy ctia hinh ch6p cut déu d6 (ching han, doan thing  ink ring phén hinh chép

00’ trong Hinh 88). da cho gidi han bdi hai miit
phang (ABC) va (A'B'C") 1a

Vidu 3 | Cho hinh chép cyt tam gidc déu ABC.A’'B’C’ hinh chép cut déu.

trong do tam giac A'B'C’ la day nho va A'AB = 60°. Tinh

g6c gida hai dudng thdng AA'vaBB'.

Gicdi. (Hinh 89)

Goi S 1a giao di€m cla ba dudng thing AA’, BB', CC’.

Vi hinh chép S.ABC la hinh chép déu nén SA = §B. Tam

giiiciﬁSi%B cin tai § v SAB = 60° nén 1i tam gidc déu, suy

ra ASB = 60°. Viy géc gitia hai duding thiing AA’ va BB’

biing 60°.

Hinh 89
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I1I. THE TICH CUA MOT SO HINH KHOI

Phiin khing gian duge gidi han bdi mot hinh ling tru (k& ¢ hinh Ling tru dy) duge goi
la khot ldng tru. Ta dinh nghia tudng tu cdc khdi sau: khai hop, khéi chép, khdi chép

cut déu.

Pinh, canh, miit clia cdc khoi ling tru, khéi hop. khdi chop, khdi chdp cut déu 1a dinh,
canh, miit cia cdc hinh ling try, hinh hdp, hinh chép, hinh chép cut déu wiong Gng.

1. Thé tich ctia khéi ling tru

S Hiy néu lai cong thic tinh thé tich ciia khdi ling
try diing tam gidc, khéi ling tru ding tif gidc.

Cho hinh ling tru A A,..A . A/A..A, (Hinh 90). Ta goi
chiéu cao ctia hinh ling tru d6 14 khoang cdch gitia hai miit
phiing song song (A A A ) Vi (A/A;A)).

Ngudi ta ¢6 thé chiing minh duge dinh If sau;

[ Thé tich ctia khéi ling tru bing dién tich ddy nhin

vidi chiéu cao.

Cu thé, tac6: V=S5 . h, trong d6 V 1a thé tich cha khéi
ling tru, S 1a dién tich cha ddy vi h li chiéu cao cia khéi
lang tru.

Nhdn xét

* Do chiéu cao cta khéi ling tru ding biing do dai canh
bén nén thé tich ctia khdi ling tru ditng bing dién tich ddy
nhan vdi dd dai canh bén.

* Vi khéi hop 1a khoi ling tru ¢6 ddy 1a hinh binh hanh
nén thé tich clia khoi hop bing dién tich ddy nhin vdi
chiéu cao (Hinh 91).

¢ Thé tich ctia khéi hop chi nhit véi ba kich thude: chiéu
dii a, chiéu rong b, chiéu cao ¢, 1a: V = abc.

* Thé tich ctia khéi lip phudng canh a 1a: V=a’.
Vidu4 = Tit mdt tim bia hinh vudng (Hinh 92a),
ngudi ta cit d bon gdéc cua tim bia d6 bon hinh vudng

bing nhau, md6i hinh vudng ¢ canh bing 6 cm, roi gip
tdm bia lai dé dugc mot chiée hop khong nip c6 dang
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Vlenh thé tich ciia khdi
ling tru ABC.A'B'C’ biét
tit cd cdc canh bing a v
hinh chiéu clia A’ trén miit
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ciua AB.
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hinh hop chit nhit (Hinh 92b). Tinh canh cia tim bia
ban dau, biét ring thé tich ctia chiéc hgp bing 600 cm®. [ SRS

Gidi

Gid sl tAm bia ban diu ¢é canh x (cm) (x > 12). Khi doé:

Ddy cia chiéc hdp la hinh vudng canh x — 12 (cm) nén

dién tich ctia ddy chiéc hap la (x — 12)* (cm?). a)

Ma chiéu cao ciia chiéc hdp 1a 6 cm, suy ra thé tich cla :
chi&e hop biing (x — 12)*. 6 (cm?). g oo 1

Theo d& bai, thé tich ciia chi&e hép biing 600 cm” nén
(x=12)*.6 =600 < (x-12)* = 100.
Véix>12taco:x—-12=10 x=22 (cm).

i)
Hinh 92

Viy d6 dai canh cta tim bia ban d4u 14 22 cm.

2. Thé tich ctia khoi chép va khdi chép cut déu
a) Thé tich ctia khoi chop

Ta goi chiéu cao ctia khéi chép la chiéu cao ctia hinh
chop wiong ing (Hinh 93).

