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BIEU TUONG

DUNG TRONG SACH

: CAU HOI KHO1 PONG
2 Ggimd van dé, dan dét hoc sinh vao bdi hoc

GiUp hoc sinh phan tich, kién tao kién thidc mdi
véi su hudng dan cla gido vién

HOAT PONG

KHAM PHA KIEN THUC
Phat hién kién thlc mdi ti hoat dong

ﬁr KIEN THUC TRONG TAM
*__» Noidung kién thic trong tam

LUYEN TAP — VAN DUNG

" «S0 dung nhiing kién thic vifa hoc dé Iam
nhing bai tép co ban

« Van dung kién thic da biét dé gidi quyst
vén dé, dac biét nhiing van dé thyc tién

ﬁm, LUUY
¥~ Nhang kién thic, ki nang can luu y thém

lr I I TIM HIEU THEM

Gitp hoc sinh fim hiéu thém nhing kién thdc mai
gbép phdn md rong ndi dung bdi hoc

Cac em giir gin sach can than, khéng viét vao sich dé sif dung dugc lau dai.
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Cdcem hoc sinh lop 12
. yewquy!

Nam hoc ndy, chang ta lqi vui miing gdp nhau qua cudn séch Todn 12,
Sach Todn 12 tiép tyuc gitp cac em cé thém nhidu hiéu biét vé mot s yéu
t6 gidi tich (nhu: Ung dung dao ham dé khdo sat va vé dd thi clia ham sé;
nguyén ham; tich phan), phucng phdp toa dd frong khdng gian (nhu: toa dé
clia vectd trong khéng gian; phudng trinh dudng théng, mét phdng, mat cdu
trong khéng gian). Cac em clng dugc tiép fyc lam quen vai théng ké va
xac sudt; tién hanh nhing hoat ddng thyc hdanh va tréi nghiém; ddc biét vé
nhing hoat ddng tai chinh don gidn; s dung phdn mém todn hoc trong
thi/c hanh tinh todn vé vé hinh hinh hoc. Qua dé gitip cac em hiéu biét thém
nhing céng cu quan trong clia todn hoc trong viéc gidi quyét cac van dé
thyc tién.

Nam hoc ndy clng I& ném hoc cudi clng clia cdc em & cdp trung hoc
phd thdng, sach Todn 12 sé gidp cac em nhin nhdn lai nhiing hoc van todn
hoc cét 16i 3 nhiing 18p trudc, chudn bi 16t nhdt cho cac em & nhing ki thi
cudi cdp, clng nhu budc véo nhing béc hec cao hon.

Toan bd nhiing didu trén dudc thé hién qua nhiing tranh &nh, hinh v&, bai
tép déc ddo va hdp dan; qua nhing cdu chuyén Ii thi vé khoa hoc tu nhién,
vé van hod va nghé thudt, kién trac, thé thao va du lich. T dé, cac em duge
tién thém mot budc trén con dudng kham pha thé giéi bi 8n va dep dé clia
todn hoc, ddc biét I duge “lam gidu” vé vén van hod chung va ¢é ¢o hdi
“Mang cudc sdng vao bdi hoc - Bua bdi hoc vao cudce séng”.

Chiu kho suy nghi, frao déi véi cac thdy cé gido va ban bé, nhdét dinh cac
em sé ngAy cang tién bd va cdm thdy vui suéng khi nhdn ra y nghia: Hoc todn
rét cé ich cho cudce séng h&ng ngdy.

Chlc céc em hoc tép that t6t, say mé hoc todn va cé thém nhiéu
niém vui.

Cac tac gia
.
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UNG DUNG DAO HAM
PE KHAO SAT VA VE BO THI

CUAHAM SO
Trong chuong nay, chiing ta sé tim hiéu nhirng néi dung sau:
tinh don diéu ctia ham s6; gia tri I6n nhét, gia tri nhé nhat cia
ham s6; dudng tiém can cta dé thi ham sé; khao sat su bién
thién va vé dé thi cia ham sé.

Mot doanh nghiép dy kién loi nhuin
khi san xudt x san phém (0 < x < 300)
duoc cho béi ham séy = — x* + 300x°
(don vi: déng) va duoc minh hoa bé’mg
d6 thi & Hinh 1.

Su thay @oi loi nhudn theo s& sdn phdm sdn xudt ra va
ddu cia dao ham y' cé méi lién hé véi nhau nhu thé nao?

§1 | TINH PON PIEU CUA HAM SO

¥
4 000 000

0

I. NHAN BIET TINH DON DIEU CUA HAM SO

BANG DAU CUA PAO HAM

Hinh 1

YA

,,,,,,, -

a) Néu dinh nghia ham s6 ddng bién, ham s6 nghich bién .

trén tap K < R, trong d6 K 1a mét khoang, doan hodc

ntia khoang. 5

” ] 1

b) Cho ham s8 y = f(x) = 2% ¢6 dd thi nhu Hinh 2. | Nt 5
 X4c dglh khoang ddng bién, khoang nghich bién ctia oy B l 2 >

ham s6 dé.
¢ Xét diu cha dao ham f'(x) = 2x. Hinh 2

5
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« Néu mdi lién hé gitia syt ddng bién, nghich bién ciia ham s6 f(x) = x* va diu cia dao
ham f'(x) = 2x trén m&i khodng (- « ; 0), (0 ; + ).
+ Hoan thanh bang bién thién sau:

X =60 0 + o0

£ (2]

S

Trong tridng hop tong quat, ta c6 dinh Ii sau:

Cho ham s8 y = f(x) c¢6 dao ham trén tap K < R, trong d6 K 1a mot khoang, doan
hodc niia khoang.

« Néu £'(x) > 0 v6i moi x thudc K thi ham s6 f(x) dong bién trén K.
* N&u f'(x) < 0 v6i moi x thude K thi ham s8 f(x) nghich bién trén K.

|
Clui y: Néu ham s6 y = f(x) ddng bién trén tip K hoiic nghich bién trén tip K thi ham s&
y =f(x) con dugc goi la don diéu trén tap K < R.

Vidul | Xét dau y'rdi tim khoang dong bi€n, nghich bién ctia ham s&

y==22+4x+3. e

Giai

@ Xét dfu ' rbi tim khodng
« Ham s6 da cho ¢6 tip xéc dinh 1a R. dong bién, nghich bién cua
ham s

eTaco:y'=—4x+4;

& o
y=0-4x+4=0x=1. y—gx — 2"+ x—1.

Ta ¢6 bang xét ddu cia y' nhu sau:

5 — 1 + 00

y' - 0 -
Véy ham s& ddng bi€n trén khoang (- o ; 1); nghich bié'ﬁ trén khoang (1 ; + o).
Vidu2 | Tim cdc khoang don diéu cia ham s6

y=x-3x%-9x+1.

6
Poc ban maéi nhat trén hoc10.vn Ban mau gép y



Giai

« Ham s6 di cho c6 tp xdc dinh 1a IR, 2 Tim céc khoang don diéu
2 cua ham sd
- A y!' = ] _0-
Taco: y'=3x"—6x—-9; y=xt £ -3,

=037 -6x-9=0&x=-1holicx=3.

Biéng bién thién ctia haim s6 nhu sau:

x |- -1 3 + o
y' + 0 = 0 +
6 + o
5 / \ /
— 00 =26

Viy ham s dong bién trén mbi khodng (= o0 ; — 1) va (3 ; + o0); nghich bién trén khoang
(=1;3).

<o

.:“6 2

a) X4c dinh tinh ddng bién, nghich bién ctia ham s& f(x) = x°.
b) Xét ddu ctia dao ham f'(x) = 3x°.

¢) Phuong trinh f'(x) = 0 c6 bao nhiéu nghié¢m?

Trong trudng hop tong quat, ta ¢ dinh If sau:

ho ham s6 y = f(x) c6 dao ham trén tip K — R, trong d6 K 12 mot khodng, doan
ho#ic nita khoang. Néu f'(x) 2 0 (hodc f'(x) < 0) v6i moi x thude K va f'(x)=0
chi tai mdt s8 hitu han diém ctia K thi ham s8 f(x) ddng bién (hodic nghich bién)
trén K.

' ’ 2 A k] N 1
Vidu3 @ Tim cdc khodng don diéu ctia ham s6 y = —§x3 & .

Gidi i
 Ham s8 di cho c6 tap xdc dinh 12 R. 3 Chiing minh riing ham s6
eTach:y'=-x>+2x—1=—(x~-1)% y=+/x*>+1 nghich bién trén
; o g . ntia khodng (= o ; 0] va ddng
y'£0véimoixe Rvay'=0&x=1. bién trén nita khoang [0 ; + ).
7
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Bing bién thién ctia ham sd nhu sau:

Vay ham s& nghich bién trén R.

P
Vidu4 | Tim cédc khoang don dig¢u cia ham s y = A
X
Giai
« Ham s6 di cho ¢6 tip xdc dinh 1A R\ {0}.
gt
eTacé: y' = véix # 0;
X
y'=0& P £4=0cvx="2hojc x =2,
Bang bién thién ctia haim s6 nhu sau:
x = =2 0 2 + o — .
' ‘4 Tim cic khoang don diéu
y + g - - 0 + ctia ham so
-4 + + = 2x-1
i / \ \ / 4 x+2
| = =] 4

Vay ham s& dong bién trén mbi khoang (= oo ; — 2) va (2 ; + o0); nghich bién trén mdi
khoang (—2;0)va(0;2).

Nhan xét
DE xét tinh ddng bién, nghich bi€n clia hiaim s6 y = f(x), ta c6 thé thuc hién cic budc sau:
Bude 1. Tim tap x4c dinh ctia ham s6 y = f(x).

Bude 2. Tinh dao ham f'(x). Tim céc diém x (= 1,2, .., n) mi tai 46 ham s& ¢6 dao ham
bing 0 hoiic khong ton tai.

Bute 3. Sip x€p cdc diém x, theo thi t ting dan va lap bang bién thién.
1
Butde 4. Cén cd vao bang bién thién, néu két luan vé cdc khoang dong bién, nghich bién
clia ham sd.
8
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L. D|§M CUC TR, GIA TRI CUC TRI cUA HAM sO

@ ) Duya vao do thi ham s& y = f(x) = - x> =3x>+ 3 6 Hinh 3. hdy so sanh:

a) f(— 2) véi moi gid tri f(x),6d6xe (-3;-1)va

x#-2;

b) £(0) véi mdi gid tri f(x),6d6x e (=1 ;1) vax=0.

Nhan xét

D6i v6i ham s8 y = f(x) = —x° — 3% + 3, ta thiy:

« Tdn tai khoang (= 3 ; — 1) chiia diém - 2 sao cho
fO)>f(=2)v6imoixe (=3;=1)vax#-2.
Ta néi x = — 2 14 diém cuc tiéu ctia ham s8; f(— 2) 12
gid tri cuc tiéu ctia ham so.

« Ton tai khodng (- 1 ; 1) chia diém 0 sao cho
fX)<fO)v6imoixe (—1:1)vax=0.
Ta néi x = 0 1a diém cuc dai cha ham so; £(0) la
gid tri cuc dai cia ham 4.

Hinh 3

Trong trudng hop tdng qudt, ta ¢6 dinh nghia sau:

Cho ham s0 y = f(x) lién tuc trén tdp K < R, trong d6 K 1a mot khodng, doan hoic
nita khoang va x, € K, x, € K.

* x, dugc goi 12 mdt diém cye dai cha ham s8 da cho néu tdn tai mot khoang (a ; b)
chia diém X, 520 cho (a ; b) < K va f(x) < f(x,) v6i moi x € (a; b) v x # x.
Khi do, f(xo) dugc goi 12 gid tri cuc dai ctia ham sO @ cho, ki hiéu 12 fCD.

* x, dugc goi 1a mdt diém cye tiéu ciia ham s6 da cho néu ton tai mot khoang (¢ ; d)
chia diém X, 520 cho (¢ ;d) c K vaf(x) >f(x1) véimoix € (c;d)vax# Xy
Khi d6, f(x,) dudc goi 12 gid tri cyc tiéu cha ham s6 da cho, ki higu 1a o

* Diém cuc dai va diém cuc tiéu dugc goi chung 1a diém cue tri. Gid tri cuc dai va
gid tri cuc ti€u dugc goi chung 12 gid tri cuc tri (hay cuc tri).

Chui y
Néu X, la mot diém cuc tri ctia ham s6 y = f(x) thi ngudi ta n6i ring ham sd y = f(x) dat
cye tri tai diém x. Khi d6, diém M (x,: f(x,)) dugc goi 1a di€m cyc tri ctia do thi ham s§
y =f).
9
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Vidu5 | Dya vao db thi him s8 y = f(x) = — x° + 3x & Hinh 4, hiy chi ra céc diém

cuc tri ctia ham s6 dé.

Giai

« Xét khoang (—+/3 ; 0) chiia diém x = — 1. Quan st
@d thi ctia ham s8 y = f(x) = — x> + 3x & Hinh 4,

ta thiy: f(x) > f(— 1) véi moi x € (—\/5;0) vax#-—1.

Viy x = — | 1a diém cuc tiéu clia ham s6 y = f(x).

« Xét khoang (0 ; J3) chia diém x = 1. Quan st
d thi cta ham s6 y = f(x) = — x° + 3x & Hinh 4,

ta thily: £(x) <f(1) v6i moi x € (03 ¥3) vax = 1.

Vay x = 1 1a diém cuc dai ctia ham s6 y = f(x).

VA

Hinh 4

Quan s4t cdc bang bién thién duéi day va cho biét:

a) x, ¢6 1a diém cyc dai cha ham s6 f(x) hay khong;

b) x, ¢6 la diém cuc tiéu ciia ham s6 /(x) hay khong.

X

a

E

b

X

f'(x)

h'(x)

fx)

flxy)

h(x)

Trong trudng hgp tdng qudt, ta c6 dinh Ii sau:

Gia stt ham s8 y = f(x) lién tuc trén khodng (a ; b) chda diém X, va ¢6 dao ham trén

cic khoang (a ; x,) va (x5 b). Khi d6

a) Néu f'(x) <0 véi moi x € (a; x)) va f'(x)> 0 véi moi x € (x, ; b) thi ham s6 f(x)

dat cuc tiéu tai diém x .

0

b) Néu f'(x)> 0 v6i moi x € (a ; x,) va f'(x) < 0 v6i moi x € (x, ; b) thi ham 6 f(x)

dat cuc dai tai diém x .

10
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Vidue 6 © Tim diém cyc tri cia ham s6
y=x —3x>=9x+11.
Gidi
« Ham s6 da cho c6 tip xdc dinh 1a R.
eTacé: y'=3x>—6x-9;
Y=03x2-6x-9=0<x=—1hojcx=3.
Bang bién thién cia ham s6 nhu sau:

X |—o0 -1 3 + o0
y' + 0 - 0 +
16 + 00
— 0 - 16
Vay ham s6 dat cuc dai tai x = — 1 va dat cuc tiéu tai x = 3.
. 4 s U G g
Vidu 7 & Tim diém cuc tri cia ham s y =12+;+.
x+1
Gidi
« Ham s6 da cho c6 tap xdc dinh 1A R\ {—1}.
£ #2
e Tach: y'= xvéix;t—l;
(x+ 1)

y'=0<x*+2x =0 x=—2hojcx = 0.
Béng bién thién ctia ham s6 nhu sau:

I = - 0 il 5 Tim diém cuc tri cha mdi
y' " _ 0 &% ham s8 sau:
=9 + 0 +oo| ay=xt—-6x+8x+1;
3x+5
y / \ \ / e .

Viy ham s6 dat cuc dai tai x = — 2 va dat cuc tiéu tai x = 0.
Nhdn xét: DE tim diém cuc tri ctia him s6 £(x), ta ¢6 thé thuc hién cdc bude sau:
Bude 1. Tim tap xdc dinh clia ham sé f(x).
Buoe 2. Tinh dao ham f'(x). Tim cdc diém x, (i=1,2, .., n) matai d6 ham s6 c6 dao
ham bing 0 hoic khong ton tai.
11
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Butde 3. Sip x€p céc diém x theo thi ty ting din va 13p bang bién thién.

Butde 4. Cén ¢t vao bang bién thién, néu két luin vé& cdc diém cuc tri ctia ham s,

Vidu8 & Mang trugt ciia mot
cau trugt cho tré em (Hinh 5a)
dugc ubn tf mot tim kim loai
¢6 bé rong 80 cm, mit cit duge
mo td & Hinh 5b. Nha thiét ké
khuyén céo, dién tich ciia mit
cit cang 16n thi cing ddm bdo

an toan cho tré em.

Hinh 5

a) Goi S 1a dién tich mit cdt. Tim diéu kién ctia x va viét cong thiic tinh S theo x.

b) Vi x dat gid tri bing bao nhiéu thi ciu trugt ddm bao an toan nhat cho tré em?

Giai

a) Do tdm kim loai c6 bé rong 80 cm nén ta ¢6: 2x + y = 80 < y = 80 — 2x.

DE ¢6 thé thiét k& dugc méng trugt thi y > 0 <> 80 — 2x > 0 <> x < 40. Suy ra 0 < x < 40.

Dién tich ctia mijt cit mdng truct 1a: § = xy = x(80 — 2x) = — 2x* + 80x.
b) Ta co: S(x) =— 2x% + 80x viix € (0 ;40);
S'(x)=-4x+80;

S'(x)=0 < —4x+80 =0 < x = 20.

Béng bién thién ctia ham 8 S(x) nhu sau:

X 0 20 40
S'(x) + 0 —
800
S(x) / \
0 0

Do d6, ham s6 S(x) dat cuc dai tai x = 20 va SCD = 800.

Viy d€ ciu trugt ddm bao an toan nhét cho tré em thi x = 20 (cm).

12
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B saitap )

1. Cho ham sd y = f(x) c6 bang bién thién nhu sau:

X — -1 0 1 + o

| f'x)

+ 0
2 2
F) / \ /
— o |

Ham s6 da cho ddng bién trén khodng nao dudi day?

s 0 + 0 -

A. (1 ;+ o0). B.&1;0). C(=1:1). D.(0; 1).

2. Cho ham s6 y = f(x) ¢6 bang bién thién nhu sau:

X |~ 0 3 + oo

(%) g 0 = 0 +

w| \4/

Gid tri cuc tidu clia ham sé da cho bing:

A.2. B: 3. C.-4. D. 0.
3. Tim c4c khoéng don diéu ctia mdi ham s6 sau:

a)y=——x"+2x2—3; b)y:.x4-2x2+5;

3x+1 2_
) y="r; Byt

2-x $El

4. Tim cuc tri cia mbi ham s sau:

a) y=2x+3x% - 36x - 10; byy=xt+22%-3; ¢) y=x—l.
X

13
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5. Cho hai haim s6 y = f(x), y = g(x) ¢6 dd thi 1an lugt dugc cho & Hinh 6a, Hinh 6b.
Néu khodng dong bién, nghich bién va diém cuc tri cia m6i ham s do.

YA
| 0 111
-2 | X
‘\"k i,,
4
yEfx)
2 =
13 i
-t o] | 2 X
_v__ 84-
a) b)

Hinh 6

6. Thé tich V (don vi: centimét khoi) ctia 1 kg nudc tai nhiét 30 T (0 °C < T < 30 °C)

dugc tinh béi cdng thic sau:

V(T)=999,87-0,06426T + 0, 008504377 - 0, 00006797,
(Nguon: J. Stewart, Calculus, Seventh Edition, Brooks/Cole, CENGAGE Learning 2012)

Hai thé tich V (7), 0 °C < T < 30 °C, gidm trong khodng nhiét d6 nao?

7. Kinh vién vong khong gian Hubble dudgc
dua vao vii tru ngay 24/4/1990 biing tau
con thoi Discovery. Vén tfc cuia tau con
thoi trong st ménh nay, i ltic ¢t cdnh tai
thai diém ¢ = 0 (s) cho dén khi tén ltia day
dugc phéng di tai thoi diém 7 = 126 (s),
cho b&i ham s6 sau:

V() =0,001302¢° - 0,090291% + 23,

(v dugc tinh bing ft/s, 1 feet = 0,3048 m) (Nguén: https:/fen.wikipedia.org/wiki/

(Nguon: J. Stewart, Calculus, Seventh Edition, Hubble_Space_Telescope)

Brooks/Cole, CENGAGE Learning 2012).
Hoi gia téc ctia tau con thoi sé ting trong khodng thdi gian nao tinh tif thai diém cét
canh cho dén khi tén lia ddy dugce phéng di?

14
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§2 | GIA TRI LON NHAT VA GIA TRI NHO NHAT
cUA HAM sO

Cho mot tim nhdém ¢6 dang hinh vudng canh T 2
6 dm. Bdc Anh ¢t é bén gée bon hinh vuéng ¢ ;.
cling c6 do dai bing x (dm), rdi gip tim nhom " e et
lai nhu Hinh 7 @& duge mot cdi hop ¢6 dang ' x L
khéi hop chii nhat khdng cé ndp. Goi V 1a .
thé tich ctia khdi hop d6 tinh theo x.
V duge tinh theo x boi cong thitc nao? Co thé
tim gid tri l6n nhdt ciia V bing cdch nao?
I. DINH NGHIA
Cho ham s6 y = f(x) lién tyc trén doan [- 1 ; 1] va VA
c6 d6 thi 1a dudng cong & Hinh 8. Quan sat do thi va cho biét:
3 P SEIT

a) Piém nao thude dd thi ham s& c6 tung dd 16n nhat;

b) Diém nao thudc dd thi ham s& ¢6 tung @6 nho nhat.

Ta néi: Trén doan [- 1 ; 11, ham s6'y = f(x) \
dat gid tri [6n nhdt bang 3 tai x=1, dat gid tri | .2 '
nhd nhdt bing — 1 tai x = 0.

Mt cich tdng quat, ta cé dinh nghia sau: Hinh 8

Cho ham s8 y = f(x) x4c dinh trén tip D.
« S6 M dugc goi 1a gid tri lon nhdt cha ham s6 y = f(x) trén D, ki hiéu M = max f(x),
néu f(x) <M v6i moi x € D va ton tai x, € D sao cho f(x,) = M.
« SO m dugc goi 12 gid tri nhé nhdt cha hm s6 y = f(x) trén D, ki hiéu m = mgn f(x),
néu f(x) > m v6i moi x € D va ton tai x, € D sao cho f(x,) = m.
Chii ¥: Khi tim gi4 tri 16n nhat (hodc gi4 tri nhd nhat) ctia ham s6 ma khong chi 16 tap D
thi ta tim gi4 tri 16n nhat (hodc gi4 tri nho nhat) ctia ham s6 d6 trén ¢ tip xdc dinh cta né.
15
Poc ban méi nhéat trén hoc10.vn Ban mau gép y



Vidu 1 | Tim gid tri 16n nhét va gid tri nho nhat cia ham s6 £(x) = 1 +x° trén doan [0 ; 2].

Gidi &
Do0<x*<4véimoixe [0:2]nén 1 <1 +x°<5 @ Tim gid i 16n nhét va
véi moi x € [0 ; 2], tikc 1a 1 < f(x) £ 5 v6i moi gid tri nho nhat cia ham s§
x e [0;2]. Taco: f(2) =5 nén [r(r)lazx] fx)=35;f0)=1 f(x) =\/9—7 trén doan

nén min f(x)=1. [=3;3l
[0:2]
I1. TIM GIA TRI LON NHAT, GIA TRI NHO NHAT
2 2 > -~
CUA HAM SO BANG DAO HAM
2P Cho ham s& f(x) =x+L1 véix> 1.
x —
a) Tinh lim f(x), lim f(x).
x—=1* X—>+®
b) Lap bang bién thién ciia ham s6 f(x) trén khodng (1 ; + ).
¢) Tim gi4 tri 16n nhat va gid tri nho nhat (néu ¢6) clia ham s6 f(x) trén khoang (1 ; + o).