Ngudi ta cé thé ching minh duge dinh I sau:

Thé tich clia khoi chép bing mot phin ba dién tich
ddy nhén véi chiéu cao.

Hinh 93

Cu thé, ta ¢o: V7 = %S . h. trong dé 17 1a thé tich cua khéi

chop. S la dién tich cua day va h la chiéu cao cua khéi chop.

Vidu 5 | Tinh thé tich cta khéi chép S.ABCD. Biét ddy
ABCD la hinh vudng canh a, SA 1 (ABCD), gbc gitta dudng
thiing SB va miit phiing (ABCD) biing 60° (Hinh 94).

Gidi .
Do SA L (ABCD) via BA chia trong (ABCD) nén SA L AB, Hﬂ
suy ra SA=AB . tanSBA.

Hinh 94
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Vi SA L (ABCD) nén géc gilia dudng thing SB va mit p

5 5 _ Fh% o SRR = 5 Cho khéi td dién déu
phiing (ABCD) biang SBA. Suy ra SBA = 60", ABCD i a. Chifes

T d6, ta c6 SA = a . tan60° = av/3. Miit khdc, do dign ~ Minhring thé tich fﬂ,ﬂ_“hﬁi
tich hinh vuéng ABCD 14§, , . = a® nén thé tich clia kh&i  uf dién d6 biing < 2 ;
chép S.ABCD Ia: Lt

3
s, sa=la o523

V = ; e
ABCD 3 3

1
SABCD §'

b) Thé tich ciia khéi chdp cut déu

Ta goi chiéu cao cta khdi chép cut déu 1a chiéu cao cta hinh chép cut déu tiong tng.

Ngudi ta ¢6 thé chiing minh duge dinh Ii sau:

Thé tich ctia khéi chép cut déu duge tinh theo cong thiic:
1
V=Zh(S, + |55, +S,).

trong d6 h 1a chicu cao va S|, 5, kin lugt la dién tich hai ddy ctia khéi chép cut deu.

Vidu 6 = Cho khoi chép cut tam gide déu ABC.A'B'C’
cé chiéu cao biing 3a, AB = 4a, A'B’ = a (Hinh 95). Tinh
thé tich ctia khéi chop cut déu ABC.A'B'C'.

Gidi
Dién tich tam gidc déu ABC Ia;
S1=%AB.AC.sinm=;.4a.4a.sinﬁﬂ"=4ﬁaz. B

Hinh 95
Dién tich tam gidc déu A'B’C Ii:

_3d

5, = %A'B'.A'C’ .sinB'AC’ =% .a.a.sin60" =

g

o L " - A » ¥ IR ‘ r
Thé tich khéi chép cut déuw ABCA'B'C’ la: r/& Mot thing dyng réc
I NEV RN P ¢6 dang khdi chép cut ui
V= 5 3a.| 43+ Jflﬁaz 3 3 4 gidc déu vdi hai canh ddy
lin lugt dai 2 dm vi 3 dm,
21434° chiéu cao biing 4 dm. Tinh
SN TR thé tich ctia thiing dung réc.
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B saiTAp

1. Quan sat va cho biét chiéc dén treo
G Hinh 96a, tram khao sdt triic dia
4 Hinh 96b ¢6 dang hinh gi.

(2]
H

Cho hinh chép déu S.ABCD c6
cdc canh bén vi cdc canh ddy déu
biing a.

a) Ching minh rﬁng cdc tam giac =1 b

ASC va BSD la tam gidc vudng cén. Hinh 96

b) Goi O la giao diém clia AC vii BD, chiing minh riing dudng thiing SO vudng géc
va1 mit phiang (ABCD).

¢) Chiing minh riing gée gitta dudng thiing SA va miit phing (ABCD) biing 45°,

3. Cho hinh ling tru diing ABCD.A’B’C'D’ ¢6 day ABCD la hinh vudng canh a. Géc
gitfa dudng thing AC’ va mit phing (ABCD) biing 60°.
a) Chiing minh riing hai mit phiing (ACC’A’) va (BDD’B’) vuéng géc vdi nhau.
b) Tinh khodng cdch giita hai dudng thing AB va C'D’.

4. Mot chi&e bdnh chung c6 dang khoi hop chii nhit véi kich thude ba canh [a 15 em,
15 cm v 6 cm. Tinh thé tich cta chi€c banh chung d6.

tn

Mot miéng pho mét c6 dang khéi ling tru ding véi
chiéu cao 10 cm va diy la tam gidc vudng cin co
canh géc vudng bing 12 em. Tinh khdi ludng clia
miéng pho madt theo don vi gam, biét khéi Iigng
riéng cia loai pho mdt dé 1a 3 g/em’.

6. Mot loai den dd mudi c6 dang khéi chép i gide déu
(Hinh 97). Tinh theo a thé tich cta dén dia mudi dé,
gia st cde canh ddy va cdc canh bén déu bing a.

7. Ngudi ta xdy dung mot chin thap bing bé téng ¢6 0
dang khoi chép cut i gide déu (Hinh 98). Canh ddy
duidi dai 5 m, canh ddy trén dai 2 m, canh bén dai 3 m.
Biét riing chén thdp dugce lam bing bé tong tidi véi
gid tién la 1 470 000 déng/m?. Tinh s& tién dé mua

bé tong tvdi lam chén thap theo don vi dong.

Hinh 97

Hinh 98
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BAI TAP CUOI CHUONG Vi

1. Cho hinh ldp phudng MNPQ.M'N’P’'Q’ ¢6 canh bing a.
a) Géce giiia hai duding thing MN vi M'P’ bing:

A 3. B. 45°. . 60", D. 90°.

b) Goi & l1a s6 do géc giita dudng thing M’ P va mijt phiing (MNPQ). Gid tri tan e
biing:

Al B.2. . T

V2

¢) SO do cha géc nhi dién [N, MM, P] bing:

A. 30°, B. 45°. C. 60°. D. 90°.

d) Khoang cich tit diém M dén miit phiing (NQQ’N’) biing:

A. a. B. i, € chJE, D. E,
J2 2

2. Cho hinh hép chi nhit MNPQ.M'N'P’Q’ ¢6 MN =2a,. MQ = 3a, MM’ = 4a. Khoang
cdch gitta hai duding thing NP va M'N’ biing:

A. 2a. B. 3a. C. 4a. D. 5a.

3. Cho khéi ling try ¢6 dién tich ddy biing a* va chitu cao biing 3a. Thé tich cta khai
ling tru d6 biing:
A B. 34 . C. =& D. 94’

n - - . - - n 2 » 0 w - El ) - B
4. Cho khdi chép ¢6 dién tich ddy 14 ¢ va chiéu cao 14 3a. Thé tich ctia khéi chop béng:
3

A:a B. 3a’, G % D.9a".

5. Cho tit dién OABC tho min OA =a, OB=b, OC=c¢, AOB = BOC = COA =90°.
Thé tich cta khoi wd dién OABC biing:
A. abc. B. H—M. . ﬁ D.ﬂ—bc.
2 3 6

6. Cho hinh chop S.ABC ¢6 SA L (ABC),AC L BC,SA=BC= aﬁ, AC = a (Hinh 99).
a) Tinh géc giiia hai dudng thing SA va BC.
b) Tinh géc gitta dudng thang SC va mit phiang (ABC).
¢) Tinh s6 do clia goe nhi dién [B, SA, C].
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d) Tinh khodng céich tit B d€n mit phing (SAC). 3
e) Tinh khodng cdch giita hai duting thing SA va BC.
g) Tinh thé tich ctia khéi chép S.ABC.

av3
7. Cho hinh liing tru tam gidc déu ABC.A'B’C’ ¢6 tat

ca cdc canh biing a. Goi M la trung diém cla AB
(Hinh 100).

a) Tinh goc gnia har dudng thfing ABvaB'C'.

b) Tinh géc gitta duding thiing A’B vi mit phing (ABC).
¢) Tinh s6 do ctia gée nhi dién [B, CC', M.

d) Chiing minh ring CC’ // (ABB’A’). Tinh khoing
cich gitta duding thing CC’ v miit phiing (ABB'A").
e) Chiing minh ring CM L (ABB’A’). Tinh khodng
cich gitta hai duding thang CC* va A’M.

g) Tinh thé tich cta khéi ling tru tam giic déu
ABC.A’B’C’ va thé tich khéi chép A’ MBC.