%

DéE tim gi4 tri 16n nhat, gid tri nho nhat clia him s6 £(x) trén mot khodng, doan hay
nita khodng, ta c¢6 thé 14p bang bién thién ctia ham s6 trén tip hop d6. Cin cii vao
bang bién thién, ta tim dugc gid tri I6n nhat va gid tri nho nhat (néu ¢6) cia ham s6.

x> +9

Vidu2 @ Tim gid tri 16n nhat va gia tri nho nhat (n€u ¢6) ctia ham s6 f(x) =
trén khoang (0 ; + o).

Gidi 3
oXéthémséf(x):x +9v6ixe(0;+oo).
% x*-9 S Ry
eTaco: fl(x)= 5 .Khidé, f'(x)=0<x=3(dox>0).
X

Ngoaira lim f(x)=+o0, lim f(x)=+o0.
x—0" X =+

Bang bién thién cia ham s6 nhu sau:

-

% 0 3 e, V—:
: 2 Tim gi4 tri 16n nhét va
™ = 0 i gid tri nhd nhit (néu c6) cla
+ oo + oo X » 2= A 2
\ ham s6 y= . trén nda
x —
Jx) / khoang (1 ; 3].
6
16
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Cin ci bang bién thién, ta ¢6: min f(x) =6 tai x = 3 va ham s6 f(x) khong c6 gid tri
" O+
16n nhit.

Cho ham s8 y = f(x) = 2x° - 6x, x € [-2; 2]

¢6 do thi la dudng cong & Hinh 9.

VA

a) Dya vao dd thi 6 Hinh 9, hiy cho biét cic gid tri
M = max f(x); m= min f(x) bing bao nhiéu.
[-2:2]) [=252]

b) Gidi phuong trinh f'(x)=0véix e (—2;2). -2

¢) Tinh cdc gi4 tri cha ham s6 f(x) tai hai diu mat
—2;2 vatai cdc difmx € (-2 ;2) ma & dé
f'(x)=0.

d) So sdanh M (hoidc m) v6i s6 16n nhat (hoiic s& bé
nhit) trong céc gi4 tri tinh dugc & ciu c. Hinh 9

Nhén xét: Nguoi ta chimg minh duge ring: Moi ham s6 lién tuc trén mot doan déu c6
gia tri nhd nhét va gia tri lon nhét trén doan do.

Gia st ham so S lién tuc trén doan [a ; b] va c6 dao ham trén khoang (a : b), co thé trr
mot 56 hitu han diém. Néu f'(x) =0 chi tai mdt s6 hitu han diém thuoc khoang (a; b) thi ta
6 quy tic tim gia tri 16n nht va gia tri nhé nhat cia ham s6 f(x) trén doan [« ; b] nhu sau:

Bude 1. Tim cic diém i,

biing 0 hodc khong ton tai.

.., X thudc khoang (a ; b) ma tai d6 ham s6 c6 dao ham

Buge 2. Tinh f(x ), f(x,), ..., f(x,), f(a) va f(B).
Bude 3. So sanh cdc gid tri im dugc ¢ Bude 2.

S& 16n nhat trong cdc gid tri d6 1a gid tri 16n nhat ctia ham s6 f(x) trén doan [a ; b],
6 nho nhit trong cdc gid tri d6 1a gid tri nho nhat cia ham s6 f(x) trén doan [a ; b].

Vidu3 & Tim gi4 tri 16n nhat va gid tri nho nhit cia mdi ham s6 sau:

3
a) £(x) =%—2x2 +3x+1 trén doan [- 3 ; 2];

B =2 en g T 4,
X

17
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Gidi
a)e Ta co: f (’f) =x* - 4.x + 3. Khi 46, trén khodng 70 1 i 57 1 i
(=332), f((x)=0khix=1I. gid tri nhd nhét cta ham s§

=T st =3 s=3

12
i

f(x)=sin2x—2x trén doan

7 £2]
Viy max f(x)=—taix=1, 2 21
.y[_3:21f() 54
min f(x)=-35taix=-3.
=3:2)
. I-Inx s A , .
b) e Ta cé: g'(x) = > . Khi d6, trén khoang (1 ; 4), g'(x)=0khix=e.
X
| 4 1
.g(1)=0,g(e)=_,g(4)=l“_=L2_.
e 4 2

Viy maxg(x)=ltz_1ix=e, min g(x)=0taix= 1.
[1;4] e [1;4])

Vidu 4 = Véi bai todn md diu, tim x (dm) dé khéi hop tao thanh ¢6 thé tich 16n nhat.
Gidi
Ta thiy d6 dai x (dm) clia canh hinh vudng bi cit phai thod man diéu kién 0 < x < 3.
Thé tich cta khoi hop 1a V(x) = x(6 - 2x)2 vii 0 <x<3.
Ta phai tim x,€(0; 3) sao cho Vix,) ¢6 gid tri 16n nhat.
Ta cé: V'(x) = (6 — 2x)> — 4x(6 — 2x)

=(6-2x)(6—-6x)=12(3 —x)(1 —x).

Trén khoang (0 ; 3), V'(x)=0khix=1.
Béng bién thién ctia haim s V(x) nhu sau:

x |0 1 3
V'(x) + 0 -
16
V(x) / \
0 0

Cin cid bang bién thién, ta thiy: Trén khoang (0 ; 3), ham s6 V(x) dat gid tri 16n nhat
bing 16 tai x = 1.

Vay dé khoi hop tao thanh c6 thé tich 16n nhat thi x = 1 (dm).
18
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Vidu5 | Trong mot thi nghiém y hoc, ngudi ta cily 1 000 vi khuédn vao méi trudng dinh
dudng. Biing thuc nghiém, ngudi ta xdc dinh dugc s6 lugng vi khuin thay ddi theo thai gian
bdi cong thiic:

100¢
> (con),
00+1°

N(t)=100()+]

trong d6 ¢ 1a thoi gian tinh bing gidy (Ngudn: R. Larson and B. Edwards, Calculus 10e, Cengage
2014). Tinh s6 lugng vi khudn 16n nhat ké tit khi thuc hién cdy vi khuidn vao moi
trudng dinh dudng.

Giai

1907 _ > 0).

Xétham sd N(1) =1 000 +
100+1¢~

100 . (100+¢*)~100¢ . 2¢ 100 . (100~ %)

Taco: N'(t) =
(100 + %) (100 +£2)?

Khi d6, v6i t> 0, N'(1)=0< 100 -2 =0 & 2 = 100 & 1 = 10.

Bang bién thién cia ham s6 N(r) nhu sau:

t 0 10 + o0
N'(r) + 0 -
% | 1005 y J
N(t)
1000 1000

Cin ct bang bién thién, ta thiy: Trén khoang (0 ; + o), ham s& N(7) dat gi4 tri 16n nhat
bing 1 005 tai = 10.

Viy s8 lugng vi khudn 16n nhat k€ tit khi thuc hién cdy vi khudn vio méi trudng dinh
dudng 1a 1 005 con.

B saiTap
1. Né&u ham s y = f(x) ¢6 dao ham trén R thod midn f'(x) =sinx —2 023, Vx € R thi

gid tri 16n nhat ctia ham s6 y = f(x) trén doan [1 ; 2] bing:

A. £(0). B. f(1). C.f(1,5). D. £(2).

19
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2. Tim gid tri 16n nhat ctia m6i ham s6 sau:

a) f(x)= 4,;

1+x°

b). f(x)=x _% trén nifa khoang (0 ; 3].
3. Tim gid tri nho nhét ciia mdi ham sd sau:

a) f(x)=x +% trén khodng (0 ; + 0); b) f(x) =x —12x+ 1 trén khodng (1 ; + o).
4. Tim gid tri 16n nhat va gia tri nho nhit cha mdi ham s§ sau:

a) f(x)=x> —%xz trén doan [— 1 ; 2];

b) f(x)=x*-2x* +x> +1 rén doan [~ 1 ; 1];

¢) f(x) =e* (x® — 5x + 7) trén doan [0 ; 3];

d) f(x) =cos2x+2x+1 trén doan[_z—u; n].

5. Trong 5 gidy dau tién, mét chat diém chuyén dong theo phuong trinh
K= H6E+i+5,
trong d6 ¢ tinh biang gidy va s tinh bing mét. Chat diém cé van toc tiic thai 16n nhat
béing bao nhiéu trong 5 gidy diu tién d6?
6. Ngudi tabom xiing vao binh xing ctia mét xe 6 t6. Biét ring thé tich V (lit) ctia lugng
xdng trong binh xdng tinh theo thdi gian bom xdng ¢ (phiit) dugc cho bdi cong thiic
V(1) = 300(7 - 1) +4 v6i0 < 1 < 0,5.
(Nguén: R.I. Charles et al., Algebra 2, Pearson)
a) Ban dau trong binh xiing ¢6 bao nhiéu lit xiing?
b) Sau khi bom 30 gidy thi binh xiing day. Hoi dung tich clia binh xdng trong xe 12 bao
nhiéu lit?
¢) Khi xiing chdy vao binh xiing, goi V'(¢) 12 t6c do ting thé tich tai thoi diém ¢ véi
0 <7<0,5. Xing chdy vao binh xing ¢ thdi di€ém nao c6 dc do ting thé tich 12 16n nhat?
7. Ho ép khi quén co lai, inh hudng dén tdc dd cta khong khi di vio khi quan. Téc do
cuia khong khi di vao khi quan khi ho dugc cho bdi cong thiic
V=kR —r)r"‘ vii 0 r<R,
trong d6 k 1a hiing s6, R 1a ban kinh binh thuing ctia khi quén, r 1a ban kinh khi quén
khi ho (Nguén: R. Larson and B. Edwards, Calculus 10e, Cengage 2014). Hoi bdn kinh cta
khi quén khi ho biing bao nhiéu thi tdc d6 ctia khdng khi di vio khi quan 12 16n nhat?
20
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Poc ban méi nhat trén hoc10.vn

§3 | PUGNG TIEM CAN CUA PO THI HAM SO

S6 din ctia mot thi trin sau x nim ké tii nim 1970 YA
Kol O 2 26
dugc ude tinh boi cong thiic

26x+10

+5
(f(x) dugc tinh biing nghin ngudi) (Ngudn: Gidi tich 12
Ndng cao, NXBGD Vi¢t Nam, 2020). Xem y = f(x) 1a 21
mot ham s6 xdc dinh trén nita khodng [0 ; + ), 0
@b thi chia ham s§ d6 1a dudng cong mau xanh & Hinh 10
Hinh 10.

y=[f(x)=

=y

Khi x — + oo, dd thi ham 56 y = f(x) ngay cang
“tién gan” t6i duong thing nao?

CEEP Xétham sGy = f(x)= 5+ VO € [0+ o0) ¢ dd thi la dudng cong &
X+

Hinh 10 trong bai todn md dau. Tim  lim f(x).

X >t

Puong thing y = 26 goi la dwong tiém can ngang ciia do thi

26x+10 voi x € [0 ; + o).

- ham s0'y = f(x)=

Trong trudng hop téng quat, ta c6 dinh nghia sau:

Puong thing y = ¥, dudc goi la duong tiém cdn ngang (hay tiém cdn ngang)

ctia do thi ham s8 y = f(x) néu: lim f(x)=y, hoic lim f(x)=y,.
X >+ X == D

2]
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Nhén xét: Gia sit dudng thiing y = y, 12 tiém c4n ngang ctia d6 thi ham s6 y = f(x). Ldy
diém M(x ; y) thudc do thi ham s8. Goi MH 1a khoang cdch tit diém M dén dudng thing
Y=Y Khi d6, @0 dai MH tién t6i 0 khi x — + oo (Hinh 11a) hay x — — oo (Hinh 11b).

YA

Vo H Y=W
.\. :f‘(‘) /:/’_
/‘\ M .
7N
a) b)
Hinh 11
- - X « A o s 2x —l
Vidul & Tim tiém cin ngang ctia do thi ham s6 y = f(x) = %
X+
Giai
Ham s6 dd cho ¢6 tap xéc dinh 1A R\ {-2}.
Toed; Tim: FOd Gl c
X—>+® x+0 X +2 il I
] | 1 Tim tiém cédn ngang cla
lim f(x)= lim = =3, 3i_§
x3=on X=X +2 db thi ham s§ y=

X x+1
Vay dudng thang y = 2 1a tiém cin ngang ctia do thi =
ham s da cho.

YA

Il. DPUGNG TIEM CAN DUNG

Cho ham 8 y = f(x) =~ 6 db th 1z
X

dudng cong nhu Hinh 12.

0 x
Tim lim f(x), lim f(x).
x—0" x—>0"
DPuong thing x = 0 goi la duong tiém can dimg
Hinh 12

ciia do thi ham s6'y = f(x) = l
' ‘ &

22
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Trong trudng hop tong quit, ta ¢6 dinh nghia sau:

Dudng th%mg X=X, dugc goi la duong tiém cdn diing (hay tiém cdn ditng) cia do thi
ham s8 y = f(x) néu it nhit mdt trong céc diéu kién sau duge thod man:
lim f(x)=+00; lim f(x)=-o0; lim+f(x) = +o0; lim+f(x) = —o0,
x—>x6‘ x—)xo X—')xo X—)xo
Nhén xét: Gia st dudng thing x = x,, 1 tiém cin didng ctia d0 thi ham s6 y = f(x). Liy
diém M(x ; y) thudc dd thi ham 8. Goi MH la khoang céch tit diém M dén duong thing
x = x,. Khi d6, d6 dai MH tién t6i 0 khi x — xy (Hinh 13b, d) hay x — x, (Hinh 13a, c).

VA YA
H |2
y=f(x) My-+8 o
/\/ I
o & 2% O )
I
=
a) b)
VA .\"“
5 g
1l 1
0 Xo % O Xo ;'
y=f(x) M1
c)
Hinh 13

Vidu2 | Giai thich vi sao duong thing x = 1 1a

- NS ) s 3x—2 oo "
tiém can ding cla do thi ham s6 y = f(x)= 5y 2 Tim tiém cén ding cla
x B l A . 0 xz + 3x
do thi ham s6 y= -
Gidi X—5

Ham s6 di cho ¢6 tap xdc dinh la R\ {1}.

Vi lim_f(x) =+ nén dudng thing x = 1 la tiém can ding ctia d6 thi ham s& da cho.
x—17
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" +1
Vidu3 | Tim tiém cin ding va tiém cin ngang ctia @6 thi ham s8 y = f(x) = * 5
x —

Giai
Ham s6 da cho ¢6 tap xdc dinh 1a R\ {2}.

Ta cé:
e lim f(x)= lim x+1=1’ YA

X+ X =+ o X —

o e T 20,

R PRI ) 1

Viy dudng thing y = 1 1a tiém cAn ngang ciia dd thi \\() 3 %
ham s6 di cho. \

i XL s [1+ 3 j:—oo,

e lim f(x)=
x =27 x2"x—=2 x-o2° X
Hinh 14

fisi. Fegy= b sl (1+ - )=+oo.
x-o2* x2% x— Ty x—2

Viy dudng thing x = 2 12 tiém cin ddng cha do thi ham s di cho.

x+1

Chii ¥: DO thi hAm s8 y = f(x) = > va hai dudng tiém cin dudc cho 6 Hinh 14.

X —

. a - a Y
lll. PUONG TIEM CAN XIEN

Cho ham s& y=f(x)=x+1+% c6
x_

do thi 12 (C) va dudng thing y = x + 1 (Hinh 15).

Tim lim [f(x)-(x+D] Im [f(x)—(x+D] /

Puong thing y = x + 1 goi la duong tiém can xién

/
O

=y

Hinh 15

cuta &6 thi ham sé’y=f(x)=x+l+%.
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Trong trudng hop tong quit, ta ¢6 dinh nghia sau:

Pudng thing y = ax + b (a # 0) dugc goi 1 duong tiém cdn xién (hay tiém cdn xién)
ctia d6 thi ham s6 y = f(x) néu:

lim [f(x)—(ax+b)]=0 hodc lim [f(x)—(ax+b)]=0.

X —+® X>—®

Nhén xét: Gid st duding thing y = ax + b (a #0) 12 tiém cin xién ctia d6 thi ham s8 y = f(x).
Liy diém M thude dd thi ham s6 y = f(x) va diém N thudc dudng thing y = ax + b c6 ciing
hoanh d6 x. Khi dé, d6 dai MN tién t6i 0 khi x — + oo (Hinh 16a) hay x — — oo (Hinh 16b).

)'AP
y=flx)
/\%b
/o 3
a) b)

Hinh 16

Vidu4 | Chiing minh ring duong thing y = 2x — 1 la tiém can xién cta do thi ham s6

1
y=f(x)=2x-=1- 5 , "
x” 1 7 2 3,
Gidi 3 Chiing minh ring dudng
thing y =— x 1a tiém can xién
Do lim [f(x)-(2x-D]= lim ——=0 cia d6 thi ham 58
I+ x—=+x x° 4 1 2
> ; ; -x"=2x+3
nén dudng thang y = 2x — 1 la tiém cin xién y=fx= I

ctia d6 thi him s& da cho.
Chii y: D€ xdc dinh hé s6 a, b cla dudng tiém cin xién y = ax + b cla dd thi ham sg
y = f(x), ta ¢6 thé 4p dung cdng thiic sau:

f(x) f(x)

a= lim —= va b= lim [f(x)—ax] hodc a= lim —= va b= lim [f(x)-ax].
X+ X X =+ D Xx—=-®n X X =0

(Khi ¢ =0 thi ta ¢6 tiém can ngang y = b).
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Poc ban méi nhéat trén hoc10.vn Ban mau gép y



x% +3x

Vidu5 © Tim tiém cén xién cta do thi hAm s6 y = f(x) =

x=2
Gidai V =
e e Tl f(x) _ o x*43x -1 4 T}m tiim cén xién cta do
xs+e X xoteox(x—2) thi ham so
2
x—=3x%72
N . . Sx = X)=—-,
va b= lim [f(x)-x]= lim -5 yRIE=— s
X —> 4> X=>+om X —

Viy dudng thing y = x + 5 12 tiém cén xién ciia dd thi ham s6 di cho (khi x = +c0).

Tuong ty, do lim BAC) =1va lim [f(x)-x]=5 nén dudng thing y = x + 5 cling 12

x—o>-o X X—>—®

tiém cén xién cha dd thi ham s6 da cho (khi x = — ).

Vidu 6 @ Mot bé chia 5 000 lit nude tinh khiét. Ngudi ta bom vao bé d6 nuéc mudi c6
nong d6 30 gam mudi cho mdi lit nudc vdi toc do 25 lit/phit.
a) Chiing t6 ndng 6 mudi trong bé sau ¢ phiit (tfnh bing ti s& ctia khéi lugng mudi trong

bé va thé tich nudc trong bé, don vi: gam/lit) 1a f(r) = 0 "
200 +1¢
b) Xem y = f(¢) 1A mot hAm s6 x4c dinh trén nita khodng [0 ; + o0), hdly fim tiém cin ngang
ctia do thi ham sé do.

¢) Néu nhan xét vé& ndng d6 mudi trong bé sau thoi gian 7 ngay cang 16n.
Gidi
a) Sau ¢ phiit, ta ¢6: khéi lugng mudi trong bé 1a 25 . 30 . ¢ = 750¢ (gam); thé tich clia
luong nude trong bé 1a 5 000 + 257 (lit). VAy ndng d6 mudi sau 7 phiit 1a
750t 30t

)= = am/lit).
f@) 5 000 + 25¢ 200+t(g )
b) Ta co:
I Fey=ilin A
t—+0 t—+0 200+ ¢ y =30
30 2
= lim | 30 - 5500 =30.
t>+0 200 +¢

Vay dudng thing y = 30 la tiém cin ngang
cta dd thi ham s6 f(1) (Hinh 17).

c) Tz{ ¢6 dd thi ham s8 y = f(7) nhian dudng = >
thang y = 30 lam tiém can ngang, tic la Hinh 17
khi  cang 16n thi ndng d6 mudi trong bé s tién gan dén muic 30 (gam/lit). Liic d6, nong do
mudi trong bé sé gin nhu biing ndng @6 mudi trong nudc mudi duge bom vio bé.
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B Bai Tip B

1. Tiém cin ding ctia dd thi ham s6 y = x+? 1a:
X+
A x=-1. B.x=-2. C.x=1. D.x=2,

2

G B wa & cans  ge KO FIXEF §a

2. Tiém can xién ctia db thi ham soy:—zla:
X+

Ay=ux B.y=x+1. C.y=x+2. D.y=x+3.

3. D) thi ham s6 & Hinh 18a, Hinh 18b déu ¢6 dudng tiém cin ngang la dudng thing
mau do. Hoi d6 1a dd thi ctia ham sd nao trong cdc ham sd sau?

YA YA

\ / . l/ '

=]

(S

= Y

|

9

S
o

=Y

a) b)

Hinh 18
) y_x2+2x—l_ b)y_2x2+,rc+l_ C)y_2x2—2
x2+1 ) x—l ’ x2+2

4. Tim tiém can ding, tiém cén ngang, tiém can xién (néu ¢6) ctia dd thi mdi ham s6 sau:

2
2x -—3x+2: 4 y=x—3+i2:
P o

a) y= o
¥ T b) y=

x—1
5. SO lugng sian phim ban dugc ctia mot cong ty trong x (thdng) dudc tinh theo cong

. 9 2
thic S(x) = 200(5 - 2—) , trong d6 x 2 | (Nguén: R. Larson and B. Edwards, Calculus 10e,
+Xx

Cengage 2014).
a) Xem y = §(x) 1a mot ham s6 xdc dinh trén niia khoang [1 ; + o), hiy tim tiém can
ngang cta do thi ham s& dé.

b) Néu nhin xét vé s6 lugng san pham bdn dugc cia cong ty d6 trong x (thdng) khi
x dua 16n.
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Poc ban maéi nhat trén hoc10.vn

' §4 | KHAO SAT SU BIEN THIEN
VA VE PO THI CUA HAM sO

Trong 20 phiit theo doi, luu lugng nude cia
mot con song dudc tinh theo cong thiic

o) = —%P +51% +100,

trong d6 Q tinh theo m*/phiit, # tinh theo phiit,
0 £t £ 20 (Nguén: A. Bigalke et al., Mathematik,
Grundkurs ma-1, Cornelsen 2016). Khi luu lugng
nuée clia con soéng 1én dén 550 m?/phiit thi (Ngudn: https://shutterstock.com)
canh bdo 1 duge dua ra.

Trong thoi gian theo doi, luu lupng nudc ciia con séng Ién nhat
la bao nhiéu? Cdnh bdo lii dwoc dua ra vao thoi diém nao?

. SO DO KHAO SAT HAM $O
Lap béng bién thién va vé dd thi clia ham s6 y = x* = 2x - 3.