A

8. Hinh 101 14 hinh chup dén Kukulcan, 13
mot kim ty thdp Trung M§ niim & khu di
tich Chichen Itza, Mexico, dudc ngudi
Maya xiy viio khodng tii thé ki IX dén
thé& ki XII. Phan thén ctia dén, khong bao
gdm ngdi dén nim phia trén, ¢6 dang
mot khoi chop cut i gide déu (khong
tinh cdu thang vi coi cdc mijt bén li
phing) véi do dai ddy dudi 1a 55,3 m,

chiéu cao 14 24 m, géc gitia canh bén va

miit phﬁng ddy 1a khoang 47°. (Neuon: https:#shutterstock.com)

(Ngudn: htps:/vi.wikipedia.org) Hinh 101

Tinh thé tich phén thin ngdi dén cé dang khdi chdp cut tf gidc déu do theo don vi
mét khdi (1am tron két qua dén hang phin trim).
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| HOAT BONG THUC HANH
/ VA TRAI NGHIEM

CHU BE 2: TiNH THE TiCH MOT SO HINH KHOI
TRONG THUC TIEN

I. NOI DUNG CHINH CUA CHU PE

1. Nhiic lai cong thidc tinh thé tich khéi ling tru, khoi hop, khoi chép va
khdi chop cut déu

; wi 1

Cong thuc tinh thé tich khoi chop: V = ES h
Trong d6 V, S, h 1an lugt 1a thé tich, dién tich ddy, chiéu cao ctia khdi chdp.
— Cong thic tinh thé tich khéi ling tru: V=15 . h.
Trong d6 V, S, h 1an gt la thé tich, dién tich day, chiéu cao cia khéi ling try.
— Cong thic tinh thé tich khdi hop: V=S. h.
Trong d6 V, S, h lan lugt la thé tich. dién tich day, chiéu cao cua khoi hop.

V- |
Cong thic tinh thé tich khoi chop cut déu: V = ?MS' +45,5, +5,).

Trong d6 V. b, §,. S, lan luct la thé tich, chiéu cao, dién tich hai ddy cta khai chdp cut déu.

2. Vi du tinh thé tich trong thuc tién

Vidu  Baitodn bé boi
Trong khudn vién ctia mjt khéich san, ngudi ta mudn xidy mét bé bai ¢6 kich thude va
hinh déng nhu trong Hinh 1. Tinh thé tich nude t6i da ma bé boi ¢6 thé chida dudc.

v
P 7.5 m
P

- N\
i\v

i%‘-rn_ :’hm 5 ?n.'&mi
1.Em l.Em

Hinh 1 Hinh 2
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Gidi
Xem bé bai 12 mot khéi ling tru ding ¢6 chiéu cao bing 7,5 m v miit ddy 13 mot da gidc
8 canh.

Chia miit ddy ctia khéi ling tru thanh 2 phdn: m6t phin 13 hinh chif nhit v mdt phén 1a
hinh thang cin (Hinh 2).

Tiit Hinh I va Hinh 2, ta thﬁy hinh chil nhit ¢6 cde kich thude 1a: chiéu dai 13.4 m va chiéu
rong 1,2 m; hinh thang cin ¢6: ddy 16n 6,4 m, ddy bé 2,8 m va chiéu cao 1,2 m.

Dién tich miit ddy chia khoi ling tru 1a:

S=12. 13,4+%(5,4+2,3} .1,2=21,6 (m?).

Thé tich nudc t6i da ma bé badi ¢6 thé chita duge bing thé tich ciia khoi ling try do:
V=S.h=216.75=162 (m).

Il. GO Y TO CHUC CAC HOAT DONG THUC HANH VA TRAI NGHIEM

Tién trinh tO chiic cdc hoat dong bao gdm: phin chudn bi; phan thuc hién; phin tong két.

1. Phan chuén bi

Gido vién thuc hién nhiing nhiém vy sau:

— Chia I6p thanh nhtng nhom hoc sinh;

— Giao nhiém vu cdc nhém tinh todn chi phi vit liéu lam bao bi chida cliing mdt loai sin
phim vi lya chon ki€u bao bi ¢6 chi phi thip nhat.

M&i nhém hoc sinh trao d6i, thdo ludn dé xdc dinh 16; Nhiém vu clia nhém va
thdi gian hoan thanh nhiém vu do; nhiém vu cia titng thanh vién trong nhém va thai gian

hoan thinh nhiém vu dé.

=% Mo6i nhém hoc sinh tién hanh 1dp k& hoach thiic hién nhiém vy. Cu thé nhu sau:

— Stiu tim cdc sdn phim cing loai nhung ¢6 hinh dang bao bi khéc nhau (nhu: ¢6 dang
khdi hop chu nhit, khéi tru, khéi chop, khai chop cut déu, ...). Chf‘mg han, san phﬁ?m sifa
diic v6i khéi lugng tinh 380 ¢ ¢6 hai dang bao bi khdc nhau nhu & Hinh 3.
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Hinh 3

— Lua chon loai san phiim va nhiing hinh dang bao bi ¢ta loai san pham dé. Tién hinh
do cdc kich thude va tinh thé tich, dién tich toan phan ciia cdc bao bi san phim.

~ Tim hi€u vé gi thanh sén pham bao bi, dy dodn chi phi bao bi.

2. Phan thuc hién
~ Béo céo tim hiéu vé sin phim va bao bi san phim.

Chéng han, d&i véi san pham trong vt dyng & Hinh 3, bdo cdo theo miu sau:

Tén san phim: Bao bi ciia sin phim siia diic

1y Hinh dang | ai | Chiéu rong | Chiéu cao tich t:i“m
bao bi (cm) cm) (em?) ‘"’f !
(em”)
i Khoi hop ) o 9 5 o
chit nhat
Puiing kinh day
{cm)
P Khéi tru ) ? ? ?
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Bio cdo tim hiéu vé gid thanh sin phdm bao bi, tinh toan chi phi bao bi theo miu sau:

Chi phi bao bi tinh vao
gid bdin sin phim
Gid thanh san phim | (nghin ding/em’ néu
STT | Hinh dang bao bi | Chét liéu bao bi bao bi sdn pham tinh theo dung
(nghin dong/m?) tich hodic nghin dong/g
néu san phim tinh theo
khéi lugng)

— Dyia trén bdo cdo, m&i nhém Ia chon kiéu bao bi ¢6 chi phi san xuét thip nhit cho loai
san phim ma nhém d3 chon.

3. Phan tong két

@ &P Lam viéc chung ca 16p.

- Cac nhom bao cio két qua va giai thich cdch 1am clia nhém, ci 16p gép ¥ cho tiing nhém.

— Téng két va riit kinh nghiém.

Ill. PANH GIA

Gido vién tién hanh tong két, rit kinh nghiém va danh gia.

Hinh thiic ddnh gid: Theo hinh thiic dinh gid cia hoc tip du 4n.

1. Danh gid hoat dong ¢4 nhéin

* Mdi ¢d nhén i ddnh gid vao phiéu cd nhén.

+ Nhém ddnh gid tiing thanh vién trong nhém vio phiéu ddnh gid cd nhin,
2. Panh gid hoat dong va san pham cia nhom

+ Nhém ty ddnh gid lai hoat ddng ciia nhom va cho diém vio phiéu ddnh gid hoat dong
cua nhom.

» Gido vién va cdc nhém ddnh gid vi cho diém phan trinh bay cla tiing nhém vio phiéu
dinh gid hoat déng nhém.
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THUC HANH PHAN MEM GEOGEBRA
A (NEU NHA TRUGNG CO DIEU KIEN THUC HIEN)

I. GIGI THIEU VE GEOGEBRA 3D

GeoGebra c6 nhiéu dng dung phit hgp véi nhiing nhu ciiu sif dung riéng biét, viéc thyc
hanh vé cdc mo hinh hinh hoc khong gian ¢6 thé duge thug hién trén trang web hoiic phiin
mém tng dung sau: 3D Calculator (https://www.geogebra.org/3d); GeoGebra Classic
Hién thi dang 3D.

Sau diy khi thuc hién v& hinh 3D, ta c6 thé sit dung mot trong cdc cich trén.

Il. THUC HANH PHAN MEM GEOGEBRA

1. Thuc hanh vé hinh

a) Vé mdt phdng

CACH 1. Tao ba diém phén biét roi st dung cong cu [EJ dé vé miit phiing qua ba diém d6.
CACH 2. Sit dung cong cu E] dé vé mit phing qua mdt da gidc, mit phiing qua mot

dudng conic, mit phing qua mét diém va song song véi mot mit phing, mit phiing qua
hai duding thing khong chéo nhau, mit phing di qua ba diém phan biét.

b) Vé dwong thing song song voi mdt phang
—h

b)

Hinh 1
Bude 1. V& mdt mit phiing p.
Butde 2. VE mot diém nim ngoai mit phiing p va mdt dudng thiing niim trong miit phing p.

Bude 3. Vé mot dudmg thing di qua diém D va song song véi duomg thing nim trong
mit phﬁng p viia tao (Hinh la).

Bude 4. An cic d6i wigng phu, ta dude hinh dnh duéng thing song song von mit phiing
(Hinh 1b).
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¢) Vé mdt phdng song song voi mdt phdng
Sit dung cong cu E] dé v& mot mit phing di qua mot diém va song song véi miit phiing
cho trudc.
d) Vé dwong thing vudng gdc véi mit p.’u}:ng
' % 5 = . o4 -
St dung cong cu dé v& mot dudng thing di qua mot diem va vudng goc vor mot mat
phiing cho trudc.
e) V& hai mdt phing vuong goc
Bitde 1. V& mot mit phing p.
Bude 2. VE mot dudng thiang ndm trong mét phing p.