Trong truding hop tdng quit, dé khio sit va vé dd thi ham s&, ta ¢6 thé thuc hién cic
budc sau:

Bude 1. Tim tap xdc dinh ctia ham 0.
Bude 2. Xét su bién thién cla ham s6

« Tim céc gi6i han tai vd cuc, gi6i han v6 cic va tim tiém cin (néu c6).

« Tinh dao him y' v tim céc diém ma tai d6 dao ham biing 0.

« Lap bang bién thién; x4c dinh chiéu bién thién, cuc tri ctia ham s8 (néu c6).
Butde 3. V& @6 thi ham s6

« V& céc dudng tiém cin (néu o).

« Xéc dinh cic diém dic biét ctia dd thi: cuc tri, giao diém ciia d6 thi véi cic

truc toa dd (trong trudng hgp don gidn), ...
« Nhan xét vé dic di€ém chia d6 thi: chi ra tim d6i xdng, truc d6i xdng (néu c6).
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Chii y: DO thi ham s8 y = f(x) giao v6i truc hoanh tai nhiing diém ¢6 hoanh d6 12 nghiém
ctia phuong trinh f(x) = 0, giao vdi truc tung tai diém c6 tung do 12 £(0) néu 0 thude
tap xdc dinh ctia ham s& do6.

Vidu I | Khao sat su bién thidn va vé db thi cia ham s8 y = x° — 3x% + 4.

Gidi

1) Tap xdc dinh: R.

2) Su bién thién

« Gidi han tai vé cuc: lim y=+00, lim y=-—oo.
X >+ X -

oy =3x% —6x;

y=032-6x=0x=0hojcx=2.

« Bang bién thién:

Y | = 0 2 + 0
y + 0 - 0 +
4 + o0
y
— o 0

Ham s& ddng bi€n trén mbi khodng (— o0 ; 0) va (2 ; + o), nghich bién trén khoang (0 ; 2).

Ham s0 dat cuc dai tai x=0, Yep = 4: ham sO dat cuc ti€u A
tai x = 2,y = 0.

3) b thi
» Giao diém cha dd thi véi truc tung: (0 ; 4).

* Giao diém cta dd thi véi truc hoanh:

Xét phuong trinh x* — 3% +4=0< (x+ 1)(x-2)°=0

=Y

It o :

< x=—1hodcx=2. ]] 2

Viy do thi ham s8 giao v6i truc hoanh tai hai diém Hinh 19

(- 1:0)va(2:0). V : =

- . . 1 Khdo sdt su bién thién va
* DO thi ham s6 di qua cdc diém (- 1:;0),(2:0), (054) vz db thi ctia ham s6

va(l;2). v=x——1
Viy dd thi ham s6 y = x> - 3x* +4 dwoc cho & Hinh 19. el
Quan sét d6 thi & Hinh 19, ta thiy d6 thi d6 c6 tim d6i xiing 13 diém (1 ; 2).
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Il. KHAO SAT SU BIEN THIEN VA VE DO THI CUA HAM SO BAC BA
St dung so dd khao sit haim s0, ta ¢6 thé khao sat su bién thién va v& dd thi clia ham s6
bic ba. Ta sé& tim hiéu qua mét s vi du sau day.
Vidu 2 | Khao sat su bién thién va vé dd thi ctia ham s8 y = — x> + 3x% — 4x + 2.
Gidi
1) Tap xéc dinh: R.
2) Su bién thién
* GiGi han tai v cuc: lim y=-oo, lim y=+co.

X+ 0 X —»=o

oy =—32+6x-4; 3

e
Yy <0 véi moix € R.

2 Khao st su bién thién va

« Bang bién thién: vé do thi cia mbi ham s6 sau:
a)y=—x"+3x—2;
b) y=x>+ 3%+ 3x+ L.

X — o0 +00

X = a

+ 0

)% \
— 00

VA
Ham s6 nghich bién trén khodng (- oo ; + o).
Ham sd khong ¢6 cyc tri.
3) D4 thi
» Giao diém ctia @ thi vdi truc tung: (0 ; 2).
» Giao diém ctia dd thi véi truc hoanh:

=Y

Giai phuong trinh — x* + 3x* —4x+2 =0 ta dugc x = 1.
Viy db thi him s6 giao véi truc hoanh tai diém (1 ; 0).
+ D4 thi ham s6 di qua cédc diém (1:0), (0:2), (2; - 2).
Viy dd thi ham s8 y = — x* + 3x* — 4x + 2 dudc cho &
Hinh 20. Hinh 20

Tam ddi xdng cta do thi ham s& d6 1a diém /(1 ; 0).

Nhén xét: Trong trudng hdp tong qudt, do thi ctia ham s bac bay = f(x) =ax’ + bx’ + cx+d

(a #0) c6 thm d6i xting 1a diém / .5 o ft =2 V| Hohnh do - ca tim d6i xiing
3a 3a 3a

d6 1a nghiém cta phuong trinh y" = 0.
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Poc ban méi nhéat trén hoc10.vn Ban mau gép y



Ill. KHAO SAT sU BIEN THIEN VA VE PO THI CUA MOT SO HAM PHAN
THUC HOU Ti

2 .’ . . . 2 ’ a"‘: + b
1. Khao sat sy bién thién va vé do thi cia ham so y = v (c#0,ad —bc#0)
cx
Sti dung so d6 khao st ham s0, ta ¢ thé khao sat su bién thién va vé dd thi cia ham s6
S b (c 20, ad — bc # 0). Ta s& tim hiéu qua mot s6 vi du sau day.
cx+d
"y e s s o e w oo g S
Vidu3 & Khao sdt su bién thién va vé do thi cia ham s6 y = T
x —
Gidi

1) Tap xdc dinh: R\ {1}.
2) Su bién thién
* Gidi han tai vo cuc, gidi han vo cuc va cdc dudng tiém can:

lim_y =—o0, lim y = +c0. Do d6, dudng thing x = 1 12 tiém can ding ciia d6 thi ham s0.

x—=>1" x—=1

lim y=2, lim y=2.Do dé, dudng thing y = 2 la tiém can ngang ctia dd thi ham sé.

X >+ X-»

' e

o = 2<0V6im(_)i.x¢1.
(x=1

» Béing bién thién:

x |- 1 + o0 P n— o
3 Khao sit su bién thién va
y _ _ vé d6 thi ham s&
- _2x+6
2 oo % X2
Y \ \
— 00 2
Ham s6 nghich bién trén mdi khoang (— oo ; 1) va (1 ; + ).
Ham s6 khong c6 cuc tri.
3) D thi
* Giao diém ctia d thi véi truc tung: (0 ;- 1).
» Giao diém ctia dd thi v6i truc hoanh: (—% : O).
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« D thi ham s6 di qua cdc diém (0 ; - 1), (—% : OJ,

C2:1).2;5) (2;4] Vi (43 3).

2x+1

duoc cho ¢ Hinh 21. !
x-1 5 _I\o
Quan sat dd thi & Hink 21, dé thi d6 nhan giao diém 2 \ '
I(1 ;2) clia hai dudng tiém cin cla dd thi 1am tam déi

xting va nhan hai dudng phan gidc cua cic gbc tao bdi Hinh 2]
hai dudng tiém cin d6 1am truc d6i xiing.

Vay d6 thi ham s6 y =

=Y

r
|
|

() e
.

x-2
x+1

Vidu4 @ Khéo sét su bién thién va vé dd thi cia haim s6 y =
Gidai
1) Tap xdc dinh: R\ {— 1}.
2) Su bién thién
* Gi61 han tai vO cuce, gi6i han vo cuc va cac duong ti€m cin:

lim y=+o0, lim y=-—o0. Do d6, dudng thing x = — 1 12 tiém c4n dung cha dd thi
X1 x->-1F

ham s6.

lim y=1, lim y=1.Dodé, dudng thing y = 1 12 tiém c4n ngang ciia @5 thi him s6.

X >+® X -

% yhie= 2>0 véi moix # — 1.
(x+1)

» Bang bién thién:

‘4 Khao sat su bién thién va

T 1 vé do thi ham s6
) x-3
1 — o0 —x+2

Ham s6 ddng bién trén mdi khodng (— oo ; — 1) va (= 1 ; + o).

Ham s6 khong ¢6 cuc tri.
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3) Do thi YA
* Giao diém ctia dd thi véi truc tung: (0 ; - 2). 144
* Giao diém cta dd thi v6i truc hoanh: (2 ; 0). ramc|
« D4 thi ham s6 di qua cdc diém (05— 2), (2;0), (- 2: 4) ]
3 i i ; i
va(-4;2). N VR BT b x
» D6 thi ham s6 nhan giao diém /(- 1 ; 1) clia hai dudng >
tiém céin cta dd thi lam tim d6i xdng va nhan hai
dudng phan gidc clia cdc goc tao béi hai dudng tiém
cin d6 1am truc d6i xdng. Hinh 22
A A 1t L ~ X=2 2 .
Viy do thi ham s6 y = T duoc cho & Hinh 22.
%
Nhdn xér: Trong trudng hop tdng quét, db thi cia ham s8 y = © +Z (c#0,ad—bc+0)
cx +
. - d 9 . - A ~ 2 A N A Al 2 N A~
nhan giao diém 7 (-—— : EJ cuia hai duong tiém cén cta do thi lam tam doi xing va nhan
C Q

hai dudng phan gidc cla céc goc tao bsi hai dudng tiém cin d6 1am truc d6i xidng.
2. Khao sat sy bién thién va vé do thi ciia ham s6

2
=ax—+b"ic.(a #0,m#0)
mx+n

St dung so @6 khao st ham s6, ta ¢6 thé khao sdt sy bién thién va vé dd thi ciia ham s6

2
ax” +bx+c v o , s
y=—"""" (a#0,m#0, - —khong 12 nghiém ctia da thic ax* + bx + c). Ta s& tim
mx+n m
hiéu qua mét s6 vi du sau day.
x% gl
Vidu 5 = Khio sit su bién thién va vé db thi cia hAm s6 y = —
x —

Gidi

1) Tap xdc dinh: R\ {1}.

2) Su bién thién

= Gidi han tai vo cuc, gidi han vo cuc va cac duong tiém can:
Ta viét ham s6 di cho duéi dang: y=x+ ﬁ g

lim y=+o00, lim y=-c0.
X+ X -

lim y= o0, lim_y=+o00. Do d6, dudng thing x = 1 12 tiém cén ding clia dd thi ham 6.
x—>1 x—>1F
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lim (y—x)= lim ;=0, lim (y—x)= lim L=O.Dodo’,du@ngthi’ingy:x

x> +m x=>+m x—1 X -m x—>—-wx—1
la tiém can xién cta do thi ham so. =
. X2-2x l‘/_ 5 Khio sét sy bién thién va
ey =—(x—1)2 g vé do thi ham s<‘>'2
—x
7__ - — = = —
y=0x"-2x=0<x=0hoicx=2. y i
» Bang bién thién:
X |—o 0 1 2 + 00
Y + 0 = — 0 +
— 1 T Q0 + 00
y / \ \ /
—® y — 0 -]

Ham s6 dong bién trén mdi khodng (— o0 ; 0) va (2 ; + 0); nghich bién trén mdi khoang
©O;1Dva(l;?2).
Ham s0 dat cuc dai tai x =0, Yep =~ li dat cuc tiéu tai x = 2, Yor =3
3) DA thi vy
» Giao diém ctlia d thi véi truc tung: (0; — 1).
» D4 thi ham & khong cit truc hoanh. I
4

" ’ 3
» P4 thi ham s& di qua cic diém (0 ; - 1), (% : ——2-}

—l;—2 (2.3, 2,1 va 3;Z ; |
2 22 2 : e >

2 5
Vay dd thi ham s§ y = F el dugc cho & Hinh 23. \

Q =
)

Xx=1 -%

Quan sét @6 thi & Hinh 23, d6 thi d6 nhan giao diém I(1 : 1)
chia hai dudng tiém cén ctia do thi 1am tdm déi xdng va nhin Hinh 23
hai dudng phan gidc ciia cdc goc tao boi hai dudng tiém cén
dé lam truc d6i xiing.

2

e 9 ’ « A A . — . A =X + 1
Vidu 6 @ Khio sét su bién thién va v& dd thi hAm s6y = &

X
Gict

1) Tap xéc dinh: R\ {0}.
2) Su bién thién
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* Gidi han tai v6 cuc, gidi han v6 cuc va cic duong tiém can:
o oz oo . 1
Ta viét ham s6 da cho dudi dang: y=-x+—.
X

lim y=-00, lim y=+oc0.
X—>+0 X —>-x

lim y=-o0, lim y=+c. Do d6, dudng thing x = 0 la tiém cin ding cha dd thi
x—0 x—=0"
ham s8.

- . 1 . . ] s N, :L S

lim (y+x)= lim —=0, lim (y+x)= lim —=0. Do d6, dudng thang y = —x la
X—+®m X—+m X X——w X—>—% X
tiém cin xién cta dd thi ham sé.

x*+1

x2

oy =

¥y < 0 v6i moi x # 0.

» Bang bién thién:
T 0 % ‘ ﬁﬁ " )
, ' 6 Khao sét su bién thién va
¥ 1 B , 4 v& dd thi ham o

t oo teo T ex-3
\ \ SES
y x—1
— 00 — o0 — -

Ham s& nghich bién trén mbi khoang (— o0 ; 0) va (0 ; + ).
3) bd thi
« D4 thi ham s& ¢t truc hoanh tai céc diém (- 1 ;0), (1 ; 0).

« D6 thi ham s6 khong cit tryc tung.
» D6 thi ham s6 di qua cdc diém (- 1 ; 0), (1 ; 0),

=3 63

* D thi ham s& nhin giao diém O(0 ; 0) ctia hai dudng
tiém can cta dd thi lam tam d6i xting va nhén hai
dudng phan gidc ctia cdc gée tao bdi hai duong tiém
can d6 1am tryc ddi xing.

T -x"+1 . 5 g
Vay do thi hamso y = : dugc cho 6 Hinh 24. Hinh 94
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ax’> +bx+c

Nhéin xét: Trong tridng hop tong quat, dd thi clia ham s6 y = (@#0,m#0,—2
m

mx+n
khong 12 nghiém ciia da thiic ax” + bx + ¢) nhin giao diém / cia hai dudng tiém cn cla dd
thi 1am tAm d&i xdng va nhéin hai dudng phén gidc cla cdc géc tao béi hai dudng tiém cin
d6 1am truc d6i xdng.
IV. NG DUNG DAO HAM VA KHAO SAT HAM 6 PE GIAI QUYET
MOT S6 VAN BE LIEN QUAN PEN THUC TIEN

Dao ham 1a mdt khdi niém todn hoc xuat phat tii nhiéu van dé trong khoa hoc, ki thuat va
cong nghé. Vi th&, dao ham va khéo st ham s6 1a mot cong cu quan trong dé giai quyét
mot s§ bai todn trong thuc tién. Ta xét mot s bai todn cu thé sau day.

Vidy 7 | Mot hd nuée nhin tao duge xdy dung trong mot cong vién gidi tr. Trong
mo hinh minh hoa (Hinh 25), né dugc gidi 4
han béi cédc truc toa do va do thi ciia ham s6

1
v =flx) = E(—XB +9x% —15x+56) . Pon vi do .

d6 dai trén mbi truc toa dd 1a 100 m Ngudn: 4. Bigalke
et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

a) Pudng dao ven hd chay doc theo truc Ox dai
bao nhiéu mét?

b) Tai nhiing diém nio trén dudng di dao ven hd o= 53 12
(chay doc theo truc Ox) thi khoang cdch theo Hinh 25
phuong thing diing dén bo hd ddi dién 14 16n nhét? Tim khoang cdch 16n nhat dé.

¢) Trong cong vién ¢6 mét con dudng chay doc theo do thi ham sé y = — 1,5x + 18.
Nguoi ta du dinh xdy dung bén bd hd mot bén thuyén dap nuéc sao cho khodng céch tit
bén thuyén dén con dudng nay 1a ngén nhat. Tim toa do cta diém dé xay bén thuyén nay.

Gidi
" . 1 . '
a) Trong Hinh 25, d0 thi ctia ham s0 y = f(x) = [—6(—x3 +9x% —15x + 56) cat tia Ox tai

diém c6 hoanh do x = 8. Viy dudng dao ven hd chay doc theo truc Ox dai 800 m.

b) Ta khao sat ham s6: f(x) = l%(—x3 +9x" —15x+56) v6i 0< x <8.
F1(x) =%(—3x2 +18x—15);

fl(x)=0 —-x?+6x-5=0< x=1 hojc x=5.
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Bang bién thién:

X 0 1 5 8
fi(x) - 0 + 0 -

5.6 8.1
b \ / \
49 0

Cin cii bang bién thién, ta cé: }(r)lagi f(x)= f(5)=8,1 taix=35.

Vay khodng cdch I6n nhit theo phuong thing ding it mot diém trén dudng di dao ven
hd (chay doc theo truc Ox) d@&n bd hd ddi dién 1a:

100.($a§§f(x))= 100. £(5) =100. 8,1 =810 (m)
va dat dudgc tai diém trén dudng di dao ven hé cich gbec O mot khoang cdch 1a 500 m.

¢) Xét diém M(x ; f(x)) thude dd thi ham s6 y = f(x) = %(-x-‘ +9x% —15x + 56) v6i
0<x<8.

Khoang céch tit diém M(x ; f(x)) dén dudng thingy =— 1,5x+ 18 <> — 1,5x—y+ 18=01a:

—l,SJr—%(—x3 +9x% — 15x+56)+18

MH =

]x‘ —0x% 4 124|
NETT 10y3.25

Ta khdo sdt ham s3: A(x) = x> —9x* +124 v6i 0< x <8.
h'(x)=3x2 —18x;

h'(x)=0< x> —6x=0< x =0 hoiic x = 6.
Bang bién thién:

X 0 6 8
h'(x) 0 - 0 +
124 60
h(x) \ /
16
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Cin cit bang bién thién, ta ¢6: A(x) >0 v6i 0 < x < 8;
minA(x) = h(6) =16 tai x = 6.
[0:8]

Ix3 ~9x? +l24‘ 1 16
Do d6, min MH = min = min h(x) =

0:8 103,25  10y3,25 10:8] 104/3,25

va dat dudc tai x = 6. Khi do, f(6) = 7,4.

~ (),8875

Viy trong mit phing toa 46 Oxy 6 Hinh 25, diém & xiy bén thuyén c6 toa d6 1a M(6 ; 7.4).

Vidu8 & S8 dan cia mot thi tran sau £ nim k€ tii nim 1970 dudgc uéc tinh béi cong thiic

261 +10
t+5
Viét Nam, 2020).

f)= (f (1) dugc tinh bi“mg nghin ngudi) (Nguon: Gidi tich 12 Nang cao, NXBGD

a) Tinh s& dan cia thi trin vao ndm 2022 (lam tron két qua d&n hang phan nghin).

b) Xem y = f(#) 1a mot ham s6 xéc dinh trén niia khodng [0 ; + o). Khéo sdt va vé do thi
ham s& £(1).

¢) Pao ham ctia ham s6 y = f(r) biéu thi t6c d6 ting dén s6 ca thi trin (tinh bing nghin
nguoi/nam).

» Tinh t6c do ting din s& vo ndm 2022 cla thi trin do.

» Vao nim ndo thi tdc d6 ting dan s& 12 0,192 nghin ngudi/nam?

Gidi

26. 52+10= 1362

52+5 57
Viy s6 din cta thi trin vao nidm 2022 khodng 23 895 ngudi.

a) Taco: f(52) = ~ 23,895 (nghin ngudi).

b) 1) Su bién thién

* Gidi han tai v6 cyc va dudng tiém cén ngang:

lim £(z) =26. Do d6, dudng thing y = 26 1a tiém can ngang ctia dd thi ham sd.

t—>+o

f')= l202 >0 v6imoi 0.
(t+5)
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* Bang bién thién:

t 0 + o0

f'® +

26
£ /
2

Ham s6 dong bién trén nita khoang [0 ; + o).

Ham s6 khong ¢6 cuc tri.

2) P4 thi
» Giao diém ctia dd thi v6i truc tung:
(0;2).
+ D6 thi ham s6 di qua diém (1 ; 6).
26t +10
+5

Vay @6 thi ham sy = f(1) =

,

1 2 0 dugc cho & Hinh 26.
c) * Toc dd ting din s6 vao nim 2022
cta thi tran la: t
120 40 ol

r
'(52) = = ;
F34 (52+5)* 1083 Hinh 26
* Ta co:
f'(1)=0,192 & 13 =0,192 < (t+5)* =625 < t =20 (do ¢ > 0).

(1 +5)°
Vay vao ndm 1990, thi toc d6 ting déin s6 12 0,192 nghin ngudi/ndm.

Dé van dung dao ham va khio s4t ham s6 vao gidi quyét mot s bai todn trong thuc tién,
tru6e hét ta can xdy dung mo hinh todn hoc cho bai todn, trong d6 khiu then chét 1a dua ra
mot ham s md phdng duge méi lién hé gitia cdc dbi tugng, hién tigng trong bai todn do.
O céc vi du trén, nhiing ham s& nhu vy dude cho sin. Trong cdc vi du dudi day, ta sé
tim hi€u mdt vai cdch xay dung don gién cho nhitng ham s6 nhu thé.

Vidu9 = (Bai todn thiét ké mé hinh duong giao thong) DE thiét k€ md hinh chia mot
doan dudng cao toc nbi hai sudn ddi véi su khéc biét vé @ cao & vi tri hai sudn ddi giao
nhau 12 50 feet (Hinh 27), ngudi ta c6 thé 1am nhu sau:

« Chon hé truc toa d6 Oxy v6i gdc O 1a vi trf hai sudn ddi giao nhau, phuong nim ngang
1a truc Ox, don vi trén mdi truc toa do 1a feet (1 feet = 0,3048 m).
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« Chon hai vi trf A, B 14n luot trén hai sudn ddi. Biing cich do dac tai thuc dia, ta x4c dinh
dugc toa @6 cta hai di€m A, B va géc déc a (don vi: d0) tai diém B cla sudn ddi. Gia
sit ta ¢6 A(= 1 000 ; 60), B(1 000 ; 90) va tana = 0,04 (Hinh 27) (Nguén: R. Larson and
B. Edwards, Calculus 10e, Cengage 2014).

» Trong hé truc toa do Oxy, quan sit dudng cong (vé bang nét dit) mo phong doan dudng
cao tdc ndi hai sudn ddi, dudng cong d6 goi nén hinh anh dd thi ctia ham s& béc ba.
Vi thé ta ¢6 thé chon ham s6 béc ba y = f(x) = ax® + bx” + cx + d (a # 0) sao cho trong
hé truc toa d@d Oxy, dd thi ctia ham s6 @6 trén doan [— 1 000 ; 1 000] md phong doan
dudng cao toc cAn thiét k& Ta chon theo nguyén tic: Hé s6 géc ciia tiép tuyén tai B clia
@ thi ham s6 d6 biing 0,04.

Hinh 27

Hay x4c dinh ham s6 bic ba dé.