Bude 3. 51 dung cong cu [I] vé mdt miit phiing qua mét diém vi vudng gée véi dudng
thiing vifa tao.

Butde 4. An cdc d6i wigng phu, ta duge hinh dnh hai mit phiing vudng géc (Hinh 2).

_,9 “"q Thyc hianh v& hai mit
a phiing phéin biét ciing vudng
a g6e véi mit mit phiing khic.

u
| hd

{

Hinh 2

2. Tao mé hinh hinh khong gian sif dung céng nghé thuc t& o ting cuing
trén GeoGebra

a) Cong nghé thuwe 16 do ting cuwong (Augmented Reality)

Cong nghé Augmented Reality (viét tit Ia AR) hay con goi la cong nghé thuc t€ do ting
cudng. Thuit ngit thue € ting cudng (AR) xudt hién l4n diu tién vio nhiing nim 1960
vit ban diu hé thong dugce thiét ké dung cho AR va VR (Virtual reality). Cong nghé AR
cung cip cho ngudi ding kha niing nhin thiy v tuong tdc véi nhiing vit thé do (khai
ling try, hinh hop, ...) mot cdch chiin thit va sdng dong nhit. Va syt khéc biét, ciing 12 1¢i
thé ctia AR so vdi cic phin mém 3D thong dung khdc la ngudi sit dung cé thé di chuyén
trong khong gian trong lic cim chiéc dién thoai v quan sdt duge nhiing hinh anh do
trong khéng gian 16p hoc. Cong nghé AR ciing khong kha dé tiép céin, chi cin mét chiéc
dién thoai théng minh hoiic may tinh bang, chiing ta di ¢ thé sir dung duoc thong qua
cac phan mém ho trg AR mdt cich dé dang.
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b) Thite hanh tao mé hinh sit dung céng nghé thuc té do tdng cuong trén GeoGebra

Trude hét, ta cin tai phin mém GeoGebra 3D Calculator trén dién thoai théng minh
hodc may tinh bang.

Vidu I = Tao md hinh td dién.

Bitde 1. Vao phan mém GeoGebra 3D Calculator. Giao dién ctia phan mém tidng ty nhu
sti dung trén mdy tinh.

>
Ba gide
14

Bude 3. St dung cong cu mnri:nnam va chon vao tam gidc vila tao, sau do nhiap do cao bit ki
i MR

(Hinh 3), ta dugc td dién nhu Hinh 4.

Bucic 2. S dung cong cu vi tao mdt tam gide bat ki trong mit phiing.

Hinfi 3 Hinh 4

Butde 4. Nhin vao biéu tuong AR & gbe phii giao dién. Sau d6 chon vi tri dét td dién trén
man hinh thiét bi va di chuyén xung quanh dé quan st ti dién tif cic hudng khdc nhau
(Iuu ¥ vin hudng camera cua thi€t bi vio vi tri diit td dién ban dau) (Hinh 5 va Hinh 6).

E 2 Thuc hanh vé hinh chép

Wi gidc wén phin mém
GeoGebra 3D Calculator
vit chuyén sang ché do AR.

Hinh 5 Hinh 6

3. Thuc hanh tinh cic s6 dic trung do xu thé trung tim cho mau sé liéu
ghép nhom

Vidu 2 Tim tir phin vi cho mau s6 liéu ghép nhém trong Vi dy 6 trang 11.
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Hudng ddn

— Nhip viio S Hiénthi Spreadsheet d¢ hién thi bang tinh. Tai 6 A1, nhip tén 13 “Gia tri diu
mat”, Tai 6 A2 nhip “30”, Tai 6 B1 ta ddt tén 12 “D6 dar”, Tai 6 B2 nhdp “10”. Nhip
cong thic cho 6 A3 “=A2 + B$2". Sao chép cong thic cho cdc 6 A4:AS.

Tai 6 C1, nhip tén la “Nhom”. Nhip cong thic cho 6 C2 *"[" + A2 +";"+ A3 +")""
roi bam phim Enter. Sao chép cong thic cho cic 6 C3:C7. Tai 6 DI, nhip tén i “Tin
s0"". Nhip cdc gid tri tAn s6 cta tiing nhém cho cdc 6 D2:D7. O D8 ghi kich thude miu.