Giai

Do d6 thi ham s8 béc ba y = f (x) = ax® + bx* + ¢x + d (a # 0) di qua diém (0 ; 50) nén
d=50,suyray=f(x)=ax’+bx’ + cx + 50. Do 0 thi di qua cdc diém A(- 1 000 ; 60),

-1 000 000 000a +1 000 0005 —1 000¢ =10

B(1 000 ; 90) nén ta co:
1 000 000 000a +1 000 00056 +1 000¢ =40,

, 1
Hag { 100 000 0004 +100 0005 —100c¢ 1’ suy ra 40 000
100 000 000a +100 0005 +100c =4 100 000 000a +100c¢ = 1,5.
Tacé: f'(x)=3ax? + 2bx + ¢ = 3ax* + l X+c.
20000

Do hé s6 géc clia ti€p tuyén tai B clia @6 thi ham s6 d6 bing 0,04 nén

f'(1000)=3 000000a+%+c=0,04, tiic 1a 3 000 0004 + ¢ =-0,01.
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Ta c¢6 hé phuong trinh sau:
1 "

100000 000a +100c =15 |“~ 80000000 |
Uy 1a 7 Trong Vi du 9, géc doc

3 000 000a +c¢ =-0,01, 11 < S A
c=——- cia con duong trén doan
400 [~ 1000 ; 1 000] 16n nhit
Vay ham s6 bic ba can tim la tai diém nao?

1 3 1 » 11

x7 + x°+ x+50.
80 000 000 40 000 400

f=-

Vidu 10 (Bai todn thiét k& mé hinh ddnh gid ki ndng) Mot trung tam day nghé cén
thiét k€ mo hinh ddnh gid ki niing clia mét hoc vién theo hoc nghé ddnh mdy. Ngudi ta
¢6 thé 1am nhu sau:

« D€ xiy dung md hinh todn hoc cho bai todn
trén, ta st dung thong ké. Bing cich khdo
sdt t6c do ddnh mdy trung binh S (tinh biing
tif trén phiit) ctia hoc vién d6sau rtudnhoc | § | 38 [ 56 | 79 | 90 | 93 | 94
(5 <t < 30), ta thu thap céc s6 lidu thong ké
dugc cho trong Bdng I (Nguon: R. Larson and Bing 1
B. Edwards, Calculus 10e, Cengage 2014).

o 5 | 10 15 |20 | 25 | 30

* Ta can chon ham s6 y = f (r) d€ biéu dién cdc s6 liéu 6 Bdng 1, tdc 1a & hé truc toa
dd Oxy, do thi ctia ham s& d6 trén khodng (0 ; + ) “gin” véi cdc diém A(5 ; 38),
B(10 ; 56), C(15 ; 79), D(20 ; 90), E(25 ; 93), G(30 ; 94). Ngoai ra, do toc do danh
mdy trung binh ctia hoc vién ting theo thdi gian f va chi d&n mot giGi han M nao d6
cho du thdi gian 7 ¢6 kéo dai dén vo cing nén ham s6 y = f (1) phai thoa man thém hai
diéu kién: Haim s6 d6 dong bién trén khoang (0 ; + ) va lim f(t)=M e R, M >94.

=+
Vi cdc ham da thidc (v6i bic 16n hon hotic biing 1) khong thda min hai diéu kién d6 nén

ta chon mot ham phén thiic hitu ti d biéu dién cdc s6 liéu 6 Bdng 1. Ta ¢6 thé chon ham

o +s (ac #0) cho muc dich d6. Dya vao Bdng 1, ta chon ham sd

$0 ¢6 dang f(1) =
ct+

£ = 1107 -280 (t>0).
t+2

a) Dua theo md hinh d6, du dodn t6¢c d6 d4dnh may trung binh ctia hoc vién d6 sau 40 tuin
(Iam tron két qua dén hang don vi cla ti/phut).

b) Xem y = f(¢) 1a mot ham s& xdc dinh trén khoang (0 ; + o0), hdy tim tiém cin ngang
ciia dd thi ham s dé.

¢) Néu nhén xét vé tc dd ddnh mdy trung binh clia hoc vién d6 sau thoi gian £ ngly cang 16n.
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Giai
110.40-280 5 )
a) Ta cé: f(40) = ——— ~ 98. Vay toc dd danh may trung binh cta hoc vién d6
40 +2
sau 40 tuan 13 khoang 98 ti/phuit.

» 500
b) Tacé: lim f(¢)= lim M= lim [110——)=110.
t—> 400 t>+0 142 =>4 t+2

Viy dudng thing y = 110 Ia tiém can ngang cta dd thi ham s& y = f(1).

¢) Do dudng thing y = 110 la tiém can ngang ctia ¥
dd thi ham s8 y = £(z) nén khi ¢ cang 16n thi y=110
t5c d ddnh mdy trung binh cta hoc viéndése 'V
tién gin dén mdc 110 tli/phuit.

Chii ¥: Do thi ham 6 y = f(1) = L—ZZSO (t>0)
I+

dugc cho & Hinh 28. D6 thi dé giao véi truc tung
tai di€m c6 toa dd 1a (0 ; — 140).

B s Tip ]

1. Db thi ham s6 y = x° — 3x — 1 la dudng cong ndo trong cde dudng cong sau?

A.

(0]

~

Hinh 28

VA v YA

=y

|
— Q
-y

!\)

Pudng cong & Hinh 29 1a 6 thi ctia hAm s6:
Ay=r 4+ + 2542,

B. =i il k2

Cy= 43— dni

D.y=x"+3+4x+2.

o ]

Hinh 29
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l-x

3. Dudng cong nio sau ddy 1a dd thi cia ham s6 y = = 7
® 4
A. y B. Q
|
N
| ~TO] T
o - |
- l“//'] X
C ) D. )
0
2 -4-’1‘/‘1 2 X
0<////
—l_'7/ X
4. Pudng cong & Hinh 30 12 d6 thi clia him s6: v
A,y x“+2x+2
—x—1
— ¥ #2400
x+1 0
-1 Y
2 L
B, g ARG T%
x—1 "\
D, yo X =25+2 [
x+1 Hinh 30
5. Khdo sdt su bién thién va vé dd thi cta cidc ham so sau:
a) y=2x =3¢+ 1; b)y=-x+32-1;
Q)y=@-2)+4 d)y=-2+37-3x+2;
e) y=%x3+x2+2x+l; g y=—x -3x.

6. Khao sdt su bién thién va vé dd thi cta cdc ham so sau:

x—1 —-2x
a) YE——ry b) y= ;
x+1 x+1
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_x2—3x+6_ —x2+2x—4_

c) y= 2 d) y= :
x—-1 - X2
2x2 +3x-5 x2=2x-3
e) y=———; g y=—-—.
x+2 -x+2

7. Mot tau d6 b tiép cin Mit Triing theo céch tiép can thing ditng va d6t chdy céc tén
Iita him & d6 cao 250 km so véi bé mit cia Mt Tring.

Trong khoang 50 gidy dau tién ké tii khi dt chdy céc tén ltta ham, d6 cao & ctia con
tau so v6i bé mit cia Mit Tring dudc tinh (gan ding) bdi ham
h(f) =—0,01F + 1,17 — 30t + 250,
trong d6 ¢ la thoi gian tinh bing gidy va A Ia do cao tinh bang kilomét (Ngudn:
A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 201 6).
a) V& @6 thi ctia ham s8 y = h(1) v6i 0 < t < 50 (don vi trén truc hoanh 1a 10 gidy, don
vi trén truc tung 1a 10 km).
b) Goi v(z) 1a vin t6c¢ tic thdi cia con tau § thoi diém ¢ (gidy) ké tit khi d6t chdy céc
tén Itta ham vé6i 0 < £ < 50. X4c dinh ham s6 v(7).
¢) Vin tdc tifc thdi clia con tau ldc bit dAu ham phanh 12 bao nhiéu? Tai thdi diém
t =25 (giay) la bao nhiéu?
d) Tai thoi diém ¢ = 25 (gidy), van téc tidc thdi clia con tau vAn gidm hay dang ting
tré lai?
e) Tim thai diém ¢ (0 < < 50) sao cho con tau dat khoang cdch nhé nhat so vdi bé
miit ctia Mt Triing. Khoang cdch nhd nhit nay 14 bao nhiéu?
8. Xét phan ting hod hoc tao ra chat C tf hai chat A va B:
A+B=3C.
Gia st ndng do ctia hai chit A va B bing nhau [A] = [B] = a (mol/l). Khi d6, ndng

2
d6 ctia chit C theo thdi gian 7 (¢ > 0) dugc cho béi cong thic: [C] = c;(Kt]
anxt +

(mol/l),

trong d6 K la hﬁng 5O duong (Ngudn: B Biic Thdi (Chii bién) va cdc ddng tdc gid, Gido trinh
Phép tinh vi tich phan ham mét bién, NXB Dai hoc Su pham, 2023).

a) Tim t6¢ d) phan ting § thsi diém 1> 0.
b) Chiing minh néu x = [C] thi x'(r) = K(a —x)’.
¢) Néu hién tugng xay ra v6i ndng do cdc chat khi r — + .

d) Néu hién tugng x4y ra véi téc do phan ing khi 1 — + oo.
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BAI TAP cUOI CHUONG |

1. Cho ham s§ y=f(x) ¢6 dao ham trén R vd ham s6 y= f'(x) ¢6 dd thi nhu

Hinh 31.

vA
)
I

o N2 e

Hinh 31

Ham s& y = f(x) ddng bién trén khodng:
B.(0;1). C..072% Dei(1 ; 2).

A. (—o0;0).
4x+4

S& dudng tiém can ddng va tiém cin ngang cta do thi ham s6 y = i
X" +2x+1

A. 0. B. 1. €2 D. 3.

3. Ham s0 nao c6 do thi nhu Hinh 32?

YA

Hinh 32

A. y=—x3+3x—2. B. y=—x3—2.

C. y=—x3+3x2—2. D. y=x3—3x—2.
45
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4. Dudng cong & Hinh 33 12 dd thi ctia ham s&

nao sau day? A
x+1 —x+1
A y=——mH. B. y= : >
I x-1 ¥ x+1 X
C. y:'x__l_ D. y:i_
x+1 x+1

Hinh 33

5. Céc @6 thi ham s6 & Hinh 34a, Hinh 34b déu ¢6 dudng tiém can ding va dudng
tiém cin ngang (hoic tiém cén xién). Hoi d6 1a dd thi ctia ham $8 nao trong cac
ham s6 sau?

YA Ay

/ —
3/-17 j0 x 2
= : \
—%— 1 O g
2\ =17
a) b
Hinh 34
2
2) y=2x+3; b)y=2x 5; c)y=2x +3x'
x+1 x—-1 x+1

6. Tim cdc dudng tiém cin ngang va tiém cén ddng clia dd thi mai ham s6 sau:

5x+l. bv—2.X3—_3x- » Y Smmm
3x-2° hA=S B .= 2_4°

a) y=

7. Tim c4c dudng tiém cin diing va tiém cin xién ctia dd thi méi ham s6 sau:

2x* =3x+2 2x% —x+3

1
&) y=X=3%—; b) y= ; ) y=
X

x—1
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10.

11.

Tim gid tri nhd nhit va gid tri 16n nhat cta mdi ham s6 sau:
a) f(x)= 2x* —6x tén doan [- 1 ; 3];

2
b) f(x) =% trén doan [1 : 51;

e) f (x)=ln(x+l) trén doan [0 ; 3];
x+1
. 5 -T W
d) £(x)=2sin3x+7x+1trén doan [T’E}
Khao sat su bién thién va vé dd thi ctia cdc ham so sau:
a)y=x3—3x2+2; b)y:-—x3+ 3x2—6x;
3x-2 %
= : dy=——7;
OY=" )Y o3
x2+2x+4 X2 +4x+3
e) y=———; g y=—o—.
x+2

Mot trang sach ¢6 dang hinh chit nhat véi dién tich 1a 384 cm?. Sau khi @€ 12 trén
va 1€ dudi déu 1a 3 cm, @€ 1€ trdi va I€ phéi déu 12 2 cm. Phén con lai clia trang sdch
dugc in chit. Kich thudc t8i uu ciia trang séch 12 bao nhiéu dé phan in chii trén trang

sach ¢6 dién tich 16n nhat?

M6t ngusi nong din cé 15 000 000 dong dé lam mot hang rao hinh chii E doc theo
mdt con sdng bao quanh hai khu dat trdng rau c6 dang hai hinh chit nhat biing nhau

(Hinh 35). D61 v6i mit hang rao song song vdi bd song thi chi phi nguyén vat liéu

12 60 000 ddng/mét, con d6i v6i ba mit hang rao song song nhau thi chi phi nguyén

vat liéu 1a 50 000 dong/mét, mit gidp véi bo song khong phai rao. Tim dién tich I6n

nhit ctia hai khu dét thu dugc sau khi 1am hang rao.

all
.l'!
LLLEETTELET

Hinh 35

H
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12. Mdt bédc ndng déin ¢6 ba tdm 1udi thép B40, mdi tAm dai a (m) vd mudn rao mot
manh vuon doc bo sdéng ¢6 dang hinh thang cin ABCD nhu Hinh 36 (b3 song la
dudng thing CD khong phai rao). Hoi bic d6 c6 thé rao duge manh vuon cé dién
tich 16n nht 12 bao nhiéu mét vudng?

A a(m) B

a (m) a (m)

Hinh 36

13. Cé6 hai xi A, B cing § mdt bén bd séng Lam, khodng céch tii hai xd d6 dén bd song
14n lugt 1A AA” = 500 m, BB’ = 600 m v ngudi ta do dugc A’B’ = 2 200 m (Hinh 37).
Céc ki su mudn xay mot tram cung ¢ap nudc sach niim bén bd séng Lam cho ngudi
déan hai xa. D€ ti€t kiém chi phi, cdc Ki su can phai chon vi tri M clia tram cung cap
nudc sach d6 trén doan A’ B’ sao cho t6ng khodng céch tii hai x3 dén vi trf M 13 nho
nhét. Hily tim gi4 tri nho nhat cha tong khodng céch do.

Hinh 37

14. Mot cong ty kinh doanh bat dong sn ¢6 20 ciin ho cho thué. Biét riing néu cho thué
mdi cin hd vai gid 2 tridu @dng/1 thdng thi tit ca cdc ciin hd du c6 ngudi thué.
Nhung ¢t mdi 14n ting gid cho thué mdi ciin hd thém 200 nghin ddng/1 thang thi ¢6
thém mdt cin hd bi bod trong. Hoi cong ty nén cho thué méi ciin hd bao nhiéu tién
mot thang d€ tong s& tién thu duge 1 16n nhat?
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HOAT PONG THUC HANH

VA TRAI NGHIEM

4 CHU BE 1. MOT SO VAN BE VE THUE

I. NOI DUNG CHINH CUA CHU PE

1. Mot s6 khai niém co ban vé thué

(Nguon tham khdo: Hién phdp ndm 2013; Ludt s6" 14/2008/QH12 va Ludt s6 32/2013/QH 13 vé thué thu
nhap doanh nghiép; Ludt s6 38/2019/QH 14 va Ludt s6 106/2016/QH13)

a) Thué 1a nhitng khoan tai chinh ma nha nwéc quy dinh cac t6 chiic, c4 nhan khi c6
@ diéu kién phai ¢6 nghia vu ndp cho nha nude, gép phin ddm bao ngén séch nha nudc,
ddp ting nhu ciu chi tiéu va thuc hién chidc niing quén If kinh & — xa hdi clia nha nudc.
Nhu vay, thué 1a khoan thu ndp mang tinh bit budc ma cdc t6 chifc hodc ca nhan phai
ndp cho nha nude khi ¢6 di nhiing diéu kién nhat dinh.

b) Do thué Ia mdt khoan thu quan trong béc nhit clia ngan sdch nha nuée nén thué cé
vai tro diic biét quan trong ddi véi moi qudc gia va nha nuée. Vi vy, khi tham gia giao
thong, ching ta thudng giip cdc biéu ngli nhu: “Nop thué'la quyén lgi va nghia vu clia
moi cong dan”. Doi v6i nude ta, vai trd cha thu€ duge thé hién ¢ nhiing khia canh sau:
* Thué dim bao phiic 1gi xd hdi cho céc d6i tugng chinh sdch va ddng thdi 1a ngudn lyc
quan trong d€ trién khai xy dung ha tAng xa hoi nhu dién, dudng, trudng, tram, ... trén
ca nude phuc vu nhu ciu thiét yéu ctia ngudi dan.

* Thué phén b6, cin biing lai thu nhap, 1am giam, han ché khoang cdch giau nghéo trong
xd hoi hién nay. Bdi 18, thu€ ddnh chii yéu vao nhiing d6i tugng ¢6 thu nhip, thu nhap
cao va ngugc lai nha nudc ludn cé chinh sich mién, giam thué€ cho cic d6i tugng ¢6 thu
nhip thip, ddi tugng chinh sach, ...

 Thué ting cudng phit trién kinh t& — xa hoi vi cudc song clia ngudi dan. Pdng thoi
thué ciing dam bao su canh tranh céng bing, binh ding trong x héi néi chung.

¢) Ciin ¢t vao d6i tugng ddnh thué, ta ¢6 thé phan loai thué thanh cdc nhém thué phd
bién nhu sau:

e CAc loai thué dudc danh thué trén tii san, dién hinh nhu thué sit dung dat, thué xuat khau,
thu& nhap khiu, thué tiéu thu dic biét, thu& gid tri gia ting, thu€ bao vé mdi trudng, ...

e Céc loai thu€ ddnh vao thu nhép, thuc hién d6i véi nhiing d6i tugng ¢6 gid tri thing du
phét sinh tif tai san, dién hinh nhu thué€ thu nhap doanh nghiép va thué thu nhap c4 nhan.
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Vidu 1 | Mot doanh nghiép san xuét doc quyén mot loai san pham. Gia st khi san xut
va ban hét x san phim d6 (0 < x < 2 000), tdng s6 tién doanh nghiép thu dudc (don vi:
chuc nghin ddng) 1a £ (x) = 2 000x — ¥ va tOng chi phi (don vi: chuc nghin dﬁng) doanh
nghiép chi ra 1a g(x) = x> + 1 440x + 50. Gia sii migc thué phu thu trén mdt don vi séan
phim ban dugc 12 ¢ (chuc nghin ddng) (0 < ¢ < 300). Tim miic thu€ phu thu 7 (trén mdt
don vi san pham) sao cho nha nidc nhan dugc s6 tién thué phu thu 16n nhét va doanh
nghiép ciing thu dugc 19i nhuin 16n nhat theo miic thué phu thu dé (Neudn: Nguyén Huy Hoing
(Chit bién), Hudng dan gidi bai tdp Todn Cao cdp cho cdc nha kinh té, phan 2: Gidi tich todn hoc,
Nhé xudt ban Thong ké 2007).

Gidi
Khi san xuét va ban hét x san phim d6 (0 < x < 2 000), 10i nhuén doanh nghiép thu dugc
12 h(x) = (2 000x — x%) — (&% + 1 440x + 50) — tx

== 22 + (560 - 1)x — 50, v6i 0 < x < 2 000.
Xét ham h(x) = — 2x% + (560 — £)x — 50, véi 0 < x < 2 000.
Ta ¢6: h'(x) = — 4x + (560 — 1),

560 —1
Ax)=0&x= € (0 ; 2 000).
Béng bién thién ctia ham s&:
Lo 20 2000
4

() + 0 =

o~

Cin cif bang bién thién, ta c6: max h(x) = h(&] tai x = 290 Khi d6, 56 tién
[12000] 4 4

(560 1)t
o

thué thu dudgec tif doanh nghiép la k(t) = (5 63' £ ] .t

Ta cé: k(1) =(56(:1_t].1 = —%(t —280)2 +19 600 <19 600, ¥t € (0 ; 300).
Vi vy, ta ¢6: max k(r) =19 600 tai r = 280. Khi d6, x = 70 (san phdm).
(1:300)

Viy miic thué phu thu trén mot don vi sdn phim sao cho nha nudc nhin duge sd tién
thu€ phu thu 16n nhat 1a ¢ = 280. Khi d6, mic thué phu thu la 2 800 000 déng/ san phz’im,
doanh nghiép sin xuit va ban hét 70 sén pham.
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Sau day, ching ta s& tim hi€u siu hon hai loai thu€ 12: thué thu nhap c4 nhan, thué gid
tri gia tang.

2. Mot s6 khai niém co ban vé thué thu nhap ca nhan

(Nguon tham khdo: Ludt s6 04/2007/QH12 va Ludt s6 26/2012/QH 13 vé thué thu nhdp cd nhan)

a) Thué thu nhdp cd nhdn (goi tit 13 thué TNCN) 1a khoan tién ma ngudi c6 thu nhap
¢4 nhan phai ndp vao ngin sich nha nudée. Khoan tién thué nay dugc tinh trén thu nhap
ctia ngudi ndp thué sau khi da trii cdc khoan thu nhap duge mién thué va cic khoan dugc
giam trif theo quy dinh ctia phdp luit. Thong thudng, cdc khodn duge gidm trii bao gom:
e Giam trif ban than;

e Giam trii nguoi phu thudc.

b) Thu€ thu nhép c4 nhan ¢6 nhiing dic diém sau:

» Thu€ TNCN la thué tric thu, tic 1a nha nudc sé tryc tiép thu mot phan thu nhip cia
ngudi ndp thué va dua vao ngan sdch. Vi viy, ngudi ndp thué khong thé chuyén giao cic
khoan thué clia minh sang cho ngudi khic.

* Viéc ddnh thu€ TNCN thudng dp dung theo nguyén tic thué sudt luy tién tiing phin,
¢6 nghia la dp dung cdc thu€ suat ting din ddi véi cdc nhém ddi tugng chiu thué hoic
toan b cdc d6i tugng chiu thué. Diéu nay nghia 1a thu nhép cang cao thi thu€ suit sé
cang cao.

¢) Dé tinh thué thu nhép c4 nhan, ta ¢é thé thuc hién cdc budc sau:

Bude 1. X4c dinh cdc khodn thu nhdp chiu thué, chﬁng han cdc khoan thu nhdp sau:
tit kinh doanh; tii tién luong, tién cong; tii dau tu von, chuyén nhugng von; til
chuyén nhugng bat dong san; i triing thudng; tit bin quyén; tit nhin thita k&; tii
nhén qua tdng.

Chii y
Phép ludt ciing quy dinh cdc khoan thu nhdp mién thué, ching han: Khoan tién luong
lam thém gid, lam viéc ban dém dugc tra cao hon so véi tién luong 1am viéc trong thoi
gian hanh chinh.
Bude 2. Xdc dinh céc khoan gidm trir. Cac khodn gidm trli bao gom:
+ Giam trif gia canh ddi véi ban thin ngudi ndp thué.
Ching han: Mdc giam trif gia cinh nim 2023 dudc thuc hién theo Nghi quyét
954/2020/UBTVQH14 1a 11 tri¢u dong/thdng (hay 132 triéu dong/nim) ddi v6i
ngudi nop thué; 4.4 triu ddng/thing ddi véi mdi ngudi phu thudc.
+ Giam trit cdc khodn déng bao hiém, déng gbp tif thién, khuyén hoc, nhin dao
va quy huu tri td nguyén.
Bucde 3. Xéc dinh thu nhip tinh thué theo cong thic sau:
Thu nhép tinh thué’ = Thu nhdp chiu thué — Cdc khodn gidam trit (1)
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Nhu ching ta da biét, thué sudt thué thu nhip cd nhan 12 ti 1 phén trim dung d€ tinh
s0 thué phdi ndp ciin cii vio phan thu nhap tinh thué ciia mbi ngudi. Ching han, theo
Nghi quyét 954/2020/UBTVQH 14, biéu thu€ luy tién tiing phin nim 2023 dugc quy
dinh nhu sau:

Béc thué| Phan thu nhap tinh thué/nam | Phéin thu nhép tinh thué/thang | Thué suit

(triéu dong) (triéu déng) (%)

1 Dén 60 Dén 5 5

2 Trén 60 dén 120 Trén 5 dén 10 10

3 Trén 120 dén 216 Trén 10 dén 18 15

4 Trén 216 dén 384 Trén 18 dén 32 20

S Trén 384 dén 624 Trén 32 dén 52 25

6 Trén 624 dén 960 Trén 52 dén 80 30

7 Trén960 ~ Trén80 35

Bdng 1

Bude 4. Ciin ¢l vao cong thic (1) va Bdng 1, xdc dinh muc thu€ suit ma thu nhép tinh
thué phai chiu.

Bude 5. Xac dinh thué thu nhép cd nhén cn nop theo cong thic sau:

Thué thu nhdp cd nhéan can ndop = Thu nhdp tinh thué x Thué sudt (2)

Vidu2 & Niam 2022, anh Chung lam viéc cho mot cong ty céng nghé véi mic thu nhip
chiu thué& déu din 1a 25 triéu/thdng va ¢6 hai con nhd duéi 10 tdi. Vao thang 10/2022,
anh Chung c6 thém khodn thu nhip c4 nhén 1a 100 triéu dong tit bdn quyén sdng ché.
Tinh s& thu€ thu nhip ¢4 nhan ma anh Chung phéi nop trong niim 2022.

Giai
Trong nidm 2022, ta thiy:
+ Thu nhip chiu thu€ cia anh Chung 1a:
25 .12 + 100 = 400 (triéu dong).
+ D(g anh Chung dugc gidm trif cho ban than 1 11 triéu ddng/thdng va dugc gidm trik cho
mdi con nho 1a 4,4 triéu ddng/thdng nén cédc khoan giam trit cia anh Chung 1a:
(11 +2.44).12=237,6 (triéu dong).
Suy ra thu nhép tinh thu& ctia anh Chung trong nam 2022 la:
400 - 237.6 = 162.4 (triéu dong).
V6i miic thu nhép tinh thué€ nhu trén, anh Chung phai chiu thué suit 1a 15%.
Vay s6 thu€ thu nhap c4 nhan ma anh Chung phéi ndp trong nam 2022 la:
162.,4. 15% = 24,36 (triéu dong).
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3. Mot s6 khai niém co ban vé thué gia tri gia ting
(Nguodn tham khdo: Ludt s6 13/2008/QH12 va Ludt 56 31/2013/QH 13 vé thué gid tri gia ting)

a) Thué gid tri gia ting (ti€ng Anh: value-added tax, goi tit 1a VAT) la thué tinh trén
gid tri ting thém cla hang hod, dich vu phat sinh trong qu4 trinh tif sdn xudt, Iuu thong
dén tiéu ding (Theo Diéu 2, Luat Thué gid tri gia ting 2008, stia d6i nam 2013, 2016).

Nhu vAy, ban chit ctia thué gi4 tri gia ting 12 mot loai thué thu gidn ti€p. C4c nha sin
xudt, kinh doanh va cung cap dich vu 12 ngudi ndp thué€ nhung ngudi tiéu diing méi 1a
ngudi chiu thu€ théng qua gia c4 hang hod dich vu.

Chfmg han: Hod don thanh todn cho mdt ngudi mua mot chiéc 40 so mi & mot clia hang
¢ dang:

Gid san pham: 200 000 dong
Thué' VAT: 20 000 dong
Tong cong: 220 000 ddng

Nhui vy, ngudi mua da chiu thué gid tri gia ting (20 000 dong) thong qua gid ca hang hod,
dich vu (200 000 ddng).

b) G Viét Nam, thué gi4 tri gia ting dudc quy dinh & mic thué suit 10% d6i véi hau hét
cdc hang hod, dich vu.
Vidu 3 | (Tinh gid ban bao gom thu€ gid tri gia ting — VAT):

Bé4c An mudn mua mot thiét bi ndi thit ¢6 gid 1a 15 triéu ddng (trudc thué). Gia st thué
VAT la 10%. Tinh s& tién bic An phai tra dé mua thiét bi ndi that nay.

Gidi
Ta c6: thué€ VAT = % x 15 000 000 = 1 500 000 (dang).
Viy s6 tién bac An phai trd dé mua thiét bi néi that dé la:
15 000 000 + 1 500 000 = 16 500 000 (dong).

Nhu ta di biét, trong nhiéu trudng hgp khi thanh todn cho mot hang hod, ctia hang gidam
gid cho khdch hing. Phin gidm gid nay con dugc goi 12 chiét khdu va thudng cho & dang
mot s6 phan trim nhat dinh ca gi4 niém yét. Do d6,

Gid bdn cia mot hang hod = Gid niém yét — Phan duoc chiét khdu.
Vidu4 © (Bai todn c6 chita chiét khau, phi dich vu va thué VAT):
Mot nhém khach hang dung biia t6i tai mot nha hang véi gid niém yét 2,3 triéu dong.
Biét riing bita t&i d6 ¢6 mic chiét khau 1a 10%, phi dich vu 1a 7% va thu&€ VAT la 10%.
Tinh téng tién ma nhém khach hang d6 phéi thanh todn cho nha hang (lam tron két qua
dén hang trim ddng).
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Gidi
Ta cé: Chiét khiu = % x 2 300 000 = 230 000 (dﬁng).
Phi dich vu = % x (Gid niém yét — Chiét khau)

=% x (2 300 000 — 230 000) = 144 900 (ddng).

Thué VAT = % % (Gi4 niém yét — Chiét khiu + Phi dich vu)

s % % (2300 000 — 230 000 + 144 900) = 221 490 (déng).

Do dé:

Téng tién thanh todn = Gi4 niém yét — Chiét khiu + Phi dich vu + Thué VAT

=2 300 000 — 230 000 + 144 900 + 221 490 = 2 436 390 ~ 2 436 400 (dong).
Viy tong tién ma nhém khach hang d6 phai thanh todn cho nha hang 12 2 436 400 (ddng).
Chii ¥: Ta ¢6 cdc quy tic sau:

Phi dich vu = (% phi dich vu) x (Gi4 niém y&t — Chiét khiu);

Thu€ VAT = (% thué€ VAT) x (Gid niém yét — Chiét khau + Phi dich vu);

Téng tién thanh todn = Gid niém yét — Chiét khiu + Phi dich vu + Thu& VAT,

II. GOI Y TG CHUC CAC HOAT PONG

Thyc hanh tinh toan thué thu nhip ¢4 nhan va thué€ gid tri gia ting.

Tién trinh t6 chiic cdc hoat ddng bao gdm: phin chuin bi; phin thuc hién; phin téng két.
1. Phan chuén bi

Gido vién thyc hién nhiém vu sau: Chia I6p thanh nhiing nhém hoc sinh va giao
nhiém vu cdc nhém tim hiéu thong tin vé thué thu nhap c4 nhén va thué gid tri gia ting &
nudc ta, dic biét 1a cdch tinh thué thu nhép cd nhén va thu gi4 tri gia ting.

Ma4i nhém hoc sinh trao d6i, thao luan dé xdc dinh 16 nhiém vu ctia nhém va
thyc hanh tinh todn thué thu nhip c4 nhin va thué gid tri gia ting.

a) Nhiém vu 1: Tinh thu€ thu nhip c4 nhin

Théng nhit cdc cong viée can lam sau day:

54
Poc ban méi nhéat trén hoc10.vn Ban mau goép y



« Dua ra tinh hudng gid dinh vé miic thu nhip chiu thué€ déu din hang thang va giam trit
gia canh hing thiang clia mot ngudi nao d6, ddng thai dua ra tinh hudng gia dinh vé thu
nhép chiu thu€ dot xuét trong nidm cta ngudi do.

o Tinh thué thu nhip cd nhén cho ngudi d6 & ndm néi trén.

b) Nhiém vy 2: Tinh thu€ gi4 tri gia ting

Thong nhit cdc cong viée cin 1am sau day:

e Chon m{t ctia hang (hodc siéu thi) va xdc dinh gid ctia ndm loai hang hod & ctia hang do.
o Tinh thu€ gi4 tri gia ting cho mdi loai hang ho4 da chon.

« Tinh tong s6 tién phai thanh todn khi mua mdi loai hang hod do.
2. Phén thuc hién

« Bdo cdo vé tinh thu€ thu nhip c4 nhén.

 Bdo cdo vé tinh thu€ gi4 tri gia ting.

3. Phan tong két

@ P [.am viéc chung cé 16p dé thuc hién cdc nhiém vu sau:

« Cic nhém bdo cdo vé tinh thué thu nhip cd nhan va tinh thué gid tri gia ting cta nhém.
T d6, ca 16p gép ¥ cho hai bdo cdo ctia mbi nhém.

« Téng két va rit kinh nghiém.

ll. DANH GIA

Hinh thic danh gid cta hoc tap du an.

1. Danh gia hoat dong ca nhan

« MJdi cd nhén ty ddnh gid vao phi€u c4 nhan.

« Nhém dénh gid tiing thanh vién trong nhém vao phiéu dénh gid ¢4 nhan.
2. Panh gia hoat dong va san phdm ctia nhém

e Nhom tu ddnh gid lai hoat ddng ctia nhém va cho diém vio phiéu danh gia hoat dong
cta nhom.

« Gi4o vién va cdc nhém ddnh gi4, rdi cho di€ém phén trinh bay clia tiing nhém vao phiéu
ddnh gia hoat dong nhom.
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TOA DO CUA VECTO
TRONG KHONG GIAN

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
vecto va cac phép toan vecto trong khéng gian; toa dé cta vecto
trong khéng gian; biéu thic toa dé clia cac phép toan vecto.

g1 | VECTO VA CAC PHEP TOAN VECTO
/ TRONG KHONG GIAN

Cédc mii tén chi dudng trong khu tham quan
vudn tha (Hinh ) ggi nén hinh anh cic vecto
trong khong gian.

Vecto trong khong gian la gi?
Cdc phép todn vé vecto trong
khong gian duoc thuc hién nhu thé nao?

PN ! e
g (Ngudn: https://shutterstock.com)
? : Hinh 1

o

I. KHAI NIEM VECTO TRONG KHONG GIAN

¢ Trong mit phing, hay néu dinh nghia:

a) Vectd, gia va do dai cta vectd, hai vecto cing phuong, hai vecto cung huéng;
b) Vecto-khong;

¢) Hai vecto biing nhau, hai vecto d6i nhau.

Tuong tv nhu trong miit phing, ta c6 khdi niém vecto trong khéng gian:

[ Vectd trong khong gian 12 mot doan thing c6 hudng.
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Chii y
* Cho doan thiing AB trong khong gian. Néu ta chon diém dau 12 A, diém cudi 14 B thi ta
¢6 mot vecto, ki hiéu la AB, doc la “vecto AB”.

. A 2 o~ A N A . - . A N =
* Khi khong can chi rd di€ém diu va diém cudi cla vectd, vectd con duge ki hidu 1a a
b, @7,

Cé4c khdi niém c6 lién quan dén vecto trong khong gian nhu: gid cla vecto, d dai
clia vecto, vectd cling phuong, vecto cliing huéng, vecto-khong, hai vecto bing
nhau, hai vecto d6i nhau, ... dude dinh nghia tuong ty nhu trong mit phing.

Vidu 1 | Cho hinh hop ABCD.A’B’C’D’. Hiy chi ra ba vectd c¢6 diém dau va diém cuéi
la cdc dinh cua hinh hdp sao cho ba vecto dé:
a) B??mg vecto A—D;
b) L vectd doi clia vectd AD.

Gidi. (Hinh 2) X
— — —— B & %} :
a) Do ca;: vecto BC B’ C A'D ® Cho hinh hép
vVaAD=BC=B'C’'=A’D A Hiy chi ra ba vecto c6
(tinh chat hinh hdp) nén diém dau va diém cudi 1a
—= = e B cdc dinh cta hinh hdp sao
AD=BC=BC'=AD. ¢ cho ba vecto do:
Viy ba vecto BC, BC, a) Biing vecto AA’;
A'D' ¢6 diém diau va diém b) La vecto d6i cltia vecto
cudi 1a cdc dinh ciia hinh hop A B AA.
va biing vectd AD. Hinh 2

b) Do céc vecto CB CB DA’ nguoc huéng v6ivecto AD VAAD =CB=C'B’ =D’A’
(tinh chat hinh hdp) nén ba vectd CB CB’ 'B’, D'A’ la ba vectd di clia vectd AD.

Chii ¥: Cho diém O va vecto a. Khi d6, ton tai duy nhit diém M trong khong gian sao

cho OM =a.

Pé xdc dinh diém M, ta lam nhu sau (Hinh 3):

* Qua O ké dudng thing d song song hoic tring véi gid y
cla vectd a. o e
* Ldy diém M trén dudng thing d sa0 cho hai vectd OM, d_

ala cEmg huéng va do dai doan thang OM bang do dai s
vectd d.
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Il. CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Tong va hiéu ciia hai vecto trong khong gian

. B
Trong khong gian, cho hai vecto @, b. Lay a
mot diém A tuy y. a b b
a) V& AB=a, BC =b.
b) Téng clia hai vectd @ va b bing vectd nio trong A <
Hinh 4? Hinh 4

Trong khong gian, cho hai vectd @, b. Ly mot diém A tuy ¥, vé AB=a, BC = b.

Vectd AC dwoc goi la tdng ciia hai vecto @ va b, ki hiéula AC =G +b.
Chii y
* Phép 1y tong ctia hai vecto con duge goi 1a phép cong vecto.
* Phép cong vecto trong khong gian ciing ¢6 céc tinh chit nhu phép cong vecto trong
mit phing, ching han: Phép cong vecto trong khong gian ciing c6 c4c tinh chat giao hodn,
két hgp, cong véi vectd-khdng.
* Khi thiic hién phép cong vecto trong khdng gian, ta van c6 thé 4p dung quy tic ba diém,
quy tic hinh binh hanh nhu d6i v6i vecto trong mit phéng.

Dai v6i vecto trong khong gian, ta ciing ¢6 cdc quy tic sau:

* Vi ba diém A, B, C trong khong gian, ta c6: AB +BC = AC (Quy tdc ba diémy),
» Néu ABCD 13 hinh binh hanh thi AB +AD = AC (Quy tdc hinh binh hanh).

e ——

Vidu2 | Cho td dién ABCD. Chiing minh ring AB +CD = AD + CB.
Gidi. (Hinh 5)

Theo quy tic ba diém, ta c6: 4

AB=E+E?.
DOdé: &%
AB+CD=AD+DB+CD °© D 178 cho 1t dien ABCD.
—% % = Chitng minh ting:
=AD +(CD + DB) el e A
i o C AC + DB = AB + DC.
=AD+CB. Hinh 5
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@ &9 Cho hinh hop ABCD.A’B’C’D’ (Hinh 6).
Tim lién hé gilta: AB+AD vA AC; AC +AA’ va AC’.
Tit d6, hdy suy ra ring

AB+AD+AA' = AC'.

Néu ABCD.A’B’C’D’ 1a hinh hop thi

AB+AD +AA’ = AC’ (Quy tdc hinh hép).

Hinh 6

Vidu3 = Cho hinh hop ABCD.A’B’C’D’ (Hinh 6). _
; : X Cho hinh  hop

Chtng minh ring:
- g ABCD A’B’C’D’. Ching

AB+B'C' +DD = AC. minh riing:
Gidi BB+ AD +CD = B'D.
Tacé: B'C = _D. DD’ =AA.. N
Do d6: AB+B'C'+ DD’ = AB+ AD+ AA’ = AC',
Trong khong gian, cho hai vecto a, b.
Liy mot diém M tuy y.

a) Vé MA=d, MB=b, MC = b.

b) Téng cuia hai vects d va — b biing vectd nao
trong Hinh 77

Trong khéng gian, cho hai vecto @, b. Hiéu cia
vectd @ va vectd b 1 téng clia vectd G va vectd !
doi ctia vecto b, ki hiéu la d—b.

Phép 1ay hiéu ciia hai vecto con dudc goi 1a phép trit vecto.

B C

Vidu4 | Cho hinh hop ABCD.A’B’C’D’ (Hinh 8). Hinh 8
Chiing minh ring: B'B—- DB = B'D. ?==
et 4 Cho hinh hép
Giar ABCD.A'B'C'D’.
B'B-DB=BB+(- DB) Chiing minh ring:
Wy W= BB - C'B' - D'C’ = BD..
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Déi véi vecto trong khong gian, ta ¢é quy tic sau:

V6i ba diém O, A, B trong khong gian, ta c6: OA— OB = BA (Quy tdc hiéu).

2. Tich ctia mot s6 véi mét vecto trong khong gian

Néu dinh nghia tich ctia mot 8 thuc k # 0 va vecto @ # 0 trong mit phing.

Tuong ti nhu trong mit phing, trong khong gian ta ciing ¢6 dinh nghia sau:

Cho s6 thuc k = 0 va vectd a # 0. Tich clia s6 k véi vectd @ Ia mot vecto, ki hiéu
la ka, dugc xac dinh nhu sau:

* Cling huéng véi vecto @ néu k > 0, nguoc huéng véi vecto @ néu k < 0;
* C6 0 dai bing |kl . al.

Quy woe: 0d =0, kO=0. Do d6, kd =0 khi va chi khi k = 0 hodc d = 0.

Chii y
* Phép 1ay tich clia mot s6 véi mot vecto goi 1a phép nhan mét s6 vdi mét vecto.

* Phép nhan mot s6 v6i mot vecta trong khdng gian ¢6 cdc tinh chit sau:
A

Vi hai vecto bat ki @, b va hai s6 thuc A, k ta c6:
+ k(d@+b)=ka+kb; k(@—b)= ki —kb;

+ (h+k)a = ha +ka;

+ h(ka) = (hk)a;

+1a=5 (-Da=-a

Vidu5 = Cho td dién ABCD ¢6 G 1a trong tdm cla tam >
gidc BCD. Goi H, K lan lugt 1a trung diém cta cic canh Hinh 9

AB, AC (Hinh 9). Chiing minh rling: ]
'8 Chotd dién ABCD. Goi

a) BC =2HK; M, N 14n lugt 12 trung diém
b) AB+AC + AD =3AG. clia cdc canh AD va BC,

I1a trung diém MN. Ching
Gidai minh rﬁng:

a) Do HK la dudng trung binh ctia tam gidac ABC nén
BC // HK va BC = 2HK. Suy ra BC cung hudng véi
HK va [BC|=2[HK|. vay BC = 2HK.

a) MN = %(XE+D—C');

b)IA+IB + IC +ID = 0.
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b) Ta co:
AB = AG +GB, AC = AG +GC, AD=AG +GD.
Suy ra AB+AC +AD =3AG +GA +GB +GC.
Vi G la trong tam cua tam gidc BCD nén GA+GB+GC=0.
Do do, ta c6: AB +AC + AD =34G. .

/‘.
3. Tich vo hudng ctia hai vecto trong khong gian , '.“: 7
- Trong khong gian, cho hai vecto @, b khic 0. 'o".<:B >
Lay mot diém O tuy y. & 7
a) V& hai vecto OA =d, OB = b. . |
b) Khi d6, hai vecto &', OB c6 gid ndm trong cling mit Hinh 10
phing (P) (Hinh 10). Néu dinh nghia géc giita hai vecto
OA, OB trong mit phing (P). 4 -
Trong khéng gian, cho hai vecto _&,_l:; khac 0. Liy @ B) C
mot diém O tuy y va vé& hai vecto OA =d, OB =b.
Géc gu"ta hai vectd d, b trong k khong gian, ki hi¢u :
(a, b) 12 gbc gitia hai vecto OA, OB. A ------ s D
s 2. NO -7 o B a &
Chii y: 0° <(a, b) £180°. Hinh 11

Vidu6 | Cho hinh lap phuong ABCDA’B’C’D’. Tinh |-

- ; 5 6 Cho td dién déu ABCD.
goc gitia hai vecto BD, B'C. Goi M, N 1n Tugt 13 trung

Gidi. (Hinh II) dlém cic cz_mh AB, AC.
Tacé: BD=B'D’. Do dé, Hily b oo Sl hapelo
e MN; BD.
(BD,B'C)=(B'D’, BC)=D'BC.

ViB'C=CD’=D’B’ nén tam gidc B’CD’ 1a tam gidc déu. A D
Suyra D'B'C = 60°. ¢

M B’ :
Vay (BD, B'C) =60°.
Trong khoéng gian, cho hinh lap phuong i
ABCD.A’B’C’'D’ ¢6 @6 dai canh bing 3 cm (Hinh 12). """"""" P
a) Tinh géc giita hai vecto AC, A'D’. . C
b) Tinh IA_C'] ; |A’D'| 3 cos(R’, A'D"). Hinh 12
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Trong tru6ng hop tng quat, ta c6 dinh nghia sau:

Trong khong gian, cho hai vecto a , b khic 0. Tich vo hu()‘ng cua hai vecto a va b
kihiéu a . b 12 mot s6 thuc dude xdc dmh bdi cong thifc: a . b |a| |b| cos(a, b)
6do (a, b) la g6c gitia hai vecto a, b.

Quy wdc: Tich vd hudng ctia mot vecto bat Ki véi vecto 0 bing 0.
Chii y

* Tich vd hudng ctia hai vecto trong khong gian ¢6 cdc tinh chit sau:
Vi céc vecto bat ki @, b, ¢ va s6 thuc k tuy ¥, ta co:

+d.b=>b.ad (tinh chit giao hodn);

+d.(b +8)=d. b+ad . ¢ (tinh chét phian phdi);

+ (kZl') k(a b) a. (kb)

+a 20, =0<a=0.

m
Q-J

* Néu a, b la hai vecto khic 0 thi cos(a, b) =

Ql

G

Vidu7 @ Cho ti dién OABC c6 cac canh OA, OB, OC d6i mdt vudng géc va
OA = OB =0C = 1. Goi M 1a trung diém ctia canh AB. Tinh géc gitia hai vectd OM va AC.
Giai. (Hznh 13)

Dit OA=d. OB=b, 0C = C
Khi d6, lal 6l =|cl =1 va 13 G.8=b.8=0
Ta cé: cos(O—M, A—C‘)=%. 3
lom] . [ac] =
Mt khic, do OM——(0A+OTB)—%( +b) -
va AC=DC -OA =83 A
Hinh 13

nénO—M.A—C=%(&+b).('c'—Zi)

=%(5-5—52+b.6—b.&)=_1_

Ta lai c6: \0M|=0M=Q; Al = AC =5 == .
2 @ Cho hinh 14p phuong
. —— OM.AC 3 -1 ABCD.A'B'C'D’ c6 canh
Do d6, cos(OM, AC) = N N T T
|0Ml |AC| \/— J_ bang ¢. Tinh A'B. D'C’;
D'A . BC.

Viy (OM, AC) =120°.
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Vidu8 @ Mot chiéc den tron dugc treo song song véi mit
phing niim ngang bdi ba sdi diy khéng dan xuit phit ti
diém O trén trin nha va lan lugt budc vao ba dlem A,B,C
trén dén tron sao cho cédc ldc cing F F,, F lan lugt
trén m5i dﬁy OA, OB, OC dbi mot vudng gée véi nhau va

E|=|B|=|F|=15 ™) @Hinh 19

Tinh trong lugng cua chiéc den tron doé.
Gidi
Goi A, B,, C, lan lugt 1a cdc di€m sao cho OA, = F,,
OB, =F,, OC,=F,.Liy cic diém D, A}, B], D}, sao
cho OA,D,B,.C,A;D,B;] la hinh hép (Hinh 15). Khi d6, 4p
dung quy tic hinh hop, ta c6:

OA, + OB, +OC, =OD, .