—Tai 6 El, nhiip tén 14 “Tén s& B O . - S
. . . 1 Gig trj dau mot B dai  Nhom Tansd  Tén so tich lu§
tichlu¥. Tai 6 E2, nhap“=D2". 2 ag 10 [30:40) 2 2
Tai & E3. nhip “= E2+D3". 3 40 [40:50) 10 12
; 3. nhap ) 4 50 [50:60) 16 28
- PRES R T i 5 60 [60;70) 8 36
Chon 6 E3 va tien hanh sao s 24 [70.80) : =
chép cong thic cho cic 6 7 80 [80:90) 2 40
E4:E7 (Hinh 7). & X _ ”
Hinh 7

— Ta1 6 B10, nhap =D& / 27; E10 nhap “=D8/4"; H10 nhap “= 3*D8/4". Tao danh sach:

chon cic 6 A2:A7, bim vao {1'2]J va ;;',;4.:.1..?:-5.-'-;[@ danhsach ; it tén “bdau™; chon | Tao |.
Tudng tf cho D2:D7 va dit tén “ts”; E2:ET dit tén “tl”.

— Tai khung nhép lénh, nhip tling 1€nh
Nhap énh tach = DySE[E10] : Nnép énh bo=BoRaltl tach] - Nnap kenh. hang=ChiSolGTNNIo], 1] .
Tudng tu cho cdc lénh:

Nhép lénh tach2=DaySo[H10] . | Nhap Iénh. bo2=B6Raltl, tachZ] .| gy gan hana2=ChiSolGTNNI: 21, t]

~Tai 6 B12; E12: H12 lin lugt nhip “=B2".
Tai 6 B13, nhiip “=GTNN[Lay[tl, hang - 1, hang -1]]".

& | BB D E | R |G [-H

Tai 6 E13, nhip “=GTNN[Lay[tl, hangl - 1, hangl -1]]". wow 20 w 1 3w 3
Tai 6 H13, nhip “=GTNN[Lay[t], hang2 - 1, hang2 -1]”. 5% o © w |
Tai 6 B14, nhap “=GTNN[Lay[ts, hang, hang]]". o L e
Tai 6 E14, nhip *=GTNN][Lay[ts, hangl, hang1]]". o2 % o 4 03 6
Tai 6 H14, nhip “=GTNN[Lay[ts, hang2, hang2]]". Hinh &
Tai 6 B15 (tinh Q,), nhip “=B11 + ((B10 - BI13)/B14)B12",
Tai 6 E15 (tfnh Q,), nhip “=E11 + ((E10 - EI3)/E14)E12”,
Tai 6 H15 (tinh Q,), nhdp “=H11 + (H10 - HI3)/H14)H12".
Ta duge két qua Q  =48,Q,=55,Q, =625 (Hinh 8).
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BANG GIAI THICH THUAT NGU

THUAT NGU'

hién cd déc lap
hién ed giao
bién ¢6 hap

hién ¢d xung khilc

dao ham cip hai cia him s6
y=fix) tai x

dao him cia him sé y = fix)
tai x,

dudng thing vudng goc vii
miit phiing

e nhi dién
ham so logarit

ham s06 mi

hinh chép cut déu

hinh chép déu

hinh léing tru déu
phudng trinh logarit
phudng trinh mi

sd do ciia gie nhi dién
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GIAI THICH
hai bién ¢& A va B dugc goi 1a dic 1dp néu viée xdy ra hay
khong xdy ra cha bién cd nay khong lam anh hudng dén
xdc suft cha bién cf kia
giao cha tip hdp cic két qud thudn lgi cta bién cd A vi
bién cd B
hop cua tip hop cdc k&t qui thudin 1gi coa bién ¢d A hoiic
bién ¢6 B
néu tip hgp cde k&t qua thudn 1¢i clia bién ¢f A va B giao
nhau bing réng thi A v B goi 12 hai bién ¢d xung khic
dao ham cha ¥ tai x (néu ¢d) vai v 1a dao ham cia ham
s6 v = flx) tai x

19~ fxo)

gidi han hifu han (néu ¢6) lim =
X - X,

E o & T
58 y = flx) xdc dinh trén khodng (a ; b) va diém x, thue
khodng da.

v ham

duong thing vudéng géc vdi moi dudng thing trong
miit phing

hinh gém hai nita mét phiing cé chung b
ham sa c6 biéu thifc v = log, x(a>0,a=1)

ham s6 c6 biéu thic y=a* (a>0,a= 1)

phin ciia hinh chép déu bi gidi han bdi mit ddy va
miit phiing (P) song song vdi ddy ciit hinh chép déu d6

hinh chép ¢é diy la da gide déu va cic canh bén
biing nhau

hinh ling tru diing c6 ddy 1a da gidc déu
phudng trinh ¢6 chida én trong biéu thic dudi déu 16garit
phudng trinh ¢6 chifa dn & s& mii cha lu§ thita

s do cilia goc phiing nhi dién tudng ting vdi géc nhi dién dé
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BANG TRACUUTUNGU

bat phwong trinh Iogarit

bat phurong trinh mi

bicn ¢o giao

hién cb hop

bién co xung khic

cach tinh dao ham bang dinh nghia
cin bic n

cong thirc cong xic suat

cong thire nhin xdc suat

cor 80

dao ham

dao ham cap hai

dao ham cua ham hop

dao ham ciia ham o logarit
dao him ciia ham s6 luong giac
dao ham ciia ham s6 mi

dinh li ba duomg vuong goc
do1 co s0 cua logarit

dwromg t_hfing vudng goc Vol
mat phang

gia toe tire thiri

gia toc trung binh

gid tri dai dién

gbc gitta hai dwimg thing trong
khéng gian

goc gira duomg thing va mat
phang

goc nhi dién

goc phing nhi dién

BPoc ban maéi nhat trén hoc10.vn

TRANG

20
27
39

69
67
63
67
87

B0

74
74

77

39

91

st

L

hai mit phing vudng goc

ham so logarit

hinh chép cut déu

hinh chép cut tir giac déu
hinh chép déu

hinh ling tru déu

hinh ling tru dimg

khoang cich giira hai dwong thing
chéo nhau

khoang cach tir mot diém dén
mét mit phing

logarit cua mot luy thira
logarit thap phin

logant tu nhién

phép chi¢u vuéng gaoc

phép tinh l6garit

phép toan trén cac bién co
phuong trinh mii

phurong trinh 16 garit

s0 do ctia goe nhi dién

s0 gia clia bién s6

56 gia clia ham s6

sur bién thién cia ham so logarit
sur bién thién cia ham s6 ma
tan s6 tich luy

thé tich cia khéi chop cut déu

tir dién déu

Ban sach mau

111
109
107
107

104

101

48
49
92
6l
61
45
41
G
114

109

127



NHA XUAT BAN DAI HOC SU PHAM
Bia chi: Tang 6, Toa nha s6 128 dugng Xuan Thuy, quan Cau Giay, TP. Ha Noi
bién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trach nhiém xudt ban:
Gidm déc - Téng bién tap: NGUYEN BA CUONG

Chiu trdch nhiém té chire bdn thdo va bdn quyén néi dung:
CONG TY €O PHAN DAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Ch tich Hoi déng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tap:
LE HUY AN — NGUYEN THI NGAN —BAO ANH TIEN — PHAM THI DIEU THUY

Thiét ké sdch:
NGUYEN THI PHUONG YEN

Trinh bay bia:
NGUYEN MANH HUNG
Stra bénin:
LE TRUNG DUNG - VO MANH HUY

Trong sach ¢ st dung mét s6 hinh dnh trén internet, Tran trong c¢dm on cic tac gia.

TOAN 11 - TAP HAI

Ma sé:
ISBNE s
It ... cudn, khd 19 x 26,5cm, tai ......
ENE O ivnansvssmmiianesisnnsivsssssss e
S6 xac nhan dang ki xudt ban: ..-./... f..~./...
Quyét dinh xuat ban sé: .... /...-.. ngay ... /... /...
In xong va nép luu chiéu

Boc ban moi nhat trén hoc10.vn Ban sach mau



Mang cudc séng vao bai hoc
Puwa bai hoc vao cudc séng

——

7’

@ oan 11 la cuén sach gido khoa danh cho hoc sinh
I6p 11, thudc bé sach gido khoa “Canh Diéu’, thuc hién theo
“Chuang trinh Gido duc phé théng 2018".

Sach gom hai tap va chuyén dé hoc tap dugc bién soan
dép ung yéu cdu phét trién pham chat va niang luc cla
hoc sinh. Cac hoat déng hoc tap dugc té chic theo tién
trinh tir dé dén khé, huéng dén viéc kham pha, phat hién,
thuc hanh, van dung giadi quyét van dé trong thuc tién,
phl hop vdi trinh d6 nhan thic cta hoc sinh. Sach dugc
trinh bay hap dan, khoi goi su tdo mo, kich thich hing thu,
tao dung niém tin trong hoc tap mén Toan & hoc sinh.

Sach la san pham tam huyét cla tap thé tac gia - nhing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phé théng.

SACH KHONG BAN