Mt khic, do cic le cing F, F, F, doi mot
vudng goc va |F |F ’ =15(N) nén hinh hdp
OAIDIB[.C,AID,B, co ba canh OA , OB, OC, doi mot
vudng géc va bing nhau. Vi th€ hinh hgp d6 1a hinh 14p
phuong ¢6 d6 dai canh bing 15. Suy ra &) dai dudng chéo

OD; ciia hinh 1dp phuong d6 bing 15v/3 . Hink 15
Do chiéc dén & vi trf can bing nén F +F + F P d dé P la trong lyc tdc dung Ién
chiéc den. Suy ra trong lugng cua chiée den la: |P‘ = 15\/_ 3 (N).
[ eai Tip
1. Chohinh hopABCD.A'B’C’D’. Vectd ii = A'A + A'B'+ A'D’ biing vecto nao dudi day?
A. AC. B. CA'. . AC’ D. C'A.
2. Cho td dién ABCD. Chiing minh riing:
a):TC‘+1?5=ITD+Eé; b)@—@mﬁ#ﬁé.
3. Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bing a. Tinh:
a) AB.DC’; D'A. BC; b) Céc géc (A'D, B'C); (AD', BD).

63
Poc ban méi nhéat trén hoc10.vn Ban mau goép y



4. Cho hinh hop ABCD.A’B’C’D’. Goi G ldtrong tam
tam gidc AB’D’. Chiing minh ring A AC=34G.

5. Mot chiée 6 t6 dugc dit trén mit ddy dudi clia mot
khung sit ¢6 dang hinh hop chii nhat véi ddy trén
Ia hinh chii nhat ABCD, miit phfmg (ABCD) song
song véi mit phing niim ngang. Khung sit d6 dugc
budc vao mée E cua chiéc can ciu sao cho céc doan
day cdp EA, EB, EC, ED c6 db dai bing nhau va
cling tao véi mijt phing (ABCD) mdt géc bing 60°
(Hinh 16). Chiéc cin ciu kéo khung sit 1én theo
phuong thing ding.

Tinh trong lugng cua chiéc xe 0 to (lam tron dén
hang don vi), bié€t ring cdc lyc ciing F,, Fz, Fs,
F déu c6 cudng do 1a 4 700 N va trong lugng ctia
khung sit 12 3 000 N. Hinh 16

lgj' "riM HIEU THEM .

Ba vecto dong phang

Trude hét, ta c6 dinh nghia sau: Trong khong gian, ba vecto dugc goi la dong phdng néu
cdc gid clia ching cling song song véi mdt mit phing.

Vidu | Cho hinh hop ABCD.A’B’C’D’. Goi M, N, P, Q %/'
lan lugt 12 trung di€m ctia cdc canh A’D’, D'C’, AA”, DD, A’ %
Goi E 1a trung diém cla doan thing DQ, G la diém nim ’\Q
trén canh CC’ sao cho CC’ = 4CG (Hinh 17). Do cic & 3
duong thing MN, PQ, EG cung song song v6i mit phing © F‘r -------------------
(ABCD) nén gia cuia ba vecto W, P—Q, EG cling cung b """"""""""
song song véi miit phiing (ABCD). Vi vy, ba vectds M, o
PQ, EG la dong phdng. Hinh 17

Nhén xét: Nguoi ta ciing chiing minh duge mot s& diéu kién sau diy dé ba vecto trong
khong gian 1a dong phing:

I. Trong khong gian, cho hai vectd a, b khong cung phuong va vecto ¢. Khi do, ba
vecto d, b, ¢ ddng phing khi va chi khi ¢6 cip s6 m, n sao cho ¢ = ma +nb. Ngoai ra,
cip s6 m, n 12 duy nhit.

2. Trong khong gian, cho ba vecto a, b, ¢ déu khéc vecto-khong. Tu diém O trong
khong gian, ta vé OA =d, OB =b, OC =¢. Khi d6, ba vectd @, b, ¢ ddng phing khi
va chi khi bon diém O, A, B, C ciing thudc mdt mit phing.

64
Poc ban méi nhéat trén hoc10.vn Ban mau goép y



§2 ' TOA PO CUA VECTO

Bio Haiyan (Hai Yén) 1a mot con bio manh da d6 bo
va0 nudc ta nhiing ngay du thang 11 nim 2013.

DE theo ddi dudng di clia bdo va vén tdc gié, ngudi ta
st dung toa d6 clia cdc vecto chi van téc cha nhiing
ludng gié xody vao tam bio (Hinh 18).

Toa dj cua vecto trong khong gian la gi?
Lam thé nao dé xdc dinh duoc toa db ciia
vecto trong khong gian? ’

~
— -~

Anh chup bao Haivan ngay
07/11/2013

(Nguon: https:/fvi.wikipedia.org)
Hinh 18

1. TOA DO CUA MOT DIEM

1. Hé truc toa do trong khong gian

Trong khong gian, hay vé:

a) Ba truc s6 Ox, Oy, Oz vudng géc v6i nhau titng d6i mot va cit nhau tai goc O clia mdi truc.

b) * Vecto i xudt phat tii diém gbc O, theo chiéu duong ctia truc Ox va c6 do dai bing 1.
* Vecto j xudt phat tit diém géc O, theo chidu duong ctia truc Oy va ¢ do dai bang 1.
* Vecto k xudt phit tit diém gdc O, theo chidu duong ciia true Oz va ¢6 do dai bling 1.

= o =2

Hé gdm ba truc Ox, Oy, Oz ddi mdt vudng géc dudc
goi la hé truc tog dp vuong goc Oxyz trong khong
gian, hay don gian goi la hé toa do Oxyz.

Chii y: Ta goi i, j, k 1an lugt 1 céc vecto don vi trén céc i
truc Ox, Oy, Oz.

| I

Trong hé toa 6 Oxyz (Hinh 19), ta goi: diém O 12 goc toa
do; Ox la truc hoanh, Oy la truc tung, Oz la truc cao; cac 7
mit phiing (0xy), (Oyz), (0zx) la cdc mit phing toa do.

i (PR

Khong gian véi hé toa d Oxyz con dugc goi la khong gian

Oxyz. Hinh 19
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Nhéin xér: Cac mat phﬁng toa dd (Oxy), (Oyz), (Ozx) d61 mot vudng goc véi nhau.

Fidul & Mot san tennis v6i hé toa do Oxyz duge
chon nhu & Hinh 20.
a) Hoi mit sin niim trong mit phing toa dd nao?

b) Truc Oz ¢6 vudng goc véi mit san hay khong?

Gidi

a) Mit san ndm trong mat phfmg toa do (Oxy). Hinh 20

b) Truc Oz vudng géc v6i mit phing toa dd (Oxy) [?’

nén truc Oz vudng gée véi mit san. 1 Mot cén phong v6i hé
toa 46 Oxyz dugc chon
nhu & Hinh 21. Cho biét
bic tong phia sau cua
cin phong ndm trong mit
phéng toa d6 nao.

Hinh 21

2. Toa d6 ciia mot diém g gkl WN
(GSP» Cho diém M trong khong gian véi hé toa
d6 Oxyz. Goi M, 1a hinh chiéu cia diém M trénmat 2L N .
phiing Oxy (Hinh 22). Y e
a) Trong mit phing Oxy hiy cho biét: 74 : Ml

T
2
e 235

* Hinh chiéu H ctia diém M trén truc hoanh Ox ¥
ting v6i s0 ndo trén truc Ox? Hinh 22
* Hinh chiéu K ctia diém M trén tryc tung Oy ting A
véi s6 ndo trén truc Oy?

¢

b) Hinh chiéu P ctia diém M trén truc cao Oz ing véi P \

s0 nio trén truc Oz?

Nhdn xér: B& s6 (4 3 5 ; 3) goi 12 tog dp cha diém M

\ =
o A
=1

” ; — X H
trong khong gian véi hé toa d Oxyz. = M,

Ta c6 dinh nghia sau (Hinh 23): ik 73
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Trong khong gian véi hé toa d9 Oxyz, cho diém M.

* X4c dinh hinh chi€u M, clia diém M trén mét phing Oxy. Trong mit phing toa do
Oxy, tim hoanh do a, tung do b cua di€m M,.

* Xdc dinh hinh chiéu P ctia diém M trén truc cao Oz, diém P ting véi s6 ¢ trén truc
0z. S6 ¢ la cao d0 cha diém M.

B0Os6 (a ;b ; ¢) 1a tog dp cha diém M trong khong gian véi hé toa 6 Oxyz, ki hidu 1a

M(a ;b ;).
Chu y
* Toa do clia mot diém M trong khong gian vé6i hé -

toa do Oxyz ludn tdn tai va duy nhat.

* Ngudi ta con ¢6 thé xdc dinh toa do diém M theo
cach sau (Hinh 24): ple
+ Xdc dinh hinh chiéu H ctia diém M trén tryc hoanh

Ox, diém H ting v6i s8 a trén truc Ox. S& a 12 hoanh 0
d06 cta diém M.

+ Xdc dinh hinh chiéu K clia diém M trén truc tung B 5
Oy, diém K tng v6i s6 b trén truc Oy. S8 b la tung

do cha diém M.

+ Xdc dinh hinh chiéu P cta diém M trén truc cao

Oz, diém P (ing v6i s8 ¢ trén truc Oz. S6 ¢ 1a cao dd

cia diém M.

M(a:b:c)
b/K

-y

Hinh 24

Khi d6, b0 6 (a ; b ; ¢) 1a toa d clia diém M trong zA
khong gian véi hé toa dd Oxyz.

U2
=
()

Vidu2 = Trong khdng gian véi hé toa do Oxyz, cho
diém A(4:5:3). Goi A, A,, A, lan lugt 12 hinh chi€u " 2@l 5:3)
ctia diém A trén cdc mit phﬁng toa dé (Oxy), (Oyz). : 3
(Ozx) (Hinh 25). Tim toa do cta céc diém A As A4
Gidi
Goi A (x) 5y, 52))s A)(X5 3 Y55 29), A3(X3 5 Y35 23)-
V6iA(4;5;3),datx, =4,y,=5,z,=3. Tacé:
+x,=x, =4y =y,=5vaz =0 (viA, nim trén

O
A

4 A,

Hinh 25

-

E 2 Trong khong gian véi
hé toa do Oxyz, cho diém

miit phing (Oxy)). Dod6 A (4 ;5 ; 0). AG :2: 4). Goi H. K. P
+¥,=y,=52=2,=3vax,=0(viA, nim trén 1an luot Ia hinh chiéu cna
2, 2 7 "y VR A %
mit phing (Oyz)). Do d6 A,(0 ;5 ; 3). diém A trén cdc truc Ox,
P < o Oy, Oz. Tim toa d6 ctia cic
+x,=x,=4;2,=2,=3 vay; =0 (vi A, ndm trén diém H K. P.

mit phing (Ozx)). Do d6 A,(4: 0 : 3).
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Il. TOA O CUA MOT VECTO
EP Cho diém M trong khong gian véi hé toa d6 Oxyz.

a) VE vecto O—M .
b) Néu céch xdc dinh toa do cta diém M.

Toa @9 cia diém M dudc goi 1a toa d6 clia vecto OM.

Néu OM c6 toa dd (a ; b ; ¢) thi ta viét OM (a:b;c), trong d6 a goi la hoanh do cua
vecto OM b goi la tung d6 cua vecto OM vac goi la cao do ctia vectd oM (Hinh 26).

b 7 A

C

147
M A k
0 by 0 | y
""" _— S A ; Ll
o J
2
a
.\'/ X
Hinh 26 Hinh 27

Chii y: Trong khong gian véi hé toa do Oxyz, ta c6:
*OM=(a;b;c) &Mazb:c),
* Vecto don vi i trén truc Ox c6toa ddla i =(1;0;0);

Vecto don vi j trén truc Oycdtoaddla j =(0:1;0);

Vectd don vi k trén truc Oz ¢6 toa dd 1a k=(0:0; 1) (Hinh 27).

Vidu3 @ Trong khong gian véi hé toa do Oxyz, cho hai

diém M(-4:3 ;- 1) vaNQ2 —3). Tim toa do cua
cdc vecto OM ON |
Giai 3 Trong khong gian

. \ﬂ hé toa do0 Oxyz, cho
Tac6: M(-4;3:;-1)vaNQ2;-1;-3). OA =(3:1:—72). Timtoa
Dod6, OM =(-4;3;-1), ON=(2;-1;-3). do diém A.
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(S Trong khong gian véi hé toa do Oxyz, cho vecto i@ (Hinh 28). Hay xdc dinh
diém A sao cho OA =i (Hinh 29).

A Z A

>
y y
d

v=
v=

Hinh 28 Hinh 29

Trong khong gian véi he toa d6 Oxyz, toa d9 clia mét vecto 4 1a toa d6 cla diémaA,
trong d6 A 12 diém sao cho OA = .

Néu i c6toadd (a:b;c)thitaviét i =(a;b;c), trong 46 a goi 1a hoanh dd, b goi Ia
tung do va ¢ goi la cao dj cla vecto u.

Vidu4 | Tim toa d6 cita cdc vects A A, A,A & Hinh 30.

A

:
|

-

%‘vjvj;}‘}‘r_jjéh * gﬁ—
Goasesrye: @nmtoadécﬁacéc‘

V|
{ A4l 513 :
]‘AJ, grgmm sk S vects KA, A,A & Hinh 30.
1A & - )
Byl i s "o
B s Sarear.y. v
W i i
Hinh 30

Gidai

Trong Hinh 30, ta ¢6: ATA=OL, A A=0H maL(0:0;3)vaH(4;0;0).
Do d6, AA=(0;0;3) va A,A=(4;0;0).
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Trong khong gian v6i hé toa 46 Oxyz, cho veetd i =(a ; b ; ¢) (Hinh 31).

Ly diém A sao cho OA = i. -

a) Tim hoanh @9, tung dd va cao dd ctia diém A. ale

b) Biéu dién vecté OH qua vecto i; vecto OK
qua vecto f; vecto OP qua vecto k.

g

¢) Biéu dién vecto i theo cdc vecto i, J, k.

Ta c6 dinh li sau:

[ Trong khéng gian véi hé toa d6 Oxyz, néu &

i=(a;b;c) thi | Hinh 31
ii =ai +bj +ck. |
Ngudc lai, néu i = ai +bj +ck thi
u=Ca ;b Ch
X=X
Chiy: VO =(x;5y,52) vVav=(x33),:%), tacl: i=v iy =y,
3 =2,

Nhu vy, mbi vecto hoan toan duge x4c dinh khi biét toa do ctia né.

Vidu5 = Trong khong gian véi hé toa do Oxyz, cho diém A(1 ; 2 ; — 3) va vecto
ii =(3:—-4;2). Hay biéu dién theo cdc vectd i, j va k mbi vectd sau:

a) O—A;
b) u.
Giai
a) Vidiém A cétoadola(l;2;—3)nén e
OA=(1:;2;-3). Is Trong khong gian véi h¢ toa dd |
Do d6, OA =1i +2j +(-3)k =i +2j —3k. Oxyz, cho vectd OB = —i +2k
va vectd v =—7;j + k. Hay tim
b)Viu=(3;-4;2) nén toa do cta:
i =30 +(~4)] +2k =37 -4 +2K. A BRI biFdoat &
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Trong khong gian véi hé toa do Oxyz, cho hai didm A(x, ; v, 2,), B0 Ve’ 2)
(Hinh 32).

a) Biéu dién mdi vectd OA, OB theo céc vecto
i, j vak.

b) Tim lién hé gitia
AB va (x, —xA)i;- +(y5 —yA)f iz —ZA)E.

¢) Tu do, tim toa do cha vecto AB.

Ta ¢6 dinh 1f sau:

Trong khong gian véi hé toa dd Oxyz, cho
I 2

hai di€m A(x, 1y, 5 2,) VAB(xy: v 2,). Khi do, B33

tach: AB=(xp—X,45 Vg =4 525 —24)

——

Vidy 6 = Trong khong gian véi hé toa dd Oxyz, cho hinh binh hanh cé ba dinh
A(1;1:-2),B4:3;:)vaC(-1:;-2;2).

a) Tim toa d0 cta vecto AB.

b) Tim toa do cia diém D.

Gidi

a) Ta co:
AB=(4-1:3-1;1-(-2)=(3:2:3).

b) Goi toa do cta diém D 12 (x, ; y, 5 7). tacd: .

DC=(—1—XD§—2—)’D;2—ZD)- 6 Trong khong gian vG6i hé

.. . . o sompipornds toa d0 Oxyz, cho hinh hdp
Ti gidc ABCD la hinh binh hanh khi va chi khi ABCDA'B'C'D’ c6

=1=xp5=3 xp=-4 A(1:;0;1),B(2;1;2),
DC=AB &{-2-y,=2&3y,=-4 D(l;—131),€C(4;5;-5)
2-z,=3 zp=—1. Tim toa d§ dinh A cta hinh hop
ABCDA'B’'C'D’.

VayD(-4;-4;-1).
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Vidu 7 | Hinh 33a md ta mdt sin ciu 16ng véi kich thudc theo tiéu chuin qudc t€. Ta
chon hé truc Oxyz cho san @6 nhu 6 Hinh 33b (don vi trén mbi truc 12 mét). Gia sit AB 1a
mot tru cau 16ng @€ cing ludi. Hiy x4c dinh toa do ciia vecto AB.

Hinh 33

Gidi

* Goi toa @0 diém A 1a (&1 xvz,)o N1 chiéu rong ctia san 12 6,1 m nén x, =6,1. Do mOt
niia chiéu dai cta sin 12 6,7 m nén y, = 6,7. Diém A thudc mit phing (Oxy) nén z, = 0.
Vi vdy. diém A ¢6 toa dd 12 (6,1 ;6,7 ; 0).

* Po dai doan thing AB 12 1,55 m nén diém B c6 toa d6 1a (6,1 ; 6,7 ; 1,55).
Vay tacod: AB=(6,1-6,1;6,7-6,7:1,55-0), tic la AB=(0;0;1,55).

B s Tip y

1. Trong khong gian véi hé toa dd Oxyz, cho diém A(1 ; 2 ; 3). Toa dd cuia vecto OA la:
A0 25 .3 Bl 5 0:5.3). C.(0; 2453). B (1. 52.:0).

2. Trong khong gian v6i hé toa d6 Oxyz, cho vectd @ =(-1;4;2) va diém A. Biét
OA =ii. Toa dd cia diém A 1a:

A (1zd22). B.(-1:4;2). C.d;-4;-2). D.(-1;-4;-2).
3. Trong khong gian véi hé toa d Oxyz, cho vectciﬁ=—-2?—f+3l€. Toa dd cua vecto

u la:

A.(-2:;-1:3). B.(2:;1;3). C.(-2;0:3). D.(-2;-1:;-3).

4. Trong khong gian véi hé toa dd Oxyz, cho hai difmA(1;-1;2)vaB@;-3;1).
Toa do cta vectd AB la:
A (=332 1) B.3:-2:-1). C.(5;-4:;3). D.3:-4:-1).
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5. Trong khong gian v6i hé toa 6 Oxyz, cho vecto u =(4;2:3) va diém A(1 ;1 1).
Toa @0 diém C thod min AC =i la:
A.(4;2;3). B. =1z 1) C..05:.3:4), D.(3:1:2).

6. Trong khong gian vé6i hé toa dd Oxyz, cho A3 ;-2 ;- 1). Goi A}, A,, A, 14n luot
14 hinh chiéu cta diém A trén cdc mit phfing toa do (Oxy), (Oyz), (Ozx). Tim toa do
clia cdc diém ;. CWY P

7. Trong khong gian vdi hé toa dd Oxyz, cho A(-2 ;3 ; 4). Goi H, K, P 1in luct 1a hinh
chi€u cta diém A trén cdc truc Ox, Oy, Oz. Tim toa do cia cdc diém H, K, P.

8. Trong khong gian véi hé toa dd Oxyz, cho hinh hopABCD.A’B’C'D’ ¢c6A(4;6;-35),
B(5;7:,-4),C(5:;6;-4),D'(2;0;2). Tim toa d§ cic dinh con lai cia hinh hdp
ABCD.A’B’C’D’.

9. Ngudi ta cAn Iip mot camera phia trén san béng dé phat séng truyén hinh mdt tran
béng d4, camera c6 thé di dong dé ludn thu dugc hinh anh o nét vé dién bién trén
san. Cdc ki su du dinh tréng bon chiée cot cao 30 m va sit dung hé théng cdp gin
vao bon diu cot d€ gilt camera & vi trf mong mudn.

M0 hinh thiét k&€ dugc xay dung nhu sau: Trong hé truc toa 46 Oxyz (don vi @6 dai
trén mdi truc 12 1 m), cdc dinh ctia bdn chiée cot 1an lugt 1a céc diém M(90 ; 0 ; 30),
N(90 ; 120 ; 30), P(0 ; 120 ; 30), Q0 ; 0 ; 30) (Hinh 34).
Gid st K 1a vi tri ban d4u ctia camera c6 cao d biing 25 va KM=KN=KP=KQ.
Dé theo doi qua bong dén vi tri A, camera dugc ha thip theo phuong thing diing
xudng diém K , cao do b?mg 19 (Nguon: hitps:/fiwww.abiturloesung.de; Abitur Bayern 2016
Geometrie VI).

24

Q(0;0:30) P(0 ;120 30)

M(90 ;0 30) < P
------ 1. - —STN(90:120; 30)

TR S
y . y

Hinh 34

5~

Tim toa dd clia cdc diém K(), K | va clia vecto K,K.
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S3 | BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Mot chi€c mdy quay phim & dai
truyén hinh dugc dit rén mot gid
d3 ba chén véi diém dit P(0; 0 ; 4)
va cac diém tiép xidc v6i mat dat cla
ba chén lan lugt 1a QI(O — 1 30);

NEEIWIEEINRY | (G

P | -

2 "2°

2 T2
(Hinh 35). Biét ring trong lugng cla
mdy quay 1a 360 N.

ol |

Lam thé' nao dé tim dugc tog dj ciia cdc luc F,, F,, F,

tac dung lén gia do?

I. BIEU THUC TOA DO CUA PHEP CONG HAI VECTO, PHEP TRU HAI
VECTO, PHEP NHAN MOT s V81 MOT VECTO

EP Trong khong gian vdi hé toa d Oxyz (Hinh 36),
cho hai vecto

[i=(x| N ;Zl) va {3=(X2 s Y3 Zz)-

a) Biéu dién céc vectd i, v theo ba vectd i, j, k.

b) Biéu dién cdc vecto i +V, i —v, mi (m € R) theo
ba vects i, j, k.

¢) Tim toa @0 céc vectd ii + v, ii — v, mii (m e R). Hinh 36

N&u @ =(x, ;y,53) va ¥ =(x,;y,52) thi

U+V =X+ X, 5+ 5 4+ 5);
A=V =00—5% i V%3 i % =%)

mii = (mx, ; my, ;mz;) véim e R.
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Nhén xét: Hai vecto u =(x; 3y, 52, V=(X, 1, :2,) (V# 0) cling phuong khi va chi

x] — ’nx-)
khi ¢6 mét s6 thuc m sao cho { y, = my, .
2, =mz,

Vidul | Cho a=(-2:3:2), b=(2:1;—1), é¢=(1;2;3). Tinh toa d6 cia mbi

vecto sau:
a) 3a; b) 2d —b; c) a+25—%5.
Gidgi ‘;y
Ta c6: “{ih a) .Cho
— 2;0;1,
a) 3d=(3.(-2);3.3;3.2). Viy 3a=(=6;9;6). §=EO =
b) Ta c6 26 =(- 6 ) A% =(2;1;- 1). Do 8, = 233;2)
2G—p = (o oslthes G 1l — ) Tim toa do cta vecto
o U+2V —4w.
Vay 2d-b=(-6:5;5). b) Cho ba diém
Do d =(-2:;3:2)va2b=(4;2;-2) nén AG1:-3;-2),
a+2b=(2;5;0).Ngoaira, i —¢ =} ——:;—-3; —— S
g R ) s €@;5;6)
L o= B W 9 Chiing minh ring ba diém
nén a+2b—5c‘= —'2'—5 ; A, B, C thang hang.

Il. TOA DO TRUNG DIEM POAN THANG. TOA DO TRONG TAM TAM GIAC

a) Trong khong gian véi hé toa dd Oxyz, cho hai diém A(x L 0T A) va B(x, ;

g5V 5 Zg)e
Goi M(x,, 5 vy, 3 2

« Bidu didn vects OM theo hai vects OA va OB.

) 1a trung diém cta doan th?mg AB.

* Tinh toa do ctia diém M theo toa do cla cic diém Ax, 3y, 32,) vaB(x, 3y, 2,).
b) Trong khong gian véi hé toa d6 Oxyz, cho tam gidc ABC ¢6 trong tim G.
* Biu dién vecto OG theo ba vects OA, OB, OC.

* Tinh toa d6 cia diém G theo toa dd cta cdc diém A(x a5 Wy 5%,) B |
Clxe s Y035 20)

B s (:B)o
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* Cho hai di€m A(x, ;y,:2,) VA B(x, ; y, z,)- Néu M(x,, ; ,, ; z,,) 1a trung diém
doan thing AB thi

e R e o JaK M, o KT L
s ’ 3
W = 3

* Cho tam gidc ABC cO A(x,, 3 ¥, 52,), B(xy 3 ¥,325), C(x (5303 20)- Néu G 052
1a trong tdm tam gidc ABC thi

_Xatxgtxe . o Yat¥ptVe. | _Zatiptic
xG_—’ G_—’ ZG_—_
3 2) 3

Vidu2 | Chotam gidc ABCc6A(-2;1;0),B0:;2;5),C(5;0;2). Tim toa dj trung
diém M cta doan thing AB va trong tim G clia tam gidc ABC.

Giai
Do M(x,, ; y,, ; z,) 12 trung diém doan thang AB nén
o _—2+0__l_ g _l+2_§_z _0+5 5
M= T Rl D
Viy M(_l;i;é). [\;E
2 2 2 Cho ba diém
Do Glxs: ¥gigs) la trong tam tam giac ABC nén AQ;—-1;1),
—24+0+5 B(1:0;5),
= G(1;2:0).
14+2+0 a) Ching minh ring ba
Yo=—7 =b diém A, B, G khong thing
04542 7 hang. 1
G = 3 = 3 b) Tim toa d6 diém C sao
cho G la trong tdm cla
Viy G(l ; fis ZJ tam gidc ABC.

11 BIEU THUC TOA DO CUA TiCH VO HUGNG
& Trong khong gian véi hé toa d6 Oxyz, cho cac vecto u=(x, ;Y ;7).

V=(% Y 5 )

Hay biéu dién céc vecto i, v theo ba vectd don vi i, j, k va tinh tich vd hudng i . v.

Néuit=(x;5%) Vav=(x,;Y,:2) thii.V=xx+yY,+22,.
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Nhdn xét

a)Néu d=(x:y:z) thild=a. ,/ 2

b) Néu Ax,;¥,:2)vaBx,;y,;2,) thi

AB=[AB| =[x, - x)* + (y, -y +(z, - 7,)".
¢) V@i hai vecto 4 =(x, ; y, 5 2) va v=(x,;y,: 2,) khéc vecto 0, ta c6:

* i va v vudng géc véi nhau khi va chi khix x, +y,y, + 2,2, =0.
. v XXy + 0¥y 4%

il . ¥l \/x|2+yf +z .\/x22+y22+z§ .

e cos(u, v)=

Vidu3 | Trong khong gian véi hé toa do Oxyz, choA(1:0:0),B(0;0: 1) vaC2:1;1).
a) Chitng minh riing A, B, C khong thing hang.
b) Tinh chu vi cta tam gidc ABC.
¢) Tinh cos ABC.
Giai
a) Taco: B—Az(l;O;—l), R‘=(2;l;0). SuyraE\=(l;O;—l)¢kBT‘=(2k;k;O)
vGi moi k e R. Viy ba diém A, B, C khong thing hang.
b) Ta thiy: "

2 o2 2 _ -
BA = \/l +07 +(= 1) =42, 3 Trong khong gian véi

BC=~/22 +12 402 ___\/'5_’ hé toa d6 Oxyz, cho tam

gidc ABCco A(2;—1;1),

AC =12 +12 412 =43, B(l:-1:2)vaC(3:0:2).

. Chiing minh riing tam gidc
Vay chu vi ciia tam gidc ABC bing \/5 + \/5 + \/g ABC fuéng taiAg. =

¢) Ta cé:

s KT s (PR B = A= BC, 1240 T4{=D.0_ 2 =\/ﬁ

\BAl . [BC] J2 .af5 Jo 3

Vidu4 | Hinh 37 minh hoa so dd mot ngdi nha trong hé truc toa d6 Oxyz, trong d6 nén
nha, bon bic tudng va hai mdi nha déu 1a hinh chii nhét.
a) Tim toa do cia cic diém A, H va F.
b) Tinh géc déc clia mdi nha, tic 12 tim s6 do ctia gée nhi dién ¢6 canh 13 dudng thing
FG, hai miit 1an luot 1a (FGQP) va (FGHE) (1am tron két qua dén hang phin muoi
cua do).
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Gidi 0(2:5:4)

a) Vi nén nha 12 hinh chii nhit nén tit gidc

OABCla‘lh‘mhchﬁnhét,suyraxA =xl;=4, o - S RS G4:5:3)
nén toa dd ditm A la (4 ; 0 ; 0). Tudng ;

nha 12 hinh chil nhéat nén td gidc OCHE E0:0:3) e -

1a hinh chit nhét, suy ra y, =y.=5, € Flsmsosoicoing B(4;5:0)

2, =2, =3. Do H niim trén mit phing
(Oyz) nén toa @6 diém H1a(0; 5 ; 3).
T gidc OAFE la hinh chit nhat nén
xF=qu= 4, ,=,= 3. Do F ndm trén
miit phing (Ozx) nén toa do diém F 1a
4:0:3).

=y

0(0:0:0) A
Hinh 37

b) D€ tinh géc dic clia mdi nhi, ta di tinh s6 do clia gée nhi dién c6 canh 12 dudng thing
FG, hai mit lan lugt Ia (FGQP) va (FGHE). Do mit phing (Ozx) vudng géc véi hai
mit phing (FGQP) va (FGHE) nén géc PFE 1a géc phing nhi dién tng véi géc nhi
dién d6. Tacé: FP=(=2;0;1), FE=(-4;0;0).

Suy ra coslﬁ = cos(ﬁ. FE) _M—
7P| |FE|
(=2).(=4+0.0+1.0 25

J=22 402+ =42 +02 402
Do d6, PFE ~ 26,6°. Viy géc ddc ciia mai nha khoang 26,6,

Vidu5 @ Hay giai bai todn trong phin mé dau.
Gidi
Theo gia thiét, ta c6 cdc di€m PO ; 0 ; 4), Q0 ; — 1 ; 0), Q{ ,%;0),

Qg{—ﬁ;l;OJ.

SUYWP_Q1'=(0—0;—1—0;0—4)hayP—Ql=(0;_];_4);

PQ, = (?-0 el 4)hyPQ7 [‘/5;1;—4);
PQ, = (-g-o =050~ 4) hay PQ, = ( ‘ﬁ;%;—4).
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Suy ra iPQl] = IPQ;I = IPQJ = \/-17 Do d6 |F1| = lel = IEI
Vi vy, ton tai hiing s8 ¢ # 0 sao cho:
F=cPQ,=(0:-c:-4c)
o1 )

F2=CP—QZ=(7C;EC;—4C

E=CP—Q3=(—gc;%c;—4c).

Suy ra F,+F2+F3=(0;0;—120).

Miit khdc, ta c6: F, +F, + F, = F, trong d6 F =(0; 0 ; — 360) la trong lyc tdc dung Ién
mdy quay. Suy ra— 12¢ = — 360, tic la ¢ = 30.

Viy F, =(0;-30;-120); F,=(15y3;15;-120); F, =(= 15J3;15; - 120).

IV. CACH TiM TOA PO CUA MOT VECTO VUONG GOC VGI HAI VECTO
CHO TRUGC

a) Cho hinh 1ap phuong ABCD.A’B'C'D’ ¢6 A(0 ; 0;0), B(1 ;0 :;0), DO ;1 ;0),
C’(1;1:1). Hay chi ra toa d¢ cia mdt vecto vudng goc vdi ca hai vectd AB va AD.
b) Cho hai vecto u =(x, ; ¥, ;) va v=(x,; Y, ; 2,) khong cung phuong.
Xétvecto W =(¥,2) = ¥p%; 5 54X — X, 3 X1V —X,),).
*Tinh w.u, w.V.

* Vecto w ¢6 vudng géc vdi ¢a hai vectd w va v hay khong?

Ta c6 dinh Ii sau:

Cho hai vectd 4 =(x, ; ¥, ;7)) va v =(x, ; Y, ; Z,) khong cing phuong.

Khi d6, vecto w = (y,2, = ¥,2; ; X5 — 25X 3 XY, = X,¥;) vudng géc véi cd hai vectd
i vav.

Nhdén xét
* Vecto w trong dinh Ii trén con duge goi 1a tich ¢6 huong cia hai vecto u va v, ki hiéu la
w=a, 7].

a

& ~ A ’ . A b . ~ ’ ~
« D€ thuan tién trong cich viét, ta quy udc: =ad —bc, véia, b, ¢, d 1a cic s0 thuc.

(¥
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Khi d6, v6i hai vectd u =(x, ; ¥, 5 z)) vav=(x,;y,;2,),tacé

[, v =(

* Hai vecto i, v khong cliing phuong khi va chi khi vecto w = [ﬁ G] £0.

N 4.

)

4 X 1N

Xy Y

&~ P

]: (M2 =221 3 51X =2 5 X0 =X ).

Y %

Vidu 6 & Trong khong gian véi hé toa dd Oxyz, cho hai
vecto i =(1;—2;3) va v=(2;0;—3). Hay chi ra toa
do cia mot vectd w khac 0 vudng goc véi ca hai vecto

-

i va v. ?

o 4 Trong khong gian véi
Gidi b toa 86 Oz, cho hai vectd
Ta cé: ﬁ=(1;0;—3)

. -2 3 3 ML =2 ¥ =(0:0:3).
[d, V] = ; ; =(6:9:4), N° FoU:0
0 -3 -3 212 O Hay chi ra toa do cia mot

vecto w khic 0 vudng géc
v6i ¢4 hai vecto i va V.

B i Tip

1. Trong khong gian véi hé toa do Oxyz, cho a=(2;3;-2) va b=(3:1:-1). Toa
do cta vecto i—b la:
A, (Ty=2:1). B.(5;4;—-3). C.172;-1. D.(~=1;2;-3).

Chon w=(6;9;4). Theo dinh i trén, vecto w vubng
g6c vdi ca hai vecto 4 va v,

2. Trong khong gian véi hé toa do Oxyz, cho a=(0;1:1) va b= (-1;1;0). Géc
gilta hai vecto @ va b biing:
A. 60°. B. 120°, €. 1307, D. 30%

3. Trong khong gian v6i hé toa d0 Oxyz, cho a=(-1;2;3), b= 3:1:-2),
c=04;2;-3).
a) Tim toa dd ctia vecto i =2d + b — 3¢.
b) Tim toa d6 cta vectd v sao cho v + 2b=a+¢.

4. Trong khong gian véi hé toa do Oxyz,cho a=(2;-2;1), b= (2;1;3). Hay chi
ra toa do cua mot vecto ¢ khac 0 vudng goc voi ca hai vectd a va b.
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5. Trong khong gian véi hé toa d6 Oxyz, cho a=(3:2:;-1), b= (=2:1:2). Tinh
cosin cta goc (d, b).

6. Trong khong gian véi hé toa do Oxyz, cho A(-2;3:0),B(4:;0:5),C0O;2;-3).
a) Chiing minh riing ba diém A, B, C khong thang hang.
b) Tinh chu vi tam gidc ABC.
¢) Tim toa do trong tdm G cua tam gidc ABC.

d) Tinh cos B/A\C

7. ChohinhhdpABCD.A’B’C’D’,biétA(1;0;1),B(2:1;2),D(1:-1:1),C’(4;5;-5).
Hay chi ra toa d6 ctia mot vecto khdc 0 vudng gée véi ca hai vecto trong mdi trudng
hop sau:

a) AC va B'D': b) AC’ va BD.

8. Mot chiée den tron dugc treo song song véi mit phing nim
ngang bdi ba sgi ddy khong ddn xuét phat tit diém O trén
trAn nha 14n ludt budc vao ba diém A, B, C trén den tron
sao cho tam gidc ABC déu (Hinh 38). D6 dai clia ba doan
diy OA, OB, OC déu biing L. Trong lugng ciia chiéc dén 1a
24 N va ban kinh cta chiéc dén 12 18 in (1 inch = 2,54 cm).
Goi F 1a d6 16n cua céc luc cing FI, FQ, E trén mdi soi
day. Khi d6, F = F(L) 1a mot ham s& v6i bién sd 1a L.

a) Xdc dinh cong thdc tinh ham s F = F(L).
b) Khio sét va vé dd thi ham s6 F = F(L). RIS

¢) Tim chiéu dai t6i thi€u ctia mdi s¢i diy, biét ring mdi soi diy dé dugc thiét ké dé
chiu dudc luc cing toi da la 10 N.
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BAI TAP CUOI CHUONG II
Cdc bai todn dudi day, néu khong cé chii ¥ gi thém thi ta hiéu xét trong khong gian véi
hé tog dj Oxyz.

1. Cho diém M thoa mdn OM =37 +4] +2k. Toa d0 cia diém M la:
A.(2;3;4). B.(3;4;2). C.4:;2;:3). D.(3:2:4).

2. Cho hai diém M(1 ; —2;3) vaN@3 ;4 ;—5). Toa dd cua vecto W la:
A (-2:6;8). B.(2;6;-28). C.(-2;6:;-8). D.(-2;-6;38).

3. Chohaivecto u=(3;-4:5), v=(5:;7 ;- 1). Toa d6 cta vecto u + v la:
A.(8:;3;4). B.(-2;-11:;6). C.2;11:-6). D.(-8:-3:-4).

4. Chohaivecto i=(1;-2;3), v=(5:;4;-1). Toadocha vecto u —Vv la:
A.(4;6;4). B.(-4;-6:4). C.4;6;—-4). D.(-4:-6:-4).

5. Chovectd i=(1;-1;3). Toadd cua vectd — 3u la:

A AF3~3498 B.(3;=3:—8¥ C=3:3v=98 DN3;:3;9).

6. Dodaicuavecto u=(2;-2;1)la:
A.9. B.3. G2 D. 4.

7. Tich vé huéng ctia hai vecto u=(1;-2:;3)vav=3;4;-5)la:

A V14 .450. B.-Vi4a.450. .20 D. - 20.
8. Khoang céch gitta hai diém I(1 ;4 ;- 7) va K(6 ;4 ; 5) la:
A. 169, B.13, .26, D. 6.,5.

9. Cho hai diém M(1 ;-2 :3) vaNQ3 ;4 ; - 5). Trung diém cla doan thing MN c6 toa
do la:
A.(-2;1;1). B. (2515 1. C.(-2;1;-1. D.(2;1;-1).

10. Cho tam gidc MNP co6 M(0;2; 1), N(—1;-2;3)va P(l ;3 ;2). Trong tAm cha
tam gidc MNP c¢ toa do la:
A.(0:1;2). B.(0:;3;6) C.0;-3:-6). D.(0;-1:-2).
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11. Cho hai vecto u=(1;—-2;3)va v=(3;4;-5). Hay chi ra toa do cia mot vecto
w khéc 0 vudng géc véi ca hai vectd i va v.

12. Cho hinh l4p phuong ABCD.A’B'C’D’ ¢6 canh biing a. Goi M. N 1an lugt 12 trung
diém ctia cdc canh AA’ vi CC’. Tinh géc gilta hai vecto MN va AD'.

13. Xéthé toa dd Oxyz gén v6i hinh 1ap phuong "
ABCD.A’B’C’D’ nhu Hinh 39, don vi clia T\ 1

mdi truc biing dd dai canh hinh lap phuong. -
BiétA(0;0;0),B(1;0;0,D0;:1:;0), 5 .
A’0;0;1).

a) Xdc dinh toa dd cac dinh con lai cla ; | »

hinh 1ap phucng ABCD.A'B'C'D". DA .
b) Xdc dinh toa do trong tim G clia tam ________________ .
gidc A’BD. e z

¢) Xdc dinh toa dd céc vecto 073 va 0_.C ! Hinh 39

Ching minh ring ba diém O, G, C’ thing
hang vi. 0G = %OC'.

pe

14. Trong khong gian véi hé toa d6 Oxyz,cho A(2:0;-3),B(0;-4;5) vaC(-1:2;0).
a) Chiing minh riing ba diém A, B, C khong thing hang.
b) Tim toa do cua diém D sao cho ti gidc ABCD la hinh binh hanh.
¢) Tim toa do trong tdm G cua tam gidc ABC.
d) Tinh chu vi cta tam gidc ABC.
e) Tinh cos B’XC

15. Mot chiéc mdy dugc dit trén mot gid dd ba
chan véi diém dit EQ0 ; 0 ; 6) va céc diém
tiép xtic véi mit dat cta ba chén 1an lugt 1a

A 031:0),
Aa(ﬁ;_l;oj,
N 2 2

N
A{‘?‘?"

(Hinh 40). Biét ring trong luong clia chiéc
mdy 1a 300 N. Tim toa d¢ cla céc lyc téc '-
dung Ién gia do k|, F,, F;. Hinh 40
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CAC SO DAC TRUNG
PO MUC DO PHAN TAN CHO

MAU SO LIEU GHEP NHOM

Trong chuong nay, chiing ta sé tim hiéu nhing néi dung sau:
khoang bién thién, khodng t phan vi cda mau so liéu ghép nhém;
phuong sai, dé léch chuan ctia mau s6 liéu ghép nhom.

KHOANG BIEN THIEN, KHOANG TU PHAN VI

§1, / clA MAU s6 LIEU GHEP NHOM

Bdng I 1a bang tan s& ghép nhém biéu dién miu s6 lidu ghi [

; g ; - Nhém Tén s6
lai ndng suat lia (don vi: ta/ha) ctia 60 dia phuong. ,
[40 ;: 47)
~1- U - [47 : 54) 6
‘Khodng bién thién ciia mau so liéu 54 - 61 21
ghép nhém do dugc xdc dinh nhut thé nao ?« 4 gl
1 M- [61;68) 21
i ~—— - [68:75) 1
| =60
Bang 1
I. KHOANG BIEN THIEN
1. Pinh nghia
Nhém Tén s6
1 Y P . ‘
Xét miu 56 Tiu ghép nhém cho bdi Bdng 2. T g
a) Ti? a,da, 1an lugt 12 dAu miit trdi ctia nhém 1, dau miit [45 : 50) 11
phai cu.a nhom 5. 50 ; 55)
b) Tinh hlcuR=a6—a,. [55 : 60)
Nhén xét: Trong mau s6 liéu ghép nhém trén, hiéu [60 ; 65)
R = a,— a, duoc goi 1a khodng bién thién cla mau so lieu n =40
ghép nhom do. Bing 2
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Trong trudng hop tong quat, ta ¢6 dinh nghia sau:
Xét mau s6 liéu ghép nhém cho béi Bang 3.
Goia,a lan Iuot 13 dAu mit trdi cta nhém 1,
dAu muit phai ctia nhém m.
HiéuR=a
S m+ 1
ctia mau so liéu ghép nhém do.

—a, duoc goi 1a khodng bién thién

Vidul | Bdng 4 biéu dién miu s6 liéu ghép nhém vé
chiéu cao (don vi: centimét) ctia 36 hoc sinh nam 16p 12
& mot trudng trung hoc phd thong. Tim khodng bién thién
ctia mau sd liéu ghép nhém dé.

Gidi

Trong mau s6 liéu ghép nhém dé, ta ¢6: dau mit trdi cta
nhém 11 a, = 160, ddu mit phai ctia nhém 5 12 a, = 175.
Vay khodng bién thién clia mau s liéu ghép nhém do 1a:

R=a,—a,=175-160 =15 (cm).

Chu y

Da6i véi mau s6 liéu ghép nhém ma ta biét miu sd licu
khong ghép nhém sinh ra né thi ta ciing c6 thé chon
khodng bién thién ctia miu s6 liéu khong ghép nhém
chinh la khoang bién thién ctia mau s0 liéu ghép nhoém.

2% nghia

Nhoém Thn 56
la,:a, n,
[a2 : a3) n,
la,:a,,,) nm
n
Bdng 3
Nhém Tén s6
[160 : 163) 6
[163 ; 166) 11
[166 : 169) 9
[169; 172) 7
[172 ;175) 3
n=36
Bing 4
} =
1 Tinh khoang bién thién

ctia mau s6 lidu ghép nhém
cho bdi Being I trong phan

mé dau.

* Khoéng bién thién ctia miu s6 liéu ghép nhém do mic d6 phan tin ctia miu s6 liéu do6.

Khoéng bién thién cang 16n thi miu s6 liéu cang phén tan.

* Trong cdc dai lugng do miic d6 phan tdn ctia miu s6 liéu ghép nhém, khoang bién thién
1a dai lugng d& hiéu, dé tinh todn. Tuy nhién, do khodng bién thién chi sit dung hai gi4 tri
a vaa  cliamiu s6 ligu nén dai lugng d6 d& bi anh hudng boi céc gid tri bat thuong.

* Khoang bién thién clia mau s& liéu ghép nhém x4p xi cho khoang bién thién ctia miu

s liéu géc.

Poc ban maéi nhat trén hoc10.vn
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Il. KHOANG TU PHAN VI —
1. Pinh nghia Nhém Tan so tical:llfx‘;f
Xét miu s8 liéu ghép nhém cho béi Bdng 5.

a) » Nhém 2 12 nhém déu tién ¢6 tan sé tich luy 16n hon

[160;163) | 6 6

e [163;166) | 11 | 17

wopkas B30 o s —
hoic bing T 9 ¢6 diing khong? [166:169) | 9 26
« Tim dau mt tréi s, d0 dai A, tdn s6 n, chanhém 2; | [169;172) | 7 33

tan s6 tich luy cf, ctia nhém 1. Sau d6, hay tinh ti (172:175) | 3 36
phan vi thi nhat Q| ctia mau s6 ligu da cho theo | 1
cong thiic sau: n=36

9-¢
0, =s+( ) ) . h. Bdng 5

L
b) « Nhém 3 la nhém dau tién ¢6 tdn s6 tich luy 16n hon hodc bing %=§= 18 ¢6
dang khong?

« Tim dau mut trdi r, d6 dai d, thn s& n, ctia nhém 3; tan s tich luy ¢f, cia nhém 2.
Sau d6, hdy tinh td phin vi thid hai Q, ctia miu s6 liéu da cho theo cong thic sau:

Qz=r+[18-°ffz].d.

LG

A " A s LA o ~ - > 3 9 3 .
¢) * Nhom 4 la nhém dau tién ¢6 tan so tich luy 16n hon hodc biang %1 = -4—6 =27 ¢b

ding khong?
» Tim dAu muit trdi ¢, 36 dai [, tin s6 n , Cllanhém 4; tan s6 tich luy ¢f, cianhém 3. Sau
d6, hay tinh td phan vi thit ba Q, ciia mu s6 ligu da cho theo cong thic sau:

Q3=l+(-ﬂ].l.

ny
d) Tim hiéu Q3 - QI.

N/n;?n .r_ét:? Tror;g mau s0 licu ghép nhom trén, hi¢u A, = Q, -0, dwoc goi la khodng 1t
phdn vi cia mau do.

Trong trudng hgp tong quét, ta c6 dinh nghia sau:

""7 Nhém | Tins| Tansd tich luy
Xét miu s& liéu ghép nhém cho boi la,sa) | n of, =n,
Bdng 6. la5a9) | my ch=n+n,
G:-’i Q,, Q) Q, la t& phén vi cha mau [, o) I =n, +'r.1.2+...+n
6 liu d6. Ta goi higu A, =Q,—Q, a || ™ ™| Mm |7
khodng tit phan vi cia mu s6 ligu do6. _ | n

Bang 6
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Vidu 2 | Béng 7 bi€u dién miu so liéu ghép nhém vé chiéu cao clia 42 miu ciy § mot
vudn thuc vat (don vi: centimét). Tinh khodng tid phén vi ctia miu s6 liéu ghép nhém @6
(1am tron két qua d&n hang phin mudi néu cin).

Giai
S phin tif cia miu 12 n = 42. Nbhém | Tansg | Tansé
oon 42 i tich lu§
* Ta co: Z=T=10’5 ma 5 < 10,5 < 15. Suy ra 40 ; 45) 5 5
nhém 2 la nhém dau tién c6 tan s6 tich luy 16n hon | [45 ; 50) 10 15
hogic bang 10,5. Xét nhém 2 Ia nhém [45 ; 50) ¢6 | [50 ; 55) 7 2
s =45 h=5; n, =10 va nhém I 1a nhém [40 ; 45) [55 : 60) 9 31
Co.f, =5, [60:65) | 7 | 38
Ap dung cong thiic, ta c6 td phan vi thd nhat la: [65 ;70) 4 42
QI=45+[10’I—50—5»).5=47,75 (cm). n=42
Bang 7
30 3.42

e Taco: 3 =T=31,5 ma 31 < 31,5 <38. Suyra
nhém 5 12 nhém dau tién ¢6 tan s6 tich luy 16n hon
hoac b?mg 31,5. Xét nhom 5 la nhém [60 ; 65) c6
t=60;1=5:n.=7 va nhém 4 1a nhém [55 ; 60) c6

f g : | I
cf, =31 V :
, . ‘2 Tinh khodng i phan vi
Ap dung cong thic, ta ¢6 td phan vi thi ba la: ctia miu $8 licu ghép nhém
3788 —31 duge cho bdi Bdng 1 trong
0, =60 +(’T) .5~60,4 (cm). phian mé dau.

Viy khoang ti phan vi cia mau s& liéu ghép nhém da cho la:

Ay=0Q, -0, ~60.4 —47,75 = 12,65 (cm).

Y nghia

» Khoéng tit phin vi ctia miu s0 liéu ghép nhém xap xi khoadng ti phan vi ctia miu s
liéu gbc va 1a mot dai lugng cho biét mic d6 phan tin cta nia gitia mau sd liéu.

» Khodng tit phin vi ctia mau s liéu ghép nhém gitip xé4c dinh céc gid tri bat thudng ctia
mau d6. Khodng td phan vi thudng duge sit dung thay cho khoang bién thién vi n6 loai
trit hau hét gid tri bat thudng clia miu s liéu va né khong bi anh hudng bdi cic gid tri
bét thudng dé.
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B s Tip

1. Bdng 8 bi€u dién miu s6 liéu ghép nhém vé s§ tién Nhém Tan s
don vi: nghin déng) ma 60 khéch hang mua sich &
L e g 140 ; 50) 3
mot cta hang trong mgt ngay.
ane bigh thitn i 5 <8 L . [50 ; 60) 6
a)h Klzo ng bién thién cia mau s6 liéu ghép nhém 60 : 70) 19
trén la:
[70 : 80) 23
A. 50. B. 30.
a . [80 ; 90) 9
b) Khoang ti phan vi cta mau s6 liéu ghép nhém
trén la: n =60
A. 50. B. 40. Bang 8

2. Bdng 9 biéu dién miu s6 liéu ghép nhém thong ké muic luong ctia mdt cong ty (don

vi: triéu dong).

a) Tinh khodng bién thién ctia miu s6 liéu ghép nhém do.

b) Tinh khodng tit phan vi ctia méu s& liéu ghép nhém dé.

Nhém Tan s
[10;15) 15
[15:20) 18
[20:25) 10
[25;30) 10
[30; 35) 5
[35;40) 2

n =60
Béng 9

Nhém Tén s§
[20; 30) 25
[30; 40) 20
[40 : 50) 20
[50:60) 15
[60 : 70) 14
[70 ; 80) 6

n=100
Bdng 10

3. Bdng 10 biéu dién mau s6 liéu ghép nhém vé do tudi clia cu dan trong mot khu phd.

a) Tinh khodng bién thién cia mau s& lidu ghép nhém dé.

b) Tinh khoang ti phén vi ctia miu s8 liéu ghép nhém dé.
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59 PHUONG SAl, DO LECH CHUAN
=/ cUA MAU $0 LIEU GHEP NHOM

K&t qua 40 1an nhay xa cta hai van dong vién nam Diing va Huy dugc 1an lugt thong ké
trong Bdng 11 va Bdng 12 (don vi: mét):

Nhém Tén s6 Nhém Tan 6
[6,22 ; 6,46) 3 [6,22 ; 6,46) 2
[6.46 ; 6,70) 7 [6,46 ; 6,70) 5
[6.70 ; 6,94) 5 [6,70 ; 6,94) 8
[6,94 ;7,18) 20 [6,94 ; 7,18) 19
[7,18 ; 7,42) 5 [7,18 ; 7,42) 6
n =40 l n =40
(Nguon: https://shutterstock.com) Bang 11 Bing 12

. = 3 S . - ,
Két qud nhdy xa ciia van dong vién nao dong déu hon? 7k

—n

———

dai dign | TAn'S8
" [40:45) | «x 3
I. DINH NGHIA 145 : 50) x; 5
Xét mAlu s6 liéu ghép nhém cho bdi Bang 13. [50:55) | x, 9
a) Tim x,, %, x,, x,, x, JAn Iuot I gid ti dai dign cia | (92360 | x| 7
nhém 1, nhém 2, nhém 3, nhém 4, nhém 5. [60;65) | x, 9
b) Tinh s6 trung binh c¢dng ¥ cha mlu sO liéu ghép n=40
nhém do. Bdng 13
3.0 =% +12. (=% +9. (X, =X +7 . (x, - %)’ +9. (x— %)’

¢) Tinh §* =

40

d) Tinh s=\/s_2.

Nhén xét: Trong miu s8 liéu ghép nhoém trén, cdc s6 57, s 1n lugt dude goi 1a phuong
sai, do léch chudn cha mau s6 liéu doé.
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Trong trudng hop téng quét, ta c6 dinh nghia sau:

.- S Glitﬁ, | R e
Xét méu s6 lidu ghép nhém cho bdi Bdng 14. Nhom dai dién Tén 53
*Goi ¥ la s0 trung binh cong ctia mau s6 liéu do. [, : a,) %, n,
SO
2 _2 e la,; a,) Xy n
s m(x=%X) +n (X ~X) +..tn, (X, ~X) 2773 2 2
= -
n
duoce goi 1a phuong sai ctia mau s8 lidu do6. la,za, . )| X, L
» Ciin bic hai (s0 hoc) clia phudng sai goi 1a df n=n +n,
léch chudn chia miu s6 liéu ghép nhém, ki hidu 1a s, b
m
nghiala s = Vs?.
Bdng 14

Vi du

a) Tinh phuong sai va dd 1éch chuén cia mau s6 liéu ghép nhém biéu dién két qua 40 1an
nhdy xa cta van dong vién Diing cho bdi Bdng 117 (1am tron két qua dén hang phén trdm).

b) Tinh phuong sai va do 1éch chuin ctia mau s6 liéu ghép nhom biéu dién két qua 40 1an
nhdy xa clia van dong vién Huy cho bdi Bang 12 (1am tron két qua dén hang phan trim).

¢) Trong hai van dong vién d6, két qua nhay xa ctia van dong vién nao dong déu hon?

Gidi
Ta c6 céc bang thong ké sau:

Nhém d‘;:"dg] Tn s6 Nhém d‘;ﬁ:ﬁ‘n Tén 56
[6,22 ; 6,46) 6,34 3 [6.22 ; 6,46) 6,34 2
[6,46 ; 6,70) 6,58 7 [6.46 ; 6,70) 6.58
[6,70 ; 6,94) 6,82 5 [6,70 ; 6,94) 6.82 8
[6,94 ;7.18) 7,06 20 [6,94 ;:7,18) 7,06 19
(7,18 ; 7,42) 7,30 5 (7,18 ; 7,42) 7,30 6

| | n=40 | | n=40
Bdang 15 Bdng 16

a) SO trung binh cong ctia mau s6 liéu ghép nhém biéu dién két qué 40 1an nhay xa cia
van ddng vién Diing cho bdi Bang 15 la:
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. 3.6,34+7.6,58+5.6,82+20.7,06+5.7,30 276,88
xD — 40 = 40 ~ 6,92 (m)
Viy phuong sai ciia mau s6 li¢u ghép nhém bicu dién két qua 40 14n nhiy xa cta van

dong vién Diing cho béi Bdng 15 (1am tron két qua dén hang phan trim) la:

2 =$[3 . (6,34-6,92)* +7.(6,58-6,92)* +5. (6,82~ 6,92)*
+20.(7,06-6,92)* +5.(7,30-6,92)° | = ~0,07.

12,9824
0

Do léch chuan cia mau s§ lidu ghép nhém wrén 1a: s, ~ /0,07 ~ 0,26 (m).

b) SO trung binh cdng clia miu s liéu ghép nhém biéu dién két qua 40 1an nhéy xa cla
van dong vién Huy cho béi Bdng 16 la:
5 = 2.6,34+5.6,58+8.6,82+19.7,06+6.7,30 - 278,08
- 40 40
Viy phuong sai cia mau s6 liéu ghép nhém biéu dién ¥ jm
két qua 40 14n nhdy xa cha vin dong vién Huy cho  Tinh phuong sai, d6 léch

boi Bang 16 (1am tron két qua dén hang phin trim)1a;  ¢huan ciia mau s6 licu ghep
nhém cho & Bdng 17 (lam tron

~ 6,95 (m).

-

S = 4—'0[2 .(6,34-6,95)* +5 . (6,58 —6,95) ket qua dén hang phan mudi).
+8.(6,82-6,957 +19. (7,06—6,95)° i Hano
2,5288 [50 ; 60) 6
+6.(7,30—6,95)2]=4—~0,06. [60 ; 70) 12
[70; 80) 7
D0 léch chudn ctia miu s6 liéu ghép nhém trén la: [80 ;90) 8
[90 ; 100) 7
Sy 40,06 ~ 0,24 (m).
i ' . ) n=40
¢) Do s, ~0,24 <5;, ~0,26 nén két qua nhay xa cta Bdng 17

van dong vién Huy dong déu hon két qua nhay xa
ctia van dong vién Diing.

Il. Y NGHIA

» Phuong sai (d6 1éch chufin) ctia mau s6 liéu ghép nhém xdp xi phuong sai (d6 1&ch chudn)
clia mau s& ligu goc va duge dung dé do miic dd phan tan clia mau 6 liéu ghép nhém dé.

» DO 1éch chuin ¢6 cung don vi véi don vi ctia mau s6 liéu.
» Khi hai miu s6 liéu ghép nhém ¢ cling don vi do va ¢6 s6 trung binh cong biing nhau
(ho#ic x4p xi nhau), mau s6 liéu ndo ¢6 dd 1éch chuin nho hon thi mide do phan tdn (so véi
sO trung binh cong) clia cdc s liéu trong miu d6 sé thap hon.
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B s Tip

1. MGt siéu thi thong ké so tién (don vi: chuc nghin ) Gid tri e
ddng) ma 44 khdch hang mua hang & siéu thi d6 | N0OM | 5o gign | Lansd
trong mot ngay. S& liéu dugc ghi lai trong Bdng 18. [40:45) 425 4
a) Phuong sai ctia mau s lidu ¢hép nhém trén la: [45:50) | 47.5 14
A.532. B. 46,1. C. 30. D. I1. 50;93) | 5235 8
b) D6 1éch chuin ctia mau s6 liéu ghép nhém trén | [55:60) | 57.5 10
(lam tron két qua dén hang don vi) la: [60;75) | 625 6
A. 6.8. B:7,3: C. 33 D.46,1. |[65;70) | 675 2

3. Bing 19, Bing 20 Vin Tugt biéu difn min <6 1itu i i
ghép nhém thong ké mic luong ctia hai cong ty A, B Bang 18
(don vi: triéu ddng).

Gid tri e Gid tri A
Nhém fai dich Tan s Nhém Bl dién Tan 0
[10;15) 12,5 15 [10; 15) 12.5 25
[15 ; 20) V7.5 18 [15 ;20) 17,5 15
[20 ; 25) 22,5 10 [20; 25) 22.5 7
[25 ; 30) 2.5 10 [25 ; 30) 27,5 5
[30; 35) 32,5 5 [30 ; 35) 32,5 5
[35;40) [§ 37,5 [35 ;40) 375 3
|
i 60 n= 60 \
Bang 19 Bang 20
a) Tinh phuong sai va do léch chuin ctia miu s6 =i
A 8. aik Nhém | S#&1 | g &
liéu ghép nhém lan higt bieu dién mic luong cia  dai dién
hai cong ty A, B. 120 ; 30) 25 25
b) Cong ty nao ¢6 mic luong dong déu hon? [30:40) | 35 20
' W = R i [40 ; 50) 45 20
3. Bdng 21 biéu dien mau so liéu ghép nhom ve do .
P . 4 s [50 ; 60) 55 15
tudi cua cu déan trong mot khu phd. Tinh phuong
sai va do léch chuin cia miu s& liéu d6 P07 | a3 i
T ’ ' [70 ; 80) 75 6
n=100
Bang 2
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BAI TAP CUOI CHUONG III

1. Cho mau s6 liéu ghép nhém c6 td phén vi thd nhat, thi hai, thi ba lan lugt1a Q,, O,

Q,. Khodng t phan vi cia mau s6 liéu ghép nhém d6 bing:

A.20,. B.Q, - Qs C.0,- 0, D, 0; 4+, ~ 05

Bdng 22, Bdng 23 lan lugt biéu dién mAu s6 liéu ghép nhém vé nhiét do khong khi
trung binh c4c thang nam 2021 tai Ha Noi va Hué (don vi: do C).

Nhém (:1;_1 :éd:lgn Tan s6 Nhém d(a;i:il:?n Tan s6
[168;198) 183 2 [168:19.8) | 183 !
[19.8:22.8) 213 3 [198:22.8) | 21,3 2
[228;258) | 243 2 [228:258) | 243 3
[258:288) 273 1 [258:288) | 27,3 2

[288;31,8) 303 4 288:31,8) | 303 | 4
w12 A=12

Bdng 22 Bang 23
(Nguon: Nién gidm Thong ké 2021, NXB Théng ké, 2022)
a) Tinh khodng bién thién, khodng t phén vi, phuong sai va d6 1&ch chuin ctia miu
s6 lidu ghép nhém ctia Ha Noi va Hué.
b) Trong hai thanh phd Ha No6i va Hué, thanh phd nao c6 nhiét d§ khong khi trung
binh thiang ddng déu hon?

Bdng 24 théng k& @6 dm khong khi trung binh cdc thdng nim 2021 tai Pa Lat va
Viing Tau (don vi: %).

S Tl o | e [ 5 | 6 | 2078 |9 | 10 | 4 |
b6 am

ba Lat 83 |79 | 79 | 87 | 87 | 87 | 88 | 89 [ 90 | 91 | 88 | 86

VingTau | 75 | 77 | 78 |77 |79 (79 | 81 | 79 | 81 | 83 | 80 | 77

Poc ban méi nhat trén hoc10.vn

Bing 24

(Nguén: Nién gidm Thong ké 2021, NXB Thong ké, 2022)

a) Hay 1an luot ghép cic s6 liéu ctia Pa Lat, Viing Tau thanh nim nhém sau:
[75;78.3), [78,3 ; 81,6), [81.6 ; 84.9), [84.9 ; 88.2), [88,2 : 91.5).
b) Tinh khoéng bién thién, khoéng ti phén vi, phuong sai va do 1éch chuéin ctia mau
s0 liéu ghép nhém ctia Pa Lat va Viing Tau.
¢) Trong hai thanh ph& Da Lat va Viing Tau, thanh phd nao ¢6 d6 am khong khi
trung binh thing déng déu hon?
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BANG GIAI THICH THUAT NGU

GIAI THICH TRANG

ham s6 y = J(x) lién tuc trén tap K < R, x, € K. Khi do, x; dwoc

o0i 1a mét diém cuc dai ciia ham s6 da cho néu ton tai mét khoang 9
(a ; b) chira diém x, sao cho (a : ) © K va f(x) < f(x,) v6i moi
xe(a;b)yvax#£x,

diéem cuc dai

ham sé = f(x) lién tuc trén tip K < IR, x, € K. Khi do, x, duoc goi 1a
diém cuc tieu mét diém cue tiéu cua ham s6 da cho néu ton tai mot khoang (¢ : d) chira 9
diém x, sao cho (¢ ; d) © K'va f(x) > f{x) véimoix € (¢ ;d) va x £ x,.
d6 léch chuén clia mAu o . .
R : cin bac hai so hoc clia phuong sai 90
so liéu ghép nhom

duong thang x = x, dwoe goi la dudng tiém cén dimg cua d6 thi ham s6

S T Lz e o B o S

Suomp tim cin fimg ¥ = f(x) ncu it nhat mét trong cac dicu kién sau dwgc thoa man: 23
lim f(x)=+>; hm ) =+o; lim f(x)=—mo; hm flx)=—
\'—n'o x—lxo x—)‘o x‘,‘

L duomg thang y = y, duoe goi la duong tiém cin ngang cia d6 thi ham
duomg tiém CANNEANE ¢y 1) néu: fim f(x)=y, hode lim f(x)=y,. 21
dwong thing y = ax + b (a # 0) duoge goi la dwong tiém can xién

duong tiém cin xign ©Ua 40 thi ham 56 y = () néu: lim [f(x)—(ax+5)]=0 hoje

Jlim [f(0) -~ (ax + 5)] = 0. 25
2
phwong sai cliamiu g6 5> =" 5B W Rt G goi la phuong sai o

A 7] A 4 A ” ’ n
s0 liéu ghép nhom clia mau s liéu ghép nhém

thué tinh trén gid tri ting thém cia hang hoa, dich vu phat sinh trong

A .. NPT
hiegis uf giating qua trinh tir san xuat, lvu thong dén tiéu ding 33
thué suit thuéthu G 1& phan trim ding dé tinh s6 thué phai nép cin cit vao phan thu
nhap ca nhan nhap tinh thué ciia mdi ngwoi 52
thué thu nhip khoan tién ma nguoi ¢ thu nhap ci nhan phai nép vao ngin sich 51
cd nhan nha nude
tich c6 huéng ciia hai vecto = (x; 1 y; 3 5) va V=(x, 1, 12,)
hai vecto trong veete W= (32, — Y52 5 4% — %% 3 Y5 — X5, ) goi la tich 79
khong gian 6 huong cia hai vecto i va V.
tic!n v6 huing ciia la moét s6 thue dwoe xic dinh bai cong thite a.b —ial |bI cos(a, b)
halkvecn.)’ frong & dé (a, b) 1a géc giita hai vecto d, b. Gl
khong gian
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BANG TRACUUTUNGU

TUNGU TRANG TU NGU TRANG

ba vectd dong phing 64 phép nhiin mdt s8 véi mét vects 60
B P .
biéu thic toa d6 clia tich vo hudng 76 phuong sai 89
€ chiét khiu 53 quy tic ba diém 59
S ot 8 9 Q quy tac hinh binh hanh 59
diém cye tidu 9 s e <
7 . uy tic hinh ho 59
diém cuc tri 9 Ry P
D thu nhép chiu thué 51
® 36 léch chudn 89
thu nhap mién thué 51
dudng tiém can ding 22
thu€ gid tri gia ting 53
dudng tiém ca an 21
et thu sudt 52
dudng tiém can xién 24 tich ctia mét s& véi mot vecto 60
) trong khong gian
gid tri bt thuong 85
tich cé hudng cta hai vecto 79
gid tri cuc dai 9 ; )
7 tich vo hudéng cua hai vecto 61
gid tri cyc tiéu 9 krong EHGge gian
&« | tinh don diéu ca ham s& 5
gid tri cyc tri 9
toa do ciia mot diém 65
gid tri 16n nhét cia ham s& 15
toa d6 cua mot vecto 68
gid tri nho nhit cha ham s6 15 5
toa do trung diém clia doan thing 75
H b tryc tog d9 trong khong gian 63 toa d0 trong tim cia tam gidc 75
hi¢u ciia hai vecto 39 tong cta hai vectd 58
B khodng td phan vi 86 ¥V vecto trong khong gian 56
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Dia chi:
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Mang cudc song vao bai hoc
Puwa bai hoc vao cudc séng

s

@ 0dn 12 la cudn sach gido khoa danh cho hoc sinh
Iap 12, thude bd sach gido khoa “Canh Diéu’, thuc hién theo
"Chuong trinh Gido duc phé théng 2018",

Sach gém hai tép va chuyén dé hoc tap dugc bién soan
dap Ung yéu cau phat trién pham chit va ndng luc cla
hoc sinh. Cac hoat déng hoc tap dugc t6 chuc theo tién
trinh tir dé dén kho, hudng dén viéc kham pha, phat hién,
thuc hanh, van dung gidi quyét van dé trong thuc tién,
phu hop vdéi trinh dé nhan thic cta hoc sinh. Sach duoc
trinh bay hap dan, khaoi ggi su to mo, kich thich hing thy,
tao dung niém tin trong hoc tdp mén Todn & hoc sinh.

Sach la san pham tam huyét clia tap thé tic gia - nhiing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phd théng.






